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Abstract

Many important optimization problems are not tractable. A typical way to cope
with the intractability of optimization problems is to design algorithms that find
solutions whose cost or value is close to the optimum. In several interesting cases, it is
possible to prove that even finding good approximate solutions is as hard as finding
optimal solutions. The area which studies such inapproximability results is called
hardness of approximation.

In the world of hardness of approximation, the classical arena is about showing
NP-hardness of approximating various (NP-hard) optimization problems. In this
thesis, we primarily explore two relatively new arenas of hardness of approximation,
namely, inapproximability of problems in P and inapproximability of fixed point
computation.

The main problems in P that we address are the computation of the closest
pair of points in a point-set and the task of finding a fixed size dominating set
in a graph. The fixed point problems that we study concern the computational
aspects of the Brouwer’s fixed point theorem and the Borsuk-Ulam theorem, and
their applications such as computing Nash equilibrium and correlated equilibrium
in games, and finding a hyperplane that simultaneously bisects a given collection
of solids. Additionally, we also study the NP-hardness of approximating clustering
objectives such as k-means and k-median.
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Chapter 1

Overview of the Thesis

In this chapter, we provide an overview of the contents of the thesis.

1.1 New Arenas in Hardness of Approximation

The main focus of Theoretical Computer Science is the study of efficient computation.
Unfortunately, many of the important problems that we care about are NP-hard, and
thus believed to be intractable. A natural way to cope with NP-hardness is to efficiently
find approximate solutions. This leads to the study of approximability of problems, or
as the other side of the same coin, to the subarea of complexity theory called Hardness
of Approximation.

The classical arena of Hardness of Approximation is to show NP-hardness of ap-
proximating various NP-hard problems. However, over the last couple of decades,
several other arenas in Hardness of Approximation have grown in stature. In this
thesis, we primarily focus on two such arenas: inapproximability in P and inapprox-
imability in fixed point computation. Finally, inspired by the techniques developed in
the arena of hardness of approximation in P, we return to the classical arena and show
NP-hardness of approximating clustering problems in various `p-metrics to new and
improved approximation factors.

1.2 Hardness of Approximation in P

Hardness of Approximation in P is mainly studied for two classes of problems: pa-
rameterized problems and subquadratic hard problems. We elaborate on each of these
classes below.

1



1. OVERVIEW OF THE THESIS

In parameterized complexity, we are given an input and a parameter (commonly
corresponds to the witness size), for example in the k-dominating set problem, the
graph is the input (of size n), and k is a parameter of the problem. We typically think
of k as fixed and n as growing. The goal is to find a set S of k vertices that dominate
the vertices of the graph, i.e., each vertex of the graph is either in S or is a neighbor of
a vertex in S. Trivially this can be done in O(nk+1) time. In parameterized complexity,
one is interested in fixed parameter tractability, i.e., is there some computable function
F, such that we can solve the task in F(k) · poly(n) time? Recently, more fine-grained
questions have been raised as well, for example, can we solve it in no(k) time? A long-
standing open problem in parameterized complexity was to understand the approx-
imability of the k-dominating set problem. In Chapter 3, based on a joint work with
Laekhanukit and Manurangsi [KLM19], we show the total FPT-inapproximability of
k-dominating set problem, i.e., it is W [1]-hard to approximate k-dominating set prob-
lem to any function of k, thus resolving the open question. We further provide tighter
running time lower bounds under stronger time hypotheses.

In subquadratic complexity, we revisit classical problems that were studied in the
sixties and seventies, such as finding the edit distance between two strings, finding
the closest pair of points in a set, etc., for which the best known algorithms have been
stuck at quadratic running time for decades. This bottleneck is then explained based
on the Strong Exponential Time Hypothesis (SETH), or other popular hypotheses. In
particular, assuming SETH, over the last decade a host of problems in P have been
shown to admit no subquadratic running time algorithm. However, it remained an im-
portant open question whether approximating some of these problems could be done
in subquadrtaic time. In a recent breakthrough, Abboud, Rubinstein, and Williams
[ARW17a] proved the first non-trivial inapproximability results in subquadratic com-
plexity. Since then, there have been a few works which have extended their techniques
to show more subquadratic hardness for approximating problems in P. In Chapter 4,
based on joint works with David, Laekhanukit, and Manurangsi [DKL19, KM19], we
show subquadratic hardness for exact and approximate Closest Pair problem, answer-
ing open questions from [ARW17a, Wil18a].

Finally, we discuss briefly the challenges that arise in the arena of Hardness of
Approximation in P, as opposed to the classical arena of Hardness of Approximation.
At an abstract level, for parameterized problems, we would like a reduction starting
from a problem Π1 of input size n1 and parameter k1 which has no gap to a problem
Π2 of input size n2 and parameter k2 which has non-trivial gap such that the reduction
runs in time F(k) · poly(n), and n2 = poly(n1) and k2 = T(k1), for some computable
functions F and T. However, if we try to naively apply the techniques developed
in the classical arena (i.e., the PCP techniques), the independence on the parameter

2



1.3 Unique Games Hardness of Clustering Problems

would be lost, i.e., all known reductions have k2 to depend on n1 as well. Similarly,
for subquadratic hardness, the reduction needs to run in near linear-time, while creat-
ing a gap (and also allowing only near linear blow-up in instance size). This should
be compared with the classical arena where (arbitrary) polynomial running time and
(arbitrary) polynomial blowup in size is allowed. The distributed PCP framework of
[ARW17a] addressed the challenges of the subquadratic inapproximability arena, and
in Chapter 3 we extend the framework even to handle parameterized problems.

1.3 Unique Games Hardness of Clustering Problems

The two most popular objectives optimized in clustering algorithms are k-means and k-
median. The k-means (resp. k-median) problem in the `p-metric is specified by n points as
input and the goal is to classify the input point-set into k clusters such that the k-means

(resp. k-median) objective is minimized. Here we distinguish between the discrete case
where we are given a (discrete) set of candidate centers as part of the input (and we
have to choose our cluster centers for classification exclusively from this set) and the
continuous case where we are free to choose any of the points in the metric space as
our cluster centers.

The best known inapproximability factor for k-means problem in the discrete case
for `p-metrics were below 1.01 (and were proven more than 15 years ago [Tre00, GI03]),
and more surprisingly for the continuous case, were wide open until a few years ago
where an inapproximability factor of 1.0013 [ACKS15, LSW17] was shown for the Eu-
clidean metric. In Chapter 5, based on a joint work with Cohen-Addad [CK19], we
take a significant step to improve the hardness of approximating the k-means problem
in various `p-metrics, and more specifically in the `1, `2, and `∞-metrics. We show
that assuming the Unique Games Conjecture (UGC), it is NP-hard to approximate the
k-means objective in O(log n)-dimensional space:

• To a factor of 1.45 in `1- or `∞-metrics in the discrete case.

• To a factor of 1.13 in `2-metric in the discrete case.

• To a factor of 1.06 in `2-metric in the continuous case.

We also obtain similar improvements over the state-of-the-art hardness results for
approximating the k-median objective in various `p-metrics. Furthermore, we note that
one can remove our reliance on UGC and prove standard NP-hardness for the above
problems but for smaller approximation factors.
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1. OVERVIEW OF THE THESIS

The techniques involved in proving the above results are mostly inspired from the
tools and perspectives developed to show the hardness of approximation results in P

that were briefly discussed in the previous section. In particular, there is an interesting
interplay between geometric embeddings and communication protocols that will be
emphasized and exploited in our proofs in Chapter 5.

1.4 Inapproximability in Fixed Point Computation

Given any continuous function from a space to itself, when does it have a fixed point?
Brouwer [Bro12, Had10] showed that if the space is compact and convex, then it al-
ways exists! Nash [Nas51] established the existence of a mixed (Nash) equilibrium by
using Brouwer’s fixed point theorem. At a high level, he observed that the interactions
between the players to reach equilibrium is similar to traveling over a convex space in
a smooth way. Since the interactions stop when the players reach an equilibrium, this
corresponds to a fixed point in the convex space. Borsuk [Bor33] proved a stronger
fixed point result (referred to as the Borsuk-Ulam theorem) than the Brouwer’s fixed
point theorem: every continuous function from an n-sphere into Euclidean n-space
maps some pair of antipodal points to the same point. Summarizing, the above three
results are fundamental fixed point theorems, and it is a natural question to study their
computational aspects in various models of computation.

Over the last four decades, the algorithmic game theory community has exten-
sively studied computational aspects of finding and reaching a Nash equilibrium. En
route, some light has been shed on the computation of fixed points in a Brouwer func-
tion. In this report, we shall focus on the communication model.

Roughgarden and Weinstein [RW16] initiated the study of fixed point computa-
tion in the communication model – although they left it as an open problem to prove
lower bounds for finding approximate fixed points when one is guaranteed to exist.
In Chapter 6, based on joint works with Ganor and Pálvölgyi [GK18a, GKP19], we an-
swer this open question of [RW16]. More precisely, in the two-party communication
model, we show that if each player is given a function from [0, 1]nα to [0, 1]nα, where
α is the discretization parameter (i.e., for constant α each player is given 2O(n) bits of
input), then finding a constant approximate fixed point in the composition of the two
functions requires 2Ω(n) bits of communication, even for a setting of parameters when
a solution is guaranteed to exist.

This result also gives a more modular and relatively simpler proof of the lower
bound of [BR17] on finding a constant approximate Nash equilibrium in the commu-
nication model. Additionally, we show a direct reduction from unique set disjoint-
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ness problem to that of finding approximate Nash equilibrium in the two-player com-
munication complexity model, circumventing the embedding to a Brouwer function.
Due to the simplicity of our reduction we obtained stronger lower bounds (albeit for
weaker approximation parameters) as compared to [BR17]. More importantly, using
this reduction we provided the first non-trivial lower bounds for approximate corre-
lated equilibrium in the two-player communication complexity model, which makes
progress on an open question of [BR17] for small approximation values.

Finally, we return our focus to the Borsuk-Ulam theorem. In Chapter 7, based on
a joint work with Saha [KS17a], we show that any query algorithm that finds a pair
of equally valued antipodal points in a continuous function from the n-sphere to Rn,
up to constant additive approximation factors, even with success probability 2−Ω(n),
requires 2Ω(n) queries.

A classical application of the Borsuk-Ulam theorem is the Ham Sandwich theo-
rem: The volumes of any n compact sets in Rn can always be simultaneously bisected
by an (n − 1)-dimensional hyperplane. We show (in Chapter 7) the equivalence be-
tween the Borsuk-Ulam theorem and the Ham Sandwich theorem. The main technical
result we proved towards establishing the equivalence is the following: For every
odd polynomial restricted to the hypersphere f : Sn → R, there exists a compact set
A ⊆ Rn+1, such that for every x ∈ Sn we have f (x) = vol(A ∩ H+)− vol(A ∩ H−),
where H is the oriented hyperplane containing the origin with ~x as the normal. Next,
using the above result we prove that any query algorithm to find a bisecting (n− 1)-
dimensional hyperplane of n compact sets up to inverse polynomial (in n) additive
approximation factors, even with success probability 2−Ω(n), requires 2Ω(n) queries.
This is the first nontrivial lower bound for the Ham Sandwich problem in any model
of computation.

We would like to conclude this section with a short discussion of the role of ap-
proximation in fixed point computation. The fixed point theorems we described earlier
are over continuous domains, whereas computation is inherently done over discrete
finite objects. Therefore, approximation is inevitable in fixed point computation. In
fact, the existence of an approximate fixed point is not always easy to guarantee, and
is intimately related to the Lipschitz constant of the function, the precision of com-
putation, and the metric space! These details are explored in detail in Section 6.5 of
Chapter 6.
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1.5 Publications

This thesis is based on the below papers/manuscripts. A list of papers not included
in this thesis is reported in Section 1.5.1.

• Karthik C. S. and Arpan Saha: Ham Sandwich is Equivalent to Borsuk-Ulam. In
proceedings of the 33rd International Symposium on Computational Geometry, SoCG
2017, pages 24:1–24:15, 2017.

• Karthik C. S., Bundit Laekhanukit, and Pasin Manurangsi: On the Parameterized
Complexity of Approximating Dominating Set. In Journal of the ACM, volume
66(5), pages 33:1–33:38, 2019. A preliminary version appeared in proceedings of
the 50th Annual ACM SIGACT Symposium on Theory of Computing, STOC 2018,
pages 1283–1296, 2018.

• Roee David, Karthik C. S., and Bundit Laekhanukit: On the Complexity of Clos-
est Pair via Polar-Pair of Point-Sets.. In SIAM Journal of Discrete Mathematics, vol-
ume 33(1), pages 509–527, 2019. A preliminary version appeared in proceedings
of the 34th International Symposium on Computational Geometry, SoCG 2018, pages
28:1–28:15, 2018.

• Anat Ganor and Karthik C. S.: Communication Complexity of Correlated Equi-
librium with Small Support. In proceedings of the 21st International Workshop on
Approximation Algorithms for Combinatorial Optimization Problems, APPROX 2018,
pages 12:1–12:16, 2018.

• Karthik C. S. and Pasin Manurangsi: On Closest Pair in Euclidean Metric:
Monochromatic is as Hard as Bichromatic. In proceedings of the 10th Innovations in
Theoretical Computer Science conference, ITCS 2019, pages 17:1–17:16, 2019.

• Vincent Cohen-Addad and Karthik C. S.: Inapproximability of Clustering in `p-
metrics. To appear in proceedings of the 60th IEEE Annual Symposium on Founda-
tions of Computer Science, FOCS 2019.

• Anat Ganor, Karthik C. S., and Dömötör Pálvölgyi: On Communication Com-
plexity of Fixed Point Computation. Manuscript.

1.5.1 Works Not Included in the Thesis

In this subsection, we briefly describe works that were carried out during the graduate
studies of the author but are not included in the thesis.
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1.6 Organization of the Thesis

Data Structures for Simplicial Complexes. In [BKT17, BK18] we introduced new
data structures that compactly represent simplicial complexes and perform efficiently
certain operations of interest to persistent homology.

Sensitivity Conjecture. In [KT16] we studied the sensitivity conjecture and proved
the conjecture for some special cases. In [KT19] we presented an obstacle to using the
isoperimetric inequality to obtain better lower bounds on sensitivity.

Direct Products and Hardness Amplification. In [GK18b] we studied the direct prod-
uct testing problem (which is at the heart of hardness amplification techniques), intro-
duced the notion of coordinate expansion on test graphs and showed that it is suffi-
cient for direct product testing. In [GK19] we showed a general hardness amplification
theorem for optimization problems, and used it to show hardness amplification of var-
ious important NP-hard problems, problems in P, and total problems.

Switch Graph Games. Dohrau et al. [DGK+17] studied a zero-player game on switch
graphs and proved that deciding the termination of the game is in NP ∩ coNP. In
[Kar17], we showed that the search version of this game on switch graphs, i.e., the task
of finding a witness of termination (or of non-termination) is in PLS. Subsequently, the
search problem was shown to be in CLS [GHH+18].

Intractability of Even Set and Shortest Vector Problem. In [BGKM18] we settle long
standing open problems in parameterized complexity on the intractability of the Even
Set and the Shortest Vector Problem (SVP) (under a plausible time hypothesis). In
particular, we show that assuming the Gap Exponential Time Hypothesis (Gap-ETH),
approximating k-Even Set to any constant factor is not fixed parameter tractable and
approximating k-SVP to some constant factor in the `p-metric is not fixed parameter
tractable (where p > 1).

1.6 Organization of the Thesis

We list a few definitions and concepts in Chapter 2 that are used repeatedly through-
out the thesis. In Chapter 3 we prove the inapproximability of the parameterized
dominating set problem and in Chapter 4 we address the fine-grained complexity
of the closest pair problem. In Chapter 5 we show the improved inapproximability
of clustering problems in various `p-metrics. In Chapter 6 we show communication
complexity lower bounds on computing an approximate Brouwer fixed point, an ap-
proximate Nash equilibrium, and an approximate correlated equilibirum. Finally, in
Chapter 7 we show the equivalence between the Borsuk-Ulam theorem and the ham
sandwich theorem, and consequently prove the first query lower bounds on comput-
ing an approximately bisecting hyperplane in the ham sandwich problem.
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Chapter 2

Basic Definitions and Tools

In this chapter, we introduce some notations and definitions that are used at many
places in the thesis.

2.1 Distance Measures

In this thesis, we compute distances sometimes using the counting measure and at
other times using the probabilistic measure. In particular, we use the counting mea-
sure in Chapters 3, 4, and 5, and the probabilistic measure in Chapters 6 and 7. We
formally define both of them below.

2.1.1 Counting Measure

For any two vectors a, b ∈ Rd, the distance between them in the `p-metric is denoted

by ‖a − b‖p =
(

∑d
i=1 |ai − bi|p

)1/p
. Their distance in the `∞-metric is denoted by

‖a− b‖∞ = max
i∈[d]
{|ai − bi|}, and in the `0-metric is denoted by ‖a− b‖0 = |{i ∈ [d] :

ai 6= bi}|, i.e., the number of coordinates on which a and b differ. More generally, for
any two vectors a, b ∈ Rd in the ∆-metric, we denote by ∆(a, b) its distance in that
metric space. The `p-metrics that are well studied in literature are the Hamming metric
(`0-metric), the rectilinear metric (`1-metric), the Euclidean metric (`2-metric), and the
Chebyshev metric (`∞-metric).

We denote the inner product (associated with the Euclidean space) of a and b by
〈a, b〉 = ∑

i∈[d]
ai · bi. Finally, for every positive integer d we define the edit metric over

Σ to be the space Σd endowed with distance function ed(a, b), which is defined as the
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2. BASIC DEFINITIONS AND TOOLS

minimum number of character substitutions/insertions/deletions to transform a into
b.

2.1.2 Probabilistic Measure

In this subsection, we will reintroduce the distance measures introduced in the pre-
vious subsection, but with a normalization factor. We will also define some other
geometric quantities which will be useful for Chapters 6 and 7.

Definition 2.1.1 (Normalized p-norm). For p ∈ R≥1, the normalized p-norm `p of x ∈ Rn

is

‖x‖p =

 1
n
· ∑

i∈[n]
|xi|p

1/p

.

Definition 2.1.2 (The max norm). The max norm `∞ of x ∈ Rn is

‖x‖∞ = max
i∈[n]
{|xi|}.

Note that for every p < p′, ‖x‖p ≤ ‖x‖p′ ≤ ‖x‖∞.

The following proposition will be used later.

Proposition 2.1.3. Let p ≥ 1, S ⊂ R, n, r ∈ N. Let x := (x1, . . . , xr), y := (y1, . . . , yr) ∈
Snr where for all i ∈ [r] we have xi, yi ∈ Sn. For any i ∈ [r] we have ‖xi− yi‖p ≤ r1/p · ‖x−
y‖p.

Proof. Consider the following inequalities.

‖xi − yi‖
p
p = r · ‖(0(i−1)n, xi, 0(r−i)n)− (0(i−1)n, yi, 0(r−i)n)‖p

p

≤ r · ‖(x1, . . . , xr)− (y1, . . . , yr)‖p
p

= r · ‖x− y‖p
p.

In the above proposition, if p = ∞ then we have ‖xi − yi‖∞ ≤ ‖x− y‖∞.

Definition 2.1.4 (Discretized cube). For α ∈ (0, 1] and n ∈N, define

[0, 1]nα = {x ∈ [0, 1]n : xi ∈ αZ ∀i ∈ [n]}.

We denote [0, 1]n1 by {0, 1}n and [0, 1]1α by [0, 1]α. Note that for x ∈ [0, 1]nα and i ∈ [n],
xi ∈ [0, 1]α.
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Definition 2.1.5 (Lipschitz constant). Let p ∈ R≥1 ∪ {∞}, λ ≥ 0 and let A ⊆ Rn be a
non-empty set. A function f : A→ Rm is λ-Lipschitz in `p-norm space if for all x, y ∈ A,

‖ f (x)− f (y)‖p ≤ λ‖x− y‖p.

If p is clear form the context we say, for simplicity, that the function is λ-Lipschitz.

2.2 Error Correcting Codes

We recall here a few coding theoretic notations and results. Let q be a prime power.
As is standard in error-correcting codes, we will use ∆(a, b) to denote ‖a− b‖0, the
Hamming distance2 of a and b, for any a, b ∈ FN

q and we further define ∆(a, S) :=
min
b∈S

∆(a, b) for any a ∈ FN
q and S ⊆ FN

q . The weight of a ∈ FN
q , denoted by ∆(a), is

simply ‖a‖0 := |i ∈ [N] : ai 6= 0|. For a ∈ FN
q and d ∈ N, we use B(a, d) to denote the

(closed) Hamming ball of radius d centered at a, i.e., B(a, d) := {b ∈ FN
q | ∆(a, b) ≤

d}.
An error correcting code of block length N over alphabet Fq is simply a collec-

tion of codewords C ⊆ FN
q . The distance of the code C, denoted by ∆(C), is defined

as min
a 6=b∈C

∆(a, b). The message length of C is defined to be K := log|Fq| |C|. Alter-

natively, an error correcting code C over alphabet Fq can be thought of as a function
C : FK

q → FN
q . Intuitively, the function C encodes an original message of length K to

an encoded message of length N. We often use the notion [N, K, D]q to denote a code
of block length N, message length K, and distance D. The rate and relative distance of
a [N, K, D]q code C are defined as K/N and D/N respectively.

A code is said to be linear if C is a subspace of FN
q . For a linear code C, its message

length is defined to be the dimension of C, or equivalently logq |C|. Note also that, for
a linear code C, ∆(C) is equal to the minimum weight of a non-zero codeword of C.
Finally, for any code C, we use Aw(C) := |{c ∈ C | ∆(c) = w}| to denote the number
of codewords of weight w.

Let us also recall the Singleton bound and the definition of maximum distance sep-
arable (MDS) codes.

Theorem 2.2.1 (Singleton bound [Sin64]). For any linear [N, K, D]q code, K + D ≤ N + 1.

Definition 2.2.2 (MDS Codes). A linear [N, K, D]q code is said to be a maximum distance
separable (MDS) code if it matches the Singleton bound, i.e., K + D = N + 1.

2We are using the counting measure here.
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2.2.1 Good Codes

In certain constructions in this thesis, we require our codes to have constant rate and
constant relative distance (referred to as good codes). It is not hard to see that random
codes, ones where each codeword C(x) is randomly selected from FN

q independently
from each other, satisfy these properties. For binary codes (i.e., |Fq| = 2), one can ex-
plicitly construct such codes using expander graphs (so called Expander Codes [SS96]);
alternatively Justesen Code [Jus72] also have the same property (see Appendix E.1.2.5
from [Gol08] for an excellent exposition).

Fact 2.2.3. For some absolute constant δ, ρ > 0, there exists a family of codes C := {CK :
{0, 1}K → {0, 1}N(K)}K∈N such that for every K ∈ N the rate of CK is at least ρ and the
relative distance of CK is at least δ. Moreover, any codeword of CK can be computed (i.e.,
encoded) in time poly(K).

2.2.2 Algebraic Geometric Codes

In many of the non-trivial constructions in this thesis, we require codes to have almost
extremal properties and in some cases, even special algebraic properties. These have
been shown to be present in algebraic geometric codes [GS96].

Theorem 2.2.4 ([GS96, SAK+01]). For every prime square q greater than 49, there is a code
family over alphabet of size q of positive constant (depending on q) rate and relative distance
at least 1− 3√

q . Moreover, the encoding time of any code in the family is polynomial in the
message length.

The following is an informal argument justifying the existence of the above code
family. Fix q a prime square greater than 49. The authors in [GS96] provide us with
a family of curves C = {Ci}i∈N over Fq such that for every N ∈ N, we have that CN
has at least N rational points and genus at most g := 2N/√q. Fix N ∈ N. Let P be a
rational point on CN. Consider the Riemann-Roch space L (m · P) where m = 3N√

q . This
has dimension at least m + 1− g = N/√q + 1. Also, any two elements have at most
m common zeroes among the rational points of CN. Pick any set S of N Fq-rational
points of CN that does not contain P. Then the code is given by the evaluations of
elements of L (m · P) at the points of S. The dimension of the code is greater than
N/√q. Therefore the rate is greater than 1/√q. Also the relative distance of the code
is at least 1− m/N = 1− 3/√q as any two codewords agree on at most m coordinates.
Finally, the efficient encoding of such a code was given in [SAK+01].

Next, we will introduce a couple of additional definitions, namely, systematicity
and degree-t closure.
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Definition 2.2.5 (Systematicity). Given s ∈ N, a code C : FK
q → FN

q is s-systematic if
there exists a size-s subset of [N], which for convenience we identify with [s], such that for
every x ∈ Fs

q there exists w ∈ FK
q in which x = C(w) |[s].

Definition 2.2.6 (Degree-t Closure). Let Fq be a finite field. Given two codes C : FK
q →

FN
q , C ′ : FK′

q → FN
q and positive integer t, we say that C ′ is a degree-t closure of C if, for

every w1, . . . , wr ∈ FK
q and P ∈ F[X1, . . . , Xr] of total degree at most t, it holds that ω :=

P(C(w1), . . . , C(wr)) is in the range of C ′, where ω ∈ FN
q is defined coordinate-wise by the

equation ωi := P(C(w1)i, . . . , C(wr)i).

The notion of degree-t closure can be seen as a natural extension of linearity, and
informally says that for any multivariate polynomial P (of total degree at most t) where
the variables are codewords of C (and the addition and multiplication operations are
coordinate-wise over Fq), the evaluation of P is a codeword of C ′. Below we provide a
self-contained statement of the result we rely on later in the thesis; it follows from The-
orem 7 of [SAK+01], which gives an efficient construction of the algebraic geometric
codes based on [GS96]’s explicit towers of function fields.

Theorem 2.2.7 ([GS96, SAK+01]). There are two polynomial functions r̂, q̂ : N → N such
that for every k ∈ N and any prime square q > q̂(k), there are two code families A =

{An}n∈N, B = {Bn}n∈N such that the following holds for all n ∈N,

• An and Bn are n-systematic code with alphabet Fq,

• An and Bn have block length less than n · r̂(k).

• Bn has relative distance ≥ 1/2,

• Bn is a degree-k closure of An, and,

• Any codeword in An or Bn can be computed (i.e., encoded) in poly(n) time .

We remark here that variants of the above theorem have previously found ap-
plications in the construction of special kinds of PCPs [BCG+16, BKK+16]. In these
works, the theorems are also stated in a language similar to Theorem 2.2.7 above.

We conclude this section by a proof sketch of the above theorem. Fix k ∈ N

and define ε := 1
20k (the constant twenty is an arbitrarily chosen large number). The

authors in [GS96] provide us with a family of curves C = {Ci}i∈N over a field Fq for
any prime square q > 1

ε2 , such that for every n ∈ N, we have that Cn has at least
N := 4nk rational points and genus at most g := 4εk · n. Fix n ∈N. Let P be a rational
point on Cn. Consider the Riemann-Roch space L (m · P) for some m ∈ N. This has
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dimension at least m + 1− g, and any two elements have at most m common zeroes
among the rational points of Cn.

Now we can define our codes An and Bn as specified in Theorem 2.2.7. Pick any
set S of N Fq-rational points of Cn that does not contain P. Then An (resp. Bn) is the
code of evaluations of elements of L

(( N
2k
)
· P
)

(resp. L
((N

2

)
· P
)
) at the points of S.

Note that Bn is a degree-k closure of An. The dimensions of both An and Bn are at least
N
2k + 1− 4εk · n ≥ n. Therefore the rate of both An and Bn is at least n

N > 1
4k . Also

the relative distance of Bn is at least 1
2 as any two codewords in Bn agree on at most

N/2 coordinates. Further, every linear code is systematic, and to have the same set
of coordinates to be systematic for Bn and An, it suffices to note that a systematic set
of coordinates for An is also one for Bn. Finally, the polynomial time encoding of the
above codes was shown in [SAK+01].

2.3 Popular Hypotheses

We now list and discuss the computational complexity hypotheses on which some of
the results in this thesis are based on.

2.3.1 W[1] 6= FPT Hypothesis

The first hypothesis is W[1] 6= FPT, which is one of the most popular hypotheses
used in the area of parameterized complexity since many fundamental parameter-
ized problems turn out to be W[1]-hard. For the interest of space, we do not give
the full definition of W-hierarchy; we refer the readers to standard textbooks in the
field (e.g. [DF13, CFK+15]) for the definition and discussions regarding the hierarchy.
Rather, since it is well-known that k-Clique is W[1]-complete, we will use a more con-
venient formulation of W[1] 6= FPT, which simply states that k-Clique is not in FPT.
First, we define the k-Clique problem; in the k-Clique problem (k-Clique), we are given a
graph G, and the goal is to decide whether G has a clique of size k. In the maximiza-
tion version, called Maximum Clique (Clique, for short), the goal is to find a clique in G
of maximum size.

Hypothesis 2.3.1 (W[1] 6= FPT Hypothesis). For any computable function T : N → N,
no algorithm can solve k-Clique in T(k) · poly(n) time where n denotes the number of vertices
in the input graph.
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2.3.2 Exponential Time Hypothesis and Strong Exponential Time Hy-
pothesis

In this subsection, we give formal definitions of the relevant fine-grained hypotheses
(see [LMS11, Wil18b] for a survey on the state-of-the-art conditional lower bounds that
are known under these hypotheses).

We state below the Exponential Time Hypothesis (ETH), but first we define its
underlying problem. In the k-SAT problem (k-CNF-SAT), we are given a CNF formula
Φ with at most k literals in a clause and the goal is to decide whether Φ is satisfiable.

Hypothesis 2.3.2 (Exponential Time Hypothesis (ETH) [IP01, IPZ01, Tov84]). There ex-
ists δ > 0 such that no algorithm can solve 3-CNF-SAT in O(2δn) time where n is the number
of variables. Moreover, this holds even when restricted to formulae in which each variable
appears in at most three clauses.

Note that the original version of the hypothesis from [IP01] does not enforce the
requirement that each variable appears in at most three clauses. To arrive at the above
formulation, we first apply the Sparsification Lemma of [IPZ01], which implies that
we can assume without loss of generality that the number of clauses m is O(n). We
then apply Tovey’s reduction [Tov84] which produces a 3-CNF instance with at most
3m + n = O(n) variables and every variable occurs in at most three clauses. This
means that the bounded occurrence restriction is also without loss of generality.

We will also use a stronger hypothesis called the Strong Exponential Time Hy-
pothesis (SETH):

Hypothesis 2.3.3 (Strong Exponential Time Hypothesis (SETH) [IP01, IPZ01]). For ev-
ery ε > 0, there exists k = k(ε) ∈ N such that no algorithm can solve k-CNF-SATin
O(2(1−ε)n) time where n is the number of variables. Moreover, this holds even when the
number of clauses m is at most c(ε) · n where c(ε) denotes a constant that depends only on
ε.

Again, we note that, in the original form [IP01], the bound on the number of
clauses is not enforced. However, the Sparsification Lemma [IPZ01] allows us to do so
without loss of generality.

Finally, we have the Orthogonal Vectors problem (OV), where we are given two
collections of n points A, B ⊆ {0, 1}d, and the goal is to find a pair of points a ∈ A,
b ∈ B such that 〈a, b〉 = 0.

Hypothesis 2.3.4 (Orthogonal Vector Hypothesis (OVH) [Wil05]). For every ε > 0, no
algorithm can solve OV in O(n2−ε) time. Moreover, this holds even when the dimension d is
at most c(ε) log n where c(ε) denotes a constant that depends only on ε.
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It is known that SETH implies OVH [Wil05], and therefore in the rest of the chapter,
we base all our conditional lower bounds on OVH.

2.3.3 k-SUM Hypothesis

Our final hypothesis is the k-SUM Hypothesis, which is stated below. It relies on the
following problem: In k-SUM, we are given k subsets S1, . . . , Sk ⊆ ([−M, M] ∩Z) of
integers between −M and M (inclusive), and the goal is to determine whether there
exist x1 ∈ S1, . . . , xk ∈ Sk such that x1 + · · · + xk = 0. That is, we wish to pick one
integer from each subset so that they sum to zero.

Hypothesis 2.3.5 (k-SUM Hypothesis [AL13]). For every integer k ≥ 3 and every ε > 0,
no O(ndk/2e−ε) time algorithm can solve k-SUM where n denotes the total number of input
integers, i.e., n = |S1|+ · · ·+ |Sk|. Moreover, this holds even when M = n2k.

The above hypothesis is a natural extension of the more well-known 3-SUM Hy-
pothesis [GO95, Pat10], which states that 3-SUM cannot be solved in O(n2−ε) time
for any ε > 0. Moreover, the k-SUM Hypothesis is closely related to the question of
whether SUBSET-SUM can be solved in O(2(1/2−ε)n) time; if the answer to this ques-
tion is negative, then k-SUM cannot be solved in O(nk/2−ε) time for every ε > 0, k ∈N.
We remark that, if one is only willing to assume this latter weaker lower bound of
O(nk/2−ε) instead of O(ndk/2e−ε), our reduction would give an O(nk/2−ε) running time
lower bound for approximating k-DomSet. Finally, we note that the assumption that
M = n2k can be made without loss of generality since there is a randomized reduction
from the general version of the problem (where M is, say, 2n) to this version of the
problem and this reduction can be derandomized under a certain circuit complexity
assumption [ALW14].
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Chapter 3

Inapproximability of Parameterized
Dominating Set

In this chapter, we show the total FPT-inapproximability of the parameterized domi-
nating set problem. The contents of this chapter are based on [KLM19].

3.1 Introduction

In the dominating set problem (DomSet), we are given an undirected graph G on n ver-
tices and an integer k, and the goal is to decide whether there is a subset of vertices
S ⊆ V(G) of size k such that every vertex outside S has a neighbor in S (i.e., S domi-
nates every vertex in G and is thus called a dominating set). Often regarded as one of
the classical problems in computational complexity, DomSet was first shown to be NP-
complete in the seminal work of Karp [Kar72]3. Thus, its optimization variant, namely
the minimum dominating set, where the goal is to find a dominating set of smallest pos-
sible size, is also NP-hard. To circumvent this apparent intractability of the problem,
the study of an approximate version was initiated. The quality of an approximation
algorithm is measured by the approximation ratio, which is the ratio between the size of
the solution output by an algorithm and the size of the minimum dominating set. A
simple greedy heuristic for the problem, which has by now become one of the first ap-
proximation algorithms taught in undergraduate and graduate algorithm courses, was
intensively studied and was shown to yield a (ln n− ln ln n+Θ(1))-approximation for
the problem [Joh74, Chv79, Lov75, Sri95, Sla96]. On the opposite side, a long line of
works in hardness of approximation [LY94, RS97, Fei98, AMS06, Mos15] culminated

3To be precise, Karp showed NP-completeness of Set Cover, which is well-known to be equivalent
to DomSet.
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3. INAPPROXIMABILITY OF PARAMETERIZED DOMINATING SET

in the work of Dinur and Steurer [DS14], who showed that obtaining a (1− ε) ln n-
approximation for the problem is NP-hard for every ε > 0. This essentially settles the
approximability of the problem.

Besides approximation, another widely-used technique to cope with NP-hardness
is parameterization. The parameterized version of DomSet, which we will refer to sim-
ply as k-DomSet, is exactly the same as the original decision version of the problem
except that now we are not looking for a polynomial time algorithm but rather a fixed
parameter tractable (FPT) algorithm – one that runs in time T(k) ·poly(n) for some com-
putable function T (e.g., T(k) = 2k or 22k

). Such running time will henceforth be
referred to as FPT time. Alas, even with this relaxed requirement, k-DomSet still re-
mains intractable: in the same work that introduced the W-hierarchy, Downey and
Fellows [DF95a] showed that k-DomSet is complete for the class W[2], which is gener-
ally believed to not be contained in FPT, the class of fixed parameter tractable prob-
lems. In the ensuing years, stronger running time lower bounds have been shown for
k-DomSet under strengthened assumptions. Specifically, Chen et al. [CHKX06] ruled
out T(k) · no(k)-time algorithm for k-DomSet assuming the Exponential Time Hypothesis
(ETH)4. Furthermore, Pătras, cu and Williams [PW10] proved, for every k ≥ 2, that,
under the Strong Exponential Time Hypothesis (SETH)5, not even an O(nk−ε) algorithm
exists for k-DomSet for any ε > 0. Note that the trivial algorithm that enumerates
through every k-size subset and checks whether it forms a dominating set runs in
O(nk+1) time. It is possible to speed up this running time using fast matrix multiplica-
tion [EG04, PW10]. In particular, Pătras, cu and Williams [PW10] themselves also gave
an nk+o(1)-time algorithm for every k ≥ 7, painting an almost complete picture of the
complexity of the problem.

Given the strong negative results for k-DomSet discussed in the previous para-
graph, it is natural to ask whether we can somehow incorporate the ideas from the
area of approximation algorithms to come up with a fix parameter approximation (FPT-
approximation) algorithm for k-DomSet. To motivate the notion of FPT-approximation
algorithms, first notice that the seemingly reasonable O(log n)-approximation given
by the greedy algorithm can become unjustifiable when the optimum k is small since
it is even possible that the overhead paid is unbounded in terms of k. As a result,
FPT-approximation algorithms require the approximation ratios to be bounded only
in terms of k; specifically, for any computable function F, we say that an algorithm is
an F(k)-FPT-approximation algorithm for k-DomSet if it runs in FPT time and, on any
input (G, k) such that the minimum dominating set of G is of size at most k, it outputs

4ETH [IP01] states that no subexponential time algorithm can solve 3-CNF-SAT; see Hypothesis 2.3.2.
5SETH [IP01], a strengthening of ETH, states that, for every ε > 0, there exists k = k(ε) ∈ N such

that no O(2(1−ε)n)-time algorithm can solve k-CNF-SAT; see Hypothesis 2.3.3.
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a dominating set of size at most F(k) · k.

This brings us to the main question addressed in this chapter:

Is there an F(k)-FPT-approximation algorithm for k-DomSet

for some computable function F?

This question, which dates back to late 1990s (see, e.g., [DFM06]), has attracted signif-
icant attention in literature [DFM06, CGG06, DFMR08, CH10, DF13, HKK13, CHK13,
BEKP15, CL16, CCK+17]. In fact, it is even listed in the seminal textbook of Downey
and Fellows [DF13] as one of the six “most infamous” open questions6 in the area of
Parameterized Complexity. While earlier attempts fell short of ruling out either F(k)
that is super constant or all FPT algorithms (see Section 3.1.2 for more details), the
last few years have seen significant progresses on the problem. In a remarkable re-
sult of Chen and Lin [CL16], it was shown that no FPT-approximation for k-DomSet

exists for any constant ratio unless W[1] = FPT. They also proved that, assuming
ETH, the inapproximability ratio can be improved to log1/4−ε k for any constant ε > 0.
Very recently, Chalermsook et al. [CCK+17] proved, under the Gap Exponential Time
Hypothesis (Gap-ETH)7, that no F(k)-approximation algorithm for k-DomSet exists for
any computable function F. Such non-existence of FPT-approximation algorithms is
referred to in literature as the total FPT-inapproximability of k-DomSet.

Although Chalermsook et al.’s result on the surface seems to settle the parame-
terized complexity of approximating dominating set, several aspects of the result are
somewhat unsatisfactory. First, while Gap-ETH may be plausible, it is quite strong
and, in a sense, does much of the work in the proof. Specifically, Gap-ETH itself al-
ready gives the gap in hardness of approximation; once there is such a gap, it suffices
to design gap preserving reductions8 to prove other inapproximability results. As an
example, in the analogous situation in NP-hardness of approximation, once one inap-
proximability result can be shown, others follow via relatively simple gap-preserving
reductions (see, e.g., [PY91]). On the other hand, creating a gap in the first place re-
quires the PCP Theorem [AS98, ALM+98], which involves several new technical ideas

6Since its publication, one of the questions, the parameterized complexity of biclique, has been re-
solved [Lin18].

7Gap-ETH [Din16, MR16], another strengthening of ETH, states that no subexponential time algo-
rithm can distinguish satisfiable 3-CNF formulae from ones that are not even (1− ε)-satisfiable for some
ε > 0.

8One issue grossed over in this discussion is that of gap amplification. While Gap-ETH gives some
constant gap, Chalermsook et al. still needed to amplify the gap to arrive at total FPT-inapproximability.
Fortunately, unlike the NP-hardness regime that requires Raz’s parallel repetition theorem [Raz98], the
gap amplification step in [CCK+17], while non-trivial, only involved relatively simple combinatorial
arguments. (See [CCK+17, Theorem 4.3].)
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such as local checkability of codes and proof composition9. Hence, it is desirable to by-
pass Gap-ETH and prove total FPT-inapproximability under assumptions that do not
involve hardness of approximation in the first place. Drawing a parallel to the theory
of NP-hardness of approximation once again, it is imaginable that a success in bypass-
ing Gap-ETH may also reveal a “PCP-like Theorem” for parameterized complexity.

An additional reason one may wish to bypass Gap-ETH for the total FPT-
inapproximability of k-DomSet is that the latter is a statement purely about parameter-
ized complexity, so one expects it to hold under a standard parameterized complexity
assumption. Given that Chen and Lin [CL16] proved W[1]-hardness of approximating
k-DomSet to within any constant factor, a concrete question here is whether we can
show W[1]-hardness of approximation for every function F(k):

Question 3.1.1. Can we base the total FPT-inapproximability of k-DomSet on W[1] 6= FPT?

Another issue not completely resolved by [CCK+17] is the running time lower
bound. While the work gives a quite strong running time lower bound that rules
out any T(k) · no(k)-time F(k)-approximation algorithm for any computable functions
T and F, it is still possible that, say, an O(n0.5k)-time algorithm can provide a very
good (even constant ratio) approximation for k-DomSet. Given the aforementioned
O(nk−ε) running time lower bound for exact algorithms of k-DomSet by Pătras, cu and
Williams [PW10], it seems reasonable to ask whether such a lower bound can also be
established for approximation algorithms:

Question 3.1.2. Is it hard to approximate k-DomSet in O(nk−ε)-time?

This question has perplexed researchers, as even with the running time of, say,
O(nk−0.1), no F(k)-approximation algorithm is known for k-DomSet for any computable
function F.

3.1.1 Our Results

In this chapter, our contributions are twofold. Firstly, we prove parameterized inap-
proximabilty results for k-DomSet, answering the two aforementioned open questions
(and more). Secondly, we demonstrate a connection between communication com-
plexity and parameterized inapproximability, allowing us to translate running time
lower bounds for parameterized problems into parameterized hardness of approxi-
mation. This latter part of the contribution extends ideas from a recent breakthrough

9Even in the “combinatorial proof” of the PCP Theorem [Din07], many of these tools still remain in
use, specifically in the alphabet reduction step of the proof.
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of Abboud et al. [ARW17a], who discovered similar connections and used them to es-
tablish inapproximability for problems in P. In this subsection, we only focus on the
first part of our contributions. The second part will be discussed in detail in Section 3.2.

Our first batch of results are the inapproximability results for k-DomSet under var-
ious standard assumptions in parameterized complexity and fine-grained complexity:
W[1] 6= FPT, ETH, SETH and the k-SUM Hypothesis. First, we show total inapprox-
imability of k-DomSet under W[1] 6= FPT. In fact, we show an even stronger10 inap-
proximation ratio of (log n)1/poly(k):

Theorem 3.1.3. Assuming W[1] 6= FPT, no FPT time algorithm can approximate k-DomSet

to within a factor of (log n)1/poly(k).

Our result above improves upon the constant factor inapproximability result of
Chen and Lin [CL16] and resolves the question of whether we can base total FPT inap-
proximability of k-DomSet on a purely parameterized complexity assumption. Fur-
thermore, if we are willing to assume the stronger ETH, we can even rule out all
T(k) · no(k)-time algorithms:

Theorem 3.1.4. Assuming ETH, no T(k) · no(k)-time algorithm can approximate k-DomSet

to within a factor of (log n)1/poly(k).

Note that the running time lower bound and approximation ratio ruled out by
the above theorem are exactly the same as those of Charlermsook et al.’s result based
on Gap-ETH [CCK+17]. In other words, we successfully bypass Gap-ETH from their
result completely. Prior to this, the best known ETH-based inapproximability result
for k-DomSet due to Chen and Lin [CL16] ruled out only (log1/4+ε k)-approximation
for T(k) · no(

√
k)-time algorithms.

Assuming the even stronger hypothesis, SETH, we can rule out O(nk−ε)-time
approximation algorithms for k-DomSet, matching the running time lower bound
from [PW10] while excluding not only exact but also approximation algorithms. We
note, however, that the approximation ratio we get in this case is not (log n)1/poly(k)

anymore, but rather (log n)1/poly(k,e(ε)) for some function e, which arises from SETH

and the Sparsification Lemma [IPZ01].

10Note that the factor of the form (log n)1/poly(k) is stronger than that of the form F(k). To see this,
assume that we have an F(k)-FPT-approximation algorithm for some computable function F. We can
turn this into a (log n)1/poly(k)-approximation algorithm by first checking which of the two ratios is
smaller. If F(k) is smaller, then just run the F(k)-FPT-approximation algorithm. Otherwise, use brute
force search to solve the problem. Since the latter case can only occur when n ≤ exp(F(k)poly(k)), we
have that the running time remains FPT.
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Theorem 3.1.5. There is a function e : R+ →N such that, assuming SETH, for every integer
k ≥ 2 and for every ε > 0, no O(nk−ε)-time algorithm can approximate k-DomSet to within a
factor of (log n)1/poly(k,e(ε)).

Finally, to demonstrate the flexibility of our proof techniques (which will be dis-
cussed at length in the next section), we apply the framework to the k-SUM Hypothe-
sis11 which yields an ndk/2e−ε running time lower bound for approximating k-DomSet

as stated below.

Theorem 3.1.6. Assuming the k-SUM Hypothesis, for every integer k ≥ 3 and for ev-
ery ε > 0, no O(ndk/2e−ε)-time algorithm can approximate k-DomSet to within a factor of
(log n)1/poly(k).

We remark here that the k-SUM problem is known to be W[1]-hard [DF95a, ALW14]
and our proof of Theorem 3.1.6 indeed yields an alternative proof of W[1]-hardness of
approximating k-DomSet (Theorem 3.1.3). Nevertheless, we provide a different self-
contained W[1]-hardness reduction directly from Clique since the ideas there are also
useful for our ETH-hardness result (Theorem 3.1.4).

The summary of our results and those from previous works are shown in Ta-
ble 3.1.

3.1.2 Comparison to Previous Works

In addition to the lower bounds previously mentioned, the parameterized inapprox-
imability of k-DomSet has also been investigated in several other works [DFMR08,
CHK13, HKK13, BEKP15]. Specifically, Downey et al. [DFMR08] showed that ob-
taining an additive constant approximation for k-DomSet is W[2]-hard. On the other
hand, in [HKK13, CHK13], the authors ruled out (log k)1+ε-approximation in time
exp(exp((log k)1+ε)) · poly(n) for some fixed constant ε > 0 by assuming ETH and
the projection game conjecture proposed in [Mos15]. Further, Bonnet et al. [BEKP15]
ruled out (1 + ε)-FPT-approximation, for some fixed constant ε > 0, assuming Gap-
ETH12. We note that, with the exception of W[2]-hardness results [DF95a, DFMR08],
our results subsume all other aforementioned lower bounds regarding k-DomSet,
both for approximation [CHK13, HKK13, BEKP15, CL16, CCK+17] and exact algo-
rithms [CHKX06, PW10].

11The k-SUM Hypothesis states that, for every ε > 0, k ∈ N such that k ≥ 3, no O(ndk/2e−ε)-time
algorithm solves the k-SUM problem; see Hypothesis 2.3.5.

12The authors assume the same statement as Gap-ETH (albeit, with imperfect completeness) but have
an additional assertion that it is implied by ETH (see Hypothesis 1 in [BEKP15]). It is not hard to see
that their assumption can be replaced by Gap-ETH.
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Summary of Previous Works and The Results in This Chapter

Complexity Assumption Inapproximability Ratio Running Time Lower Bound Reference

W[1] 6= FPT
Any constant T(k) · poly(n) [CL16]

(log n)1/poly(k) T(k) · poly(n) This chapter

ETH
(log k)1/4+ε T(k) · no(

√
k) [CL16]

(log n)1/poly(k) T(k) · no(k) This chapter

Gap-ETH (log n)1/poly(k) T(k) · no(k) [CCK+17]

SETH
Exact O(nk−ε) [PW10]

(log n)1/poly(k,e(ε)) O(nk−ε) This chapter

k-SUM Hypothesis (log n)1/poly(k) O(ndk/2e−ε) This chapter

Table 3.1: Summary of our and previous results on k-DomSet. We only show those whose
inapproximability ratios are at least some constant greater than one (i.e., we exclude addi-
tive inapproximability results). Here e : R+ →N is some function, T : N→N can be any
computable function and ε can be any positive constant. The Gap-ETH has been bypassed
in this chapter, and prior to this, the k-SUM Hypothesis had never been used in proving
inapproximability of k-DomSet.

While our techniques will be discussed at a much greater length in the next section
(in particular we compare our technique with [ARW17a] in Section 3.2.2), we note that
our general approach is to first show inapproximability of a parameterized variant of
the Label Cover problem called MaxCover and then reduce MaxCover to k-DomSet. The
first step employs the connection between communication complexity and inapprox-
imability of MaxCover, whereas the second step follows directly from the reduction in
[CCK+17] (which is in turn based on [Fei98]). While MaxCover was not explicitly de-
fined until [CCK+17], its connection to k-DomSet had been implicitly used both in the
work of Pătras, cu and Williams [PW10] and that of Chen and Lin [CL16].

From this perspective, the main difference between the results in this chapter
and [PW10, CL16, CCK+17] is the source of hardness for MaxCover. Recall that Pătras, cu
and Williams [PW10] ruled out only exact algorithms; in this case, a relatively sim-
ple reduction gave hardness for the exact version of MaxCover. On the other hand,
both Chalermsook et al. [CCK+17] and Chen and Lin [CL16] ruled out approximation
algorithms, meaning that they needed gaps in their hardness results for MaxCover.
Chalermsook et al. obtained their initial gap from their assumption (Gap-ETH), af-
ter which they amplified it to arrive at an arbitrarily large gap for MaxCover. On the
other hand, [CL16] derived their gap from the hardness of approximating Maximum
k-Intersection shown in Lin’s earlier breakthrough work [Lin18]. Lin’s proof [Lin18]
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made use of certain combinatorial objects called threshold graphs to prove inapproxima-
bility of Maximum k-Intersection. Unfortunately, this construction was not very flex-
ible, in the sense that it produced MaxCover instances with parameters that were not
sufficient for proving total-FPT-inapproximability for k-DomSet. Moreover, his tech-
nique (i.e., threshold graphs) was limited to reductions from k-Clique and was unable
to provide a tight running time lower bound under ETH. By resorting to the con-
nection between MaxCover and communication complexity, we can generate MaxCover

instances with wider ranges of parameters from much more general assumptions, al-
lowing us to overcome the aforementioned barriers.

3.1.3 Organization of the chapter

In the next section, we give an overview of our lower level contributions; for read-
ers interested in the general ideas without too much notational overhead, this section
covers most of the main ideas through a proof sketch of our W[1]-hardness of approxi-
mation result (Theorem 3.1.3). After that, in Section 3.3, we define additional notations
and preliminaries needed to formalize our proofs. Section 3.4 provides a definition for
Product Space Problems (PSP) and rewrites the hypotheses in these terms. Next, in
Section 3.5, we establish a general theorem converting communication protocols to
a reduction from PSP to MaxCover. Sections 3.6, 3.7 and 3.8 provide communication
protocols for our problems of interest: Set Disjointness, Multi-Equality and Sum-Zero.
Finally, in Section 3.10, we conclude with a few open questions and research direc-
tions.

3.2 Connecting Communication Complexity and Param-
eterized Inapproximability: An Overview

This section is devoted to presenting our connection between communication com-
plexity and parameterized inapproximability (which is one of our main contributions
as discussed in the introduction) and serves as an overview for all the proofs in this
chapter. As mentioned previously, our discovery of this connection is inspired by the
work of Abboud et al. [ARW17a] who showed the connection between the communi-
cation protocols and hardness of approximation for problems in P. More specifically,
they showed how a Merlin-Arthur protocol for Set Disjointness with certain param-
eters implies the SETH-hardness of approximation for a problem called PCP-Vectors
and used it as the starting point to prove inapproximability of other problems in P.
We extend this idea by identifying a communication problem associated with each
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of the complexity assumptions (W[1] 6= FPT, ETH, SETH and k-SUM Hypothesis) and
then prove a generic theorem that translates communication protocols for these prob-
lems to conditional hardness of approximation for a parameterized variant of the Label
Cover problem called MaxCover [CCK+17]. Since the hardness of MaxCover is known to
imply the hardness of k-DomSet [CCK+17] (see Section 3.3.2), we have arrived at our
inapproximability results for k-DomSet. As the latter part is not our contribution, we
will focus on explaining the connection between communication complexity and the
hardness of approximating MaxCover. We start by defining MaxCover:

Definition 3.2.1. The input for MaxCover is a label cover instance Γ, which consists of
a bipartite graph G = (U, W; E) such that U is partitioned into U1 ∪ · · · ∪ Uq and W is
partitioned into W1 ∪ · · · ∪Wh. We sometimes refer to Ui’s and Wj’s as left and right super-
nodes of Γ, respectively.

A solution to MaxCover is called a labeling, which is a subset of vertices S ⊆ W formed
by picking a vertex wj from each Wj (i.e., |S ∩Wj| = 1 for all j ∈ [h]). We say that a labeling
S covers a left super-node Ui if there exists a vertex ui ∈ Ui such that ui is a neighbor of every
vertex in S. The goal in MaxCover is to find a labeling that covers the maximum fraction of left
super-nodes.

For concreteness, we focus on the W[1]-hardness proof (Theorem 3.1.3); at the end
of this subsection, we will discuss how this fits into a larger framework that encapsu-
lates other hypotheses as well.

For the purpose of our current discussion, it suffices to think of MaxCover as being
parameterized by h, the number of right super-nodes; from this viewpoint, we would
like to show that it is W[1]-hard to approximate MaxCover to within (log n)1/poly(h)

factor. For simplicity, we shall be somewhat imprecise in our overview below, all
proofs will be formalized later in the chapter.

We reduce from the k-Clique problem, which is well-known to be W[1]-
hard [DF95a]. The input to k-Clique is an integer k and a graph which we will call
G′ = (V′, E′) to avoid confusion with the label cover graph. The goal is to determine
whether G′ contains a clique of size k. Recall that, to prove the desired W[1]-hardness,
it suffices to provide an FPT-reduction from any k-Clique instance (G′, k) to approxi-
mate MaxCover instance G = (U, W; E); this is an FPT-time reduction such that the
new parameter h is bounded by a function of the original parameter k. Furthermore,
since we want a hardness of approximation result for the latter, we will also show that,
when (G′, k) is a YES instance of k-Clique, there is a labeling of G that covers all the left
super-nodes. On the other hand, when (G′, k) is a NO instance of k-Clique, we wish to
show that every labeling of G will cover at most 1/(log n)1/poly(h) fraction of the left
super-nodes. Once we have such a reduction, then we would have arrived at the total
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FPT-inapproximability of MaxCover under W[1] 6= FPT. But, how would we come up
with such a reduction? We will do this by devising a specific kind of protocol for a
communication problem!

3.2.1 A Communication Problem for k-Clique

The communication problem related to k-Clique we consider is a multi-party problem
where there are h = (k

2) players, each associated with a two-element subset {i, j} of
[k]. The players cannot communicate with each other. Rather, there is a referee that
they can send messages to. Each player {i, j} is given two vertices u{i,j}i and u{i,j}j such

that {u{i,j}i , u{i,j}j } forms an edge in G′. The vertices u{i,j}i and u{i,j}j are allegedly the
i-th and j-th vertices of a clique respectively. The goal is to determine whether there is
indeed a k-clique in G′ such that, for every {i, j} ⊆ [k], u{i,j}i and u{i,j}j are the i-th and
j-th vertices of the clique.

The communication protocol that we are looking for is a one-round protocol with
public randomness and by the end of which the referee is the one who outputs the
answer. Specifically, the protocol proceeds as follows. First, the players and the ref-
eree together toss r random coins. Then, each player sends an `-bit message to the
referee. Finally, the referee decides, based on the messages received and the random-
ness, either to accept or reject. The protocol is said to have perfect completeness and
soundness s if (1) when there is a desired clique, the referee always accepts and (2)
when there is no such clique, the referee accepts with probability at most s. The model
described here is referred to in the literature as the multi-party Simultaneous Message
Passing (SMP) model [Yao79, BGKL03, FOZ16]. We refer to a protocol in the SMP

model as an SMP protocol.

From Communication Protocol to MaxCover. Before providing a protocol for the pre-
viously described communication problem, let us describe how to turn the protocol
into a label cover instance G = (U = U1 ∪ · · · ∪Uq, W = W1 ∪ · · · ∪Wh; E).

• Let h = (k
2). Again, we associate elements in [h] with two-element subsets of

[k]. Each right super-node W{i,j} represents Player {i, j}. Each vertex in W{i,j}
represents a possible input to the player, i.e., we have one vertex a{u,v} ∈ W{i,j}
for each edge {u, v} ∈ E′ in the graph G′. Assume w.l.o.g. that i < j and u < v.
This vertex a{u,v} represents player {i, j} receiving u and v as the alleged i-th and
j-th vertices of the clique respectively.

• Let q = 2r. We associate each element in [q] with an r-bit string. For each
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γ ∈ {0, 1}r, the left super-node Uγ contains one node corresponding to each
accepting configuration on randomness γ; that is, for each h-tuple of `-bit strings
(m{1,2}, . . . , m{k−1,k}) ∈ ({0, 1}`)h, there is a node (m{1,2}, . . . , m{k−1,k}) in Uγ iff
the referee on randomness γ and message m{1,2}, . . . , m{k−1,k} from all the play-
ers accepts.

• The edges in E are defined as follows. Recall that each node a in a right super-
node W{i,j} corresponds to an input that each player receives in the protocol.
For each γ ∈ {0, 1}r, suppose that the message produced on this randomness
by the {i, j}-th player on the input corresponding to a is ma,γ. We connect a to
every accepting configuration on randomness γ that agrees with the message
ma,γ. More specifically, for every γ ∈ {0, 1}r, a is connected to every vertex
(m{1,2}, . . . , m{k−1,k}) ∈ Uγ iff m{i,j} = ma,γ.

Consider any labeling S ⊆ W. It is not hard to see that, if we run the protocol where
the {i, j}-th player is given the edge corresponding to the unique element in S ∩W{i,j}
as an input, then the referee accepts a random string γ ∈ {0, 1}r if and only if the
left super-node Uγ is covered by the labeling S. In other words, the fraction of the left
super-nodes covered by S is exactly equal to the acceptance probability of the protocol.
This means that if (G′, k) is a YES-instance of k-Clique, then we can select S correspond-
ing to the edges of a k-clique and every left super-node will be covered. On the other
hand, if (G′, k) is a NO-instance of k-Clique, there is no subset S that corresponds to
a valid k-clique, meaning that every labeling S covers at most s fraction of the edges.
Hence, we have indeed arrived at hardness of approximation for MaxCover. Before we
move on to describe the protocol, let us note that the running time of the reduction
is poly(2r+`h, |E′|), which also gives an upper bound on the number of vertices in the
label cover graph G.

SMP Protocol. Observe first that the trivial protocol, one where every player sends
the whole input to the referee, does not suffice for us; this is because the message
length ` is Ω(log n), meaning that the running time of the reduction is nΩ(h) = nΩ(k2)

which is not FPT time.

Nevertheless, there still is a simple protocol that does the job. Notice that the input
vertices u{i,j}i and u{i,j}j given to Player {i, j} are already promised to form an edge.
Hence, the only thing the referee needs to check is whether each alleged vertex of the
clique sent to different players are the same; namely, he only needs to verify that, for
every i ∈ [k], we have u{i,1}i = u{i,2}i = · · · = u{i,i−1}

i = u{i,i+1}
i = · · · = u{i,k}i . In other

words, he only needs to check equalities for each of the k unknowns. The equality
problem and its variants are extensively studied in communication complexity (see,
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e.g., [Yao79, KN97]). In our case, the protocol can be easily derived using any error-
correcting code. Specifically, for an outcome γ ∈ {0, 1}r of the random coin tosses,
every Player {i, j} encodes each of his input (u{i,j}i and u{i,j}j ) using a binary error-
correcting code and sends only the γ-th bit of each encoded word to the referee. The
referee then checks whether, for every i ∈ [k], the received γ-th bits of the encodings
of u{i,1}i , u{i,2}i , . . . , u{i,k}i are equal.

In the protocol described above, the message length ` is now only two bits (one
bit per vertex), the randomness r used is logarithmic in the block length of the code,
the soundness s is one minus the relative distance of the code. If we use a binary code
with constant rate and constant relative distance (aka good code), then r will be simply
O(log log n); this means that the running time of the reduction is poly(n, exp(O(k2)))

as desired. While the soundness in this case will just be some constant less than one,
we can amplify the soundness by repeating the protocol multiple times independently;
this increases the randomness and message length, but it is still not hard to see that,
with the right number of repetitions, all parameters lie within the desired ranges. With
this, we have completed our sketch for the proof of W[1]-hardness of approximating
MaxCover.

3.2.2 A Framework for Parameterized Hardness of Approximation

The W[1]-hardness proof sketched above is an example of a much more general con-
nection between communication protocol and the hardness of approximating MaxCover.
To gain insight on this, consider any function f : X1× · · · ×Xk → {0, 1}. This function
naturally induces both a communication problem and a computational problem. The
communication problem for f is one where there are k players, each player i receives
an input ai ∈ Xi, and they together wish to compute f (a1, . . . , ak). The computational
problem for f , which we call the Product Space Problem13 of f (abbreviated as PSP( f )),
is one where the input consists of subsets A1 ⊆ X1, . . . , Ak ⊆ Xk and the goal is to de-
termine whether there exists (a1, . . . , ak) ∈ A1 × · · · × Ak such that f (a1, . . . , ak) = 1.
The sketch reduction to MaxCover above in fact not only applies to the specific commu-
nication problem of k-Clique: the analogous construction is a generic way to translate
any SMP protocol for the communication problem of any function f to a reduction
from PSP( f ) to MaxCover. To phrase it somewhat differently, if we have an SMP pro-
tocol for f with certain parameters and PSP( f ) is hard to solve, then MaxCover is hard
to approximate.

This brings us to the framework we use in this chapter. It consists of only two

13The naming comes from the product structure of the domain of f .
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steps. First, we rewrite the problem in the hypotheses as Product Space Problems
of some family of functions F . This gives us the conditional hardness for solving
PSP(F ). Second, we devise an SMP protocol for every function f ∈ F . Given the
connection outlined in the previous paragraph, this automatically yields the parame-
terized hardness of approximating MaxCover.

To gain more intuition into the framework, note that in the case of k-Clique above,
the function f ∈ F we consider is just the function f : X{1,2} × · · · × X{k,k−1} where
each of X{1,2}, · · · , X{k,k−1} is a copy of the edge set. The function f “checks” that the
edges selected form a clique, i.e., that, for every i ∈ [k], the alleged i-th vertex of the
clique specified in the {i, j}-coordinate is equal for every j 6= i. Since this is a gener-
alization of the equality function, we call such a class of functions “multi-equality”.
It turns out that 3-CNF-SATcan also be written as PSP of multi-equality; each Xi con-
tains assignments to 1/k fraction of the clauses and the function f checks that each
variable is assigned the same value across all Xi’s they appear in. A protocol essen-
tially the same as the one given above also works in this setting and immediately gives
our ETH-hardness result (Theorem 3.1.4)! Unfortunately, this does not suffice for our
SETH-hardness. In that case, the function used is the k-way set disjointness; this in-
terpretation of SETH is well-known (see, e.g., [Wil05]) and is also used in [ARW17a].
Lastly, the k-SUM problem is already written in PSP form where f is just the Sum-Zero

function that checks whether the sum of k specified numbers equals to zero.

Let us note that in the actual proof, we have to be more careful about the param-
eters than in the above sketch. Specifically, the reduction from MaxCover to k-DomSet

from [CCK+17] incurs a blow-up in size that is exponential in terms of the number of
vertices in each left super-node (i.e., exponential in |Uγ|). This means that we need
|U1|, . . . , |Ur| = o(log n). In the context of communication protocol, this translates
to keeping the message length O(log log n) where O(·) hides a sufficiently small con-
stant. Nevertheless, for the protocol for k-Clique reduction (and more generally for
multi-equality), this does not pose a problem for us since the message length before
repetitions is O(1) bits; we can make sure that we apply only O(log log n) repetitions
to the protocol.

For Sum-Zero, known protocols either violate the above requirement on message
length [Nis94] or use too much randomness [Vio15]. Nonetheless, a simple observa-
tion allows us to compose Nisan’s protocol [Nis94] and Viola’s protocol [Vio15] and
arrive at a protocol with the best of both parameters. This new protocol may also be
of independent interest.

On the other hand, well-known communication complexity lower bounds on set
disjointness [Raz92, KS92, BJKS04] rule out the existence of protocols with parameters
we wish to have! [ARW17a] also ran into this issue; in our language, they got around
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W[1] 6= FPT

ETH

SETH

k-Sum Hyp.

PSP(MULTEQ)

PSP(DISJ)

PSP(SUMZERO)

MaxCover k-DomSet

Rewriting Hypotheses
in PSP form
(Section 3.4)

Connection between SMP
Protocol and MaxCover

(Section 3.5)

Protocol for MULTEQ
(Section 3.7)

Protocol for DISJ
(Section 3.6)

Protocol for SUMZERO
(Section 3.8)

Reduction from [CCK+17]
(Section 3.3.2)

Figure 3.1: Overview of Our Framework. The first step is to reformulate each hypothesis
in terms of hardness of a PSP problem, which is done in Section 3.4. Using the connection
between SMP protocols and MaxCover outlined earlier (and formalized in Section 3.5), our
task is now to devise SMP protocols with certain parameters for the corresponding com-
munication problems; these are taken care of in Sections 3.6, 3.7 and 3.8. For completeness,
the final reduction from MaxCover to k-DomSet which was shown in [CCK+17] is included
in Appendix 3.3.2.

this problem by allowing the referee to receive an advice. This will also be the route
we take. Even with advice, however, devising a protocol with the desired parameters
is a technically challenging issue. In particular, until very recently, no protocol for set
disjointness with O(log log n) message length (and o(n) advice length) was known.
This was overcome in the work of Rubinstein [Rub18] who used algebraic geometric
codes to give such a protocol for the two-player case. We extend his protocol in a
straightforward manner to the k-player case; this extension was also suggested to us
by Rubinstein [Rub17].

A diagram illustrating the overview of our approach can be found in Figure 3.1.

Comparison to Abboud et al. In [ARW17a], the authors show the first subquardatic
hardness result (under SETH) for many important gap problems. Their main result
is the (SETH) hardness of a problem they refer to as the PCP-Vectors problem. They
then design gap preserving reductions from PCP-Vectors problem to other natural gap
problems in P. We remark that PCP-Vectors is equivalent to MaxCover when h = 2
(i.e., the number of right super nodes is two). However, formulating the label cover
problem as MaxCover instead of PCP-Vectors is beneficial for us, as our goal is to reduce
to graph problems.

Also, in their work, they merge the roles of the referee and the first player as it
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is necessary to achieve the goal of proving hardness of approximation for important
problems in P (which are usually defined on one or two sets of vectors). However,
by doing this the details of the proof become a little convoluted. On the contrary, our
framework with the SMP model is arguably a cleaner framework to work with and
it works well for our goal of proving hardness of approximation for parameterized
problems.

Finally, we note that our observation that the hardness of approximating MaxCover

can be obtained from any arbitrary hypothesis as long as there is an underlying prod-
uct structure (as formalized via PSPs) is a new contribution.

Comparison to subsequent work of Lin. In [Lin19], the author provides a one-step
reduction from an instance of k-set cover14 on a universe of size O(log n) (where n is
the number of subsets given in the collection) to an instance of k-set cover on a universe

of size poly(n) with a gap of
(

log n
log log n

)1/k
. The author then uses this gap producing

self-reduction to provide running time lower bounds (under different time hypothe-

ses) for approximating k-set cover to a factor of (1− o(1)) ·
(

log n
log log n

)1/k
, improving on

the results in Table 3.1 with a better dependence on k in the exponent.

At a high level, the NP-hardness of gap set cover, proceeds by combining the gap
label cover instance generated from the PCP theorem with the hypercube partition
gadget (described in Appendix 3.3.2.2). In this article, we proceed in a similar way
by combining the gap MaxCover instance generated from the (generalized) Distributed
PCP framework (see Figure 3.1), with the hypercube partition gadget. In [Lin19], the
author seems to first combine the hypercube partition gadget with a derandomizing
combinatorial object called universal set, to obtain a gap gadget, and then combines the
gap gadget with the input k-set cover instance (on small universe but with no gap) to
obtain a gap k-set cover instance.

Finally, we remark that unlike our proof framework, Lin’s technique seems to be
specifically tailored for the parameterized set cover problem; case in point, his tech-
nique does not give the inapproximability of the MaxCover problem, which we believe
to be a canonical parameterized gap problem.

14Recall that there is a pair of polynomial-time L-reductions between the minimum dominating set
problem and the set cover problem [Kan92].
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3.3 Preliminaries and Backgrounds

We use standard graph terminology. Let G be any graph. The vertex and edge sets
of G are denoted by V(G) and E(G), respectively. We say that a subset of vertices
S ⊆ V(G) dominates G if every vertex v ∈ S \ V(G) has a neighbor in S, and we
call S a dominating set of G. A k-dominating set of G is a dominating set of G with
cardinality k. The domination number, denoted by (DomSet (G)) of G is the size of the
smallest dominating set of G. In the k-Dominating Set problem (k-DomSet), we are
given a graph G, and the goal is to decide whether G has a dominating set of size k. In
the minimization version, called Minimum Dominating Set (DomSet, for short), the goal
is to find a dominating set in G of minimum size.

In addition to the above problems, we devote the next section to define and dis-
cuss a variant of the label cover problem, namely MaxCover.

3.3.1 MaxCover – A Variant of Label Cover

We now define a variant of the label cover problem called MaxCover, which was in-
troduced by Chalermsook et al. [CCK+17] to capture the parameterized inapproxima-
bility of k-Clique and k-DomSet. The approximation hardness of MaxCover will be the
basis of our hardness results.

The input of MaxCover is a label cover instance; a label cover instance Γ consists of
a bipartite graph G = (U, W; E) such that U is partitioned into U = U1 ∪ · · · ∪ U`

and W is partitioned into W = W1 ∪ · · · ∪Wh. We sometimes refer to Ui’s and Wj’s as
left super-nodes and right super-nodes of Γ, respectively. Another parameter we will be
interested in is the maximum size of left super nodes, i.e., max

i∈[`]
|Ui|; we refer to this

quantity as the left alphabet size of the instance.

A solution to MaxCover is called a labeling, which is a subset of vertices S ⊆ W
formed by picking a vertex wj from each Wj (i.e., |S ∩Wj| = 1 for all j ∈ [h]). We say
that a labeling S covers a left super-node Ui if there exists a vertex ui ∈ Ui such that ui
is a neighbor of every vertex in S. The goal in MaxCover is to find a labeling that covers
the maximum fraction of left super-nodes. We abuse the notation MaxCover and also
use it for the optimum as well, i.e.,

MaxCover(Γ) =
1
`

(
max

labeling S
|{i ∈ [`] | Ui is covered by S}|

)
.

The above terminologies for MaxCover are from [CCK+17]. Note, however, that
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our definitions are phrased somewhat different than theirs; in our definitions, the in-
put graphs are the so-called label-extended graphs whereas in their definitions, the input
graphs are the constraint graphs. Nevertheless, it is not hard to see that the two versions
are in fact equivalent. Another difference is that we use MaxCover to denote the fraction
of left super-nodes covered by the optimal labeling whereas [CCK+17] uses the notion
for the number of covered left super-nodes. The former notation is somewhat more
convenient for us as the value is between zero and one.

3.3.2 Inapproximability of DomSet from MaxCover

The relation between MaxCover and DomSet has been observed in literature. The k-
prover system introduced by Feige in [Fei98] can be casted as a special case of MaxCover

with projection property, and it has been shown that this proof system can be trans-
formed into an instance of DomSet. We note, however, that the optimal value of
the DomSet instance produced by Feige’s k-prover system has size dependent on the
number of left super-nodes rather than k, the number of right super-nodes. Recently,
Chalermsook et al. [CCK+17] observed that even without the projection property, the
relation between MaxCover and DomSet still holds, and the value of the optimal solu-
tion can be reduced to k. This is stated formally below.

Theorem 3.3.1 (Reduction from MaxCover to DomSet [CCK+17]). There is an algorithm
that, given a MaxCover instance Γ = (U =

⋃q
j=1 Uj, W =

⋃k
i=1 Wi, E), outputs a k-DomSet

instance G such that

• If MaxCover(Γ) = 1, then DomSet(G) = k.

• If MaxCover(Γ) ≤ ε, then DomSet(G) ≥ (1/ε)1/k · k.

• |V(G)| = |W|+ ∑j∈[q] k|Uj|.

• The reduction runs in time O
(
|W|

(
∑j∈[q] k|Uj|

))
.

For the sake of self-containedness, we provide below the proof of Theorem 3.3.1.
The reduction and its proof presented below are quoted almost directly from
Chalermsook et al. [CCK+17] except with appropriate notational adjustments. We
include it here only for the sake of self-containedness.

To ease the presentation, we will present the reduction in terms of a different
variant of the label cover problem called MinLabel. The input to MinLabel is the same as
that of MaxCover, i.e., it is a label cover instance Γ = (U =

⋃
i∈[q] Ui, W =

⋃
j∈[k] Wj; E)

as defined in Subsection 3.3.1.
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However, the solution and the objective of the problem will be different from
MaxCover. Specifically, a solution of MinLabel is called a multi-labeling, which is simply
a subset of vertices Ŝ ⊆W. We say that a multi-labeling Ŝ covers a left super-node Ui if
there exists a vertex ui ∈ Ui that has a neighbor in Ŝ ∩Wj for every j ∈ [k]. The goal in
MinLabel is to find a minimum-size multi-labeling that covers all the left super-nodes
Ui’s. Again, we overload the notation and use MinLabel to also denote the optimum,
i.e.,

MinLabel(Γ) = min
multi-labeling Ŝ

that covers every Ui

|Ŝ|.

The following lemma demonstrates relations between MaxCover and MinLabel on
the same input label cover instance. These relations in turns allow us to deduce inap-
proximability results of MinLabel from that of MaxCover.

Proposition 3.3.2. Let Γ be any label cover instance with k right super-nodes. Then, we have

• If MaxCover(Γ) = 1, then MinLabel(Γ) = k.

• If MaxCover(Γ) ≤ ε for some 0 < ε, then MinLabel(Γ) ≥ (1/ε)1/k · k.

Before proceeding to prove Proposition 3.3.2, let us state the desired reduction
from label cover to DomSet (Theorem 3.3.1) in terms of MinLabel instead of MaxCover:

Lemma 3.3.3 (Reduction from MinLabel to DomSet [CCK+17, Theorem 5.4])). There is
an algorithm that, given a label cover instance Γ = (U =

⋃q
j=1 Uj, W =

⋃k
i=1 Wi, E), outputs

a k-DomSet instance G such that

• MinLabel(Γ) = DomSet(G).

• |V(G)| = |W|+ ∑i∈[q] k|Uq|.

• The reduction runs in time O
(
|W|

(
∑i∈[q] k|Uq|

))
.

It is obvious that Proposition 3.3.2 and Lemma 3.3.3 together imply Theorem 3.3.1.
The rest of this section is devoted to proving Proposition 3.3.2 and Lemma 3.3.3. Their
proofs can be found in Subsections 3.3.2.1 and 3.3.2.2, respectively.

3.3.2.1 From MaxCover to MinLabel: Proof of Proposition 3.3.2

In this subsubsection, we prove Proposition 3.3.2. The proof presented here is due
to [CCK+17] with slight changes to match our notations.
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Proof of Proposition 3.3.2. (1) Suppose MaxCover(Γ) = 1. Then there exists a labeling
S ⊆ W that covers every left super-node Ui. Hence, S is also a multi-labeling that
covers every left super-node, which implies that MinLabel(Γ) = k.

(2) We prove by contrapositive. Assume that MinLabel(Γ) < (1/ε)1/kk. Then there
exists a multi-labeling Ŝ ⊆ W of size less than (1/ε)1/kk that covers every left
super-node. Observe that we can construct a feasible S′ solution to MaxCover by
uniformly and independently choosing one node from Ŝ ∩Wj at random, for each
of the right super-node Wj.

Thus, the expected number of left super-nodes covered by S′ is

ES′
[
|{i ∈ [q] : S′ covers Ui}|

]
≥ ∑

i∈[q]
∏
j∈[k]
|Ŝ ∩Wj|−1

(By AM-GM inequality) ≥ ∑
i∈[q]

1
k ∑

j∈[k]
|Ŝ ∩Wj|

−k

> q ·
(

1
k
·
((

1
ε

)1/k
k

))−k

= q · ε

Hence, there is a labeling that covers > εq left super-nodes, i.e., MaxCover(Γ) >

ε.

3.3.2.2 From MinLabel to DomSet: Proof of Lemma 3.3.3

We devote this subsubsection to show a reduction from MinLabel to DomSet as stated
in Lemma 3.3.3.

Proof of Lemma 3.3.3. We show the reduction from MinLabel to the bipartite version of
DomSet, where the input graph G = (A, B; E) is bipartite, and we are asked to find a
subset of (left) vertices of A that dominates all the (right) vertices in B. This variant
of DomSet is known as Red-Blue DomSet, which is equivalent to the Set Cover problem.
One can transform the bipartite version of DomSet into the general case just by forming
a clique on A. It is not hard to see that the optimum remains unchanged.

We apply the reduction from [CCK+17], which is in turn taken from [Fei98] (and
[LY94]) with small adjustments. Our construction requires the hypercube partition sys-
tem.
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Hypercube Partition System. The (κ, ρ)-hypercube partition system consists of the
universeM and a collection of subset {Px,y}x∈[ρ],y∈[κ] where

M = [κ]ρ and Px,y = {z ∈ M : zx = y}.

The following are properties that can be observed from the hypercube partition
system:

• Partition Cover: For each row x ∈ [ρ], Px = (Px,1, . . . , Px,κ) is a partition ofM.
Thus,

⋃
y∈[κ] Px,y =M and Px,y ∩ Px,y′ = ∅ for y 6= y′.

That is, one can cover the universe M by picking all κ subsets from some row
x ∈ [κ].

• Robust Property: For any y∗1 , . . . , y∗ρ ∈ [κ],
⋃

x∈[ρ],y∈[κ]\{y∗x} Px,y 6=M.

That is, the only way to cover the universeM is to pick all the κ subsets from the
same row. Otherwise, even if we include κ− 1 subsets from every row x ∈ [ρ], it
is not possible to cover the universeM.

• Size: The number of elements in the universe is κρ.

The Reduction. Now we present our reduction. Let Γ = (U =
⋃q

j=1 Uj, W =
⋃k

i=1 Wi; E′)
be an instance of MinLabel. We will construct a bipartite graph G = (A, B; E) of Red-
Blue DomSet from Γ. The vertices of A are taken from the right vertices of Γ, i.e., A = W.

For each super-node Ui, we create the (k, |Ui|)-hypercube partition system
(Mi, {Pi

x,y}x∈[|Ui|],y∈[k]) (i.e., ρ = |Ui| and κ = k); then we take the elements of Mi

as left vertices of G.

We name vertices in Ui by ui
1, ui

2, . . . , ui
|Ui|

for i ∈ [q]. For each j ∈ [k] and each

wj ∈ Wj, we join wj to every vertex z ∈ Pi
x,j if {ui

x, wj} is an edge in Γ. More precisely,
the bipartite graph G = (A, B; E) is defined such that

A := W =
k⋃
j

Wj,

B :=
q⋃

i=1

Mi,

E := {{wj, z} : i ∈ [q], j ∈ [k], x ∈ [|Ui|], wj ∈Wj, z ∈ Pi
x,j, {ui

x, wj} ∈ E′}.
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Size of The Construction. It is clear that the number of left and right vertices in our
construction are as follows.

The Number of Left veritces of G = |W|
The Number of Right vertices of G = ∑

i∈[q]
k|Ui|

Analysis. Clearly, the size of G satisfies the lemma statement. For the claim
MinLabel(Γ) = DomSet(G), observe that any solution S to the MinLabel instance cor-
responds to a solution to the Red-Blue DomSet instance. We claim that S is feasible to
the MinLabel instance if and only if it is feasible to the DomSet instance. This will prove
the claim and thus imply the lemma.

First, suppose S is feasible to MinLabel. Then, for every Ui, there is a vertex ui
x ∈ Ui

that has an edge to some vertex wj
y ∈Wj ∩ S, for all j ∈ [k]. This means that we have an

edge from wj
y to every vertex z ∈ Pi

x,y. It then follows by the Partition Cover property
of the hypercube partition system that S dominates every vertex in the universeMi.
Consequently, we conclude that S dominates B =

⋃
i∈[q]Mi.

Conversely, suppose S is feasible to DomSet. Then S has an edge to every vertex
in the universe Mi ⊆ B. We know by construction and the Robustness Property of
the hypercube partition system that, for some x ∈ [|Ui|], S contains vertices w1 ∈
S ∩W1, w2 ∈ S ∩W2, . . . , wk ∈ S ∩Wk, which correspond to the subsets Pi

x,y’s in the
partition system, and that w1, w2, . . . , wk are incident to the vertex ui

x ∈ Ui. This means
that S covers the left super-node Ui. Consequently, we conclude that S is a feasible
multi-labeling, thus completing the proof.

3.4 Product Space Problems and Popular Hypotheses

In this section, we define a class of computational problems called Product Space Prob-
lems (PSP). As the name suggests, a problem in this class is defined on a class of func-
tions whose domain is a k-ary Cartesian Product, i.e., f : X1 × · · · × Xk → {0, 1}. The
input of the problem are subsets15 A1 ⊆ X1, . . . , Ak ⊆ Xk, and the goal is to determine
whether there exists (a1, . . . , ak) ∈ A1 × · · · × Ak such that f (a1, . . . , ak) = 1. The size
of the problem is determined by max

i∈[k]
|Ai|. A formal definition of PSP can be found

below.
15Each Ai will be explicitly given as part of the input through the elements that it contains.
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Definition 3.4.1 (Product Space Problem). Let m : N×N → N be any function and
F := { fN,k : {0, 1}m(N,k)×k → {0, 1}}N,k∈N be a family of Boolean functions indexed16 by
N and k. For each k ∈ N, the product space problem PSP(k,F ) of order N is defined as
follows: given k subsets A1, . . . , Ak of {0, 1}m(N,k) each of cardinality at most N as input,
determine if there exists (a1, . . . , ak) ∈ A1× · · · × Ak such that fN,k(a1, . . . , ak) = 1. We use
the following shorthand PSP(k,F , N) to describe PSP(k,F ) of order N.

In all the PSPs considered in this thesis, the input length m(N, k) is always at
most poly(k) · log N and fN,k is always computable in time poly(m(N, k)). In such
a case, there is a trivial Nk+ok(1)-time algorithm to solve PSP(k,F , N): enumerating
all (a1, . . . , ak) ∈ A1 × · · · × Ak and check whether fN,k(a1, . . . , ak) = 1. The rest of
this section is devoted to rephrasing the hypotheses (SETH, ETH, W[1] 6= FPT and the
k-SUM Hypothesis) in terms of lower bounds for PSPs. The function families F ’s,
and running time lower bounds will depend on the hypotheses. For example, SETH
will corresponds to set disjointness whereas W[1] 6= FPT will correspond to a general-
ization of equality called “multi-equality”; the former will give an Nk(1−o(1)) running
time lower bound whereas the latter only rules out FPT time algorithms.

We would like to remark that the class of problems called ‘locally-characterizable
sets’ introduced by Goldreich and Rothblum [GR18a] are closely related to PSPs. Elab-
orating, we may interpret locally-characterizable sets as the negation of PSPs, i.e., for
any PSP(k,F , N), we may define the corresponding locally-characterizable set S as
follows:

S = {(A1, . . . , Ak) | for all (a1, . . . , ak) ∈ A1 × · · · × Ak we have fN,k(a1, . . . , ak) = 0}.

3.4.1 k-SUM Hypothesis

To familiarize the readers with our notations, we will start with the k-SUM Hypothesis,
which is readily in the PSP form. Namely, the functions in the family are the Sum-Zero

functions that checks if the sum of k integers is zero:

Definition 3.4.2 (Sum-Zero). Let k, m ∈N. SUMZEROm,k : ({0, 1}m)k → {0, 1} is defined
by

SUMZEROm,k(x1, . . . , xk) =

1 if ∑
i∈[k]

xi = 0,

0 otherwise,

16Here we choose to use N instead of n, to index F , as it is a well-established convention to use n for
the number of variables of a SAT formula (and SAT formulas do appear later in this section), and our
index N is not the same as the number of variables n of the SAT formulas.
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where we think of each xi as a number in [−2m−1, 2m−1 − 1], and the addition is over Z.

The function family F SUMZERO can now be defined as follows.

Definition 3.4.3 (Sum-Zero Function Family). Let m : N×N→N be a function defined
by m(N, k) = 2kdlog Ne. F SUMZERO is defined as {SUMZEROm(N,k),k}N∈N,k∈N.

The following proposition is immediate from the definition of the k-SUM Hypoth-
esis.

Proposition 3.4.4. Assuming the k-SUM Hypothesis, for every integer k ≥ 3 and every ε > 0,
no O(Ndk/2e−ε)-time algorithm can solve PSP(k,F SUMZERO, N) for all N ∈N.

3.4.2 Set Disjointness and SETH

We recall the k-way disjointness function, where given k bit strings as input the func-
tion evaluates to 1 if and only if the coordinate-wise AND of the k strings is the all
zeroes string. The k-way disjointness function has been studied extensively in litera-
ture (see, e.g., [LS09] and references therein), and we formally define it below.

Definition 3.4.5 (Set Disjointness). Let k, m ∈N. DISJm,k : ({0, 1}m)k → {0, 1} is defined
by

DISJm,k(x1, . . . , xk) = ¬

 ∨
i∈[m]

 ∧
j∈[k]

(xj)i

 .

The function family FDISJ
c can now be defined as follows.

Definition 3.4.6 (Set Disjointness Function Family). For every c ∈N, let mc : N×N→
N be a function defined by mc(N, k) = cdk log Ne. FDISJ

c is defined as {DISJmc(N,k),k}N∈N,k∈N.

We have the following proposition which follows easily from the definition of
SETH and its well-known connection to the Orthogonal Vectors Hypothesis [Wil05].

Proposition 3.4.7. Let k ∈ N such that k > 1. Assuming SETH, for every ε > 0 there
exists c := cε ∈ N such that no O(Nk(1−ε))-time algorithm can solve PSP(k,FDISJ

c , N) for
all N ∈N.

Proof. Fix ε > 0 and k > 1. By SETH, there exists w := w(ε) ∈ N and c := c(ε) ∈ N

such that no algorithm can solve w-CNF-SATin O(2(1−ε)n) time where n is the number
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of variables and m ≤ cn is the number of clauses. For every w-CNF-SATformula φ,
we will build Aφ

1 , . . . , Aφ
k ⊆ {0, 1}m each of cardinality N := 2n/k such that there exists

(a1, . . . , ak) ∈ Aφ
1 × · · · × Aφ

k such that DISJm,k(a1, . . . , ak) = 1 if and only if φ is satisfi-
able. Thus, if there was an O(Nk(1−ε))-time algorithm that can solve PSP(k,FDISJ

c , N)

for all N ∈N, then it would violate SETH.

All that remains is to show the construction of Aφ
1 , . . . , Aφ

k from φ. Fix i ∈ [k].
For every partial assignment σ to the variables x(i−1)·(n/k)+1, . . . , xi·(n/k) we build an

m-bit vector aσ ∈ Aφ
i as follows: ∀j ∈ [m], we have aσ(j) = 0 is σ satisfies the jth

clause, and aσ(j) = 1 otherwise (i.e., the clause is not satisfied, or its satisfiability is
indeterminate). It is easy to verify that there exists (a1, . . . , ak) ∈ Aφ

1 × · · · × Aφ
k such

that DISJm,k(a1, . . . , ak) = 1 if and only if φ is satisfiable.

We remark that we can prove a similar statement as that of Proposition 3.4.7 for
ETH: assuming ETH, there exists k0 such that for every k > k0 there exists c := ck0 ∈
N such that no O(No(k))-time algorithm can solve PSP(k,FDISJ

c , N) for all N ∈ N.
However, instead of associating ETH with DISJ, we will associate with the Boolean
function MULTEQ (which will be defined in the next subsection) and its corresponding
PSP. This is because, associating ETH with MULTEQ provides a more elementary proof
of Theorem 3.1.4 (in particular we will not need to use algebraic geometric codes –
which are essentially inevitable if we associate ETH with DISJ).

3.4.3 W[1] 6= FPT Hypothesis and ETH

Again, we recall the k-way Equality function which has been studied extensively in
literature (see, e.g., [AMS12, ABC09, CRR14, CMY08, LV11, PVZ12] and references
therein).

Definition 3.4.8 (Equality). Let k, m ∈N. EQm,k : ({0, 1}m)k → {0, 1} is defined by

EQm,k(x1, . . . , xk) =
∧

i,j∈[k]

(
xi = xj

)
where xi = xj is a shorthand for

∧
p∈[m]

(xi)p = (xj)p.

Unfortunately, the PSP associated with EQ is in fact not hard: given sets A1, . . . , Ak,
it is easy to find whether they share an element by just sorting the combined list of
A1∪ · · · ∪ Ak. Hence, we will need a generalization of the equality function to state our
hard problem. Before we do so, let us first state an intermediate helper function, which
is a variant of the usual equality function where some of the k inputs may be designed
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as “null” and the function only checks the equality over the non-null inputs. We call
this function the Selective-Equality (SELEQ) function. For notational convenience, in the
definition below, each of the k inputs is now viewed as (xi, yi) ∈ {0, 1}m−1 × {⊥,>};
if yi = ⊥, then (xi, yi) represents the “null” input.

Definition 3.4.9 (Selective-Equality). Let k, m ∈N. SELEQm,k : ({0, 1}m−1×{⊥,>})k →
{0, 1} is defined by

SELEQm,k((x1, y1), . . . , (xk, yk)) =
∧

i,j∈[k]

(
(yi = ⊥) ∨ (yj = ⊥) ∨ (xi = xj)

)
.

Next, we introduce the variant of EQ whose associated PSP is hard under
W[1] 6= FPT and ETH. In the settings of both Equality and Selective-Equality defined
above, there is only one unknown that is given in each of the k inputs a1 ∈ A1, . . . , ak ∈
Ak and the functions check whether they are equal. The following function, which
we name Multi-Equality, is the t-unknown version of Selective-Equality. Specifically, the
ith part of the input is now a tuple ((xi,1, yi,1), . . . , (xi,t, yi,t)) where xi,1, . . . , xi,t are bit
strings representing the supposed values of the t unknowns while, similar to Selective-

Equality, each yi,q ∈ {⊥,>} is a symbol indicating whether (xi,q, yi,q) is the “null”
input. Below is the formal definition of MULTEQ; note that for convenience, we use
(xi,q, yi,q)q∈[t] as a shorthand for ((xi,1, yi,1), . . . , (xi,t, yi,t)), i.e., the ith part of the input.

Definition 3.4.10 (Multi-Equality). Let k, t ∈ N and let m ∈ N be any positive integer such
that m is divisible by t. Let m′ = m/t. MULTEQm,k,t : (({0, 1}m′−1 × {⊥,>})t)k → {0, 1}
is defined by

MULTEQm,k,t((x1,q, y1,q)q∈[t], . . . , (xk,q, yk,q)q∈[t]) =
∧

q∈[t]
SELEQm′,k((x1,q, y1,q), . . . , (xk,q, yk,q)).

Next, we define the family FMULTEQ; note that in the definition below, we simply
choose t(k), the number of unknowns, to be k + (k

2) + (k
3). As we will see later, this

is needed for ETH-hardness. For W[1]-hardness, it suffices to use a smaller number
of variables. However, we choose to define t(k) in such a way so that we can conve-
niently use one family for both ETH and W[1]-hardness.

Definition 3.4.11. Let t : N → N be defined by t(k) = k + (k
2) + (k

3). Let m :
N ×N → N be defined by m(N, k) = t(k) (1 + kdlog Ne). We define FMULTEQ as
{MULTEQm(N,k),k,t(k)}N∈N,k∈N.

We next show a reduction from k-Clique to PSP(k′,FMULTEQ) where k′ = (k
2). The

overall idea of the reduction is simple. First, we associate the integers in [k′] naturally
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with the elements of ([k]2 ). We then create the sets
(

A{i,j}
)
{i,j}⊆[k],i 6=j

in such a way that

each element of the set A{i,j} corresponds to picking an edge between the i-th and the
j-th vertices in the supposed k-clique. Then, MULTEQ is used to check that these edges
are consistent, i.e., that, for every i ∈ [k], a{i,j} and a{i,j′} pick the same vertex to be the
ith vertex in the clique for all j, j′ ∈ [k] \ {i}. This idea is formalized in the following
proposition and its proof.

Proposition 3.4.12. Let k ∈ N and k′ = (k
2). There exists a poly(N, k)-time reduction from

any instance (G, k) of Clique to an instance (A1, . . . , Ak′) of the PSP(k′,FMULTEQ, N′) where
N denotes the number of vertices of G and N′ = (N

2 ).

Proof. Given a Clique instance17 (G, k), the reduction proceeds as follows. For con-
venience, we assume that the vertex set V(G) is [N]. Furthermore, we associate the
elements of [k′] naturally with the elements of ([k]2 ). For the sake of conciseness, we
sometimes abuse notation and think of {i, j} as an ordered pair (i, j) where i < j.
For every {i, j} ∈ ([k]2 ) such that i < j, the set A{i,j} contains one element a{u,v}

{i,j} =(
a{u,v}
{i,j},1, . . . , a{u,v}

{i,j},t(k′)

)
for each edge {u, v} ∈ E(G) such that u < v, where

a{u,v}
{i,j},q =


(u,>) if q = i,

(v,>) if q = j,

(0,⊥) otherwise.

Note that in the definition above, we view u, v and 0 as (m(N′,k′)/t(k′)− 1)-bit
strings, where m : N ×N → N is as in Definition 3.4.11. Also note that each set
A{i,j} has size at most (N

2 ) = N′, meaning that (A{i,j}){i,j}⊆[k] is indeed a valid in-
stance of PSP(k′,FMULTEQ, N′). For brevity, below we will use f as a shorthand for
MULTEQm(N′,k′),k′,t(k′).

(⇒) Suppose that (G, k) is a YES instance for Clique, i.e., there exists a k-clique
{u1, . . . , uk} in G. Assume without loss of generality that u1 < · · · < uk. We claim
that,

f

((
a
{ui,uj}
{i,j}

)
i,j∈[k],i<j

)
= 1.

To see that this is the case, observe that for every q ∈ [t(k′)] and for every {i, j} ⊆ [k]

such that i < j, we have either a
{ui,uj}
{i,j},q = (0,⊥) or a

{ui,uj}
{i,j},q = (uq,>). This means that,

17We assume without loss of generality that G does not contain any self-loop.
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SELEQ

((
a
{ui,uj}
{i,j},q

)
i,j∈[k],i<j

)
= 1 for every q ∈ [t(k′)].

(⇐) Suppose that (A{i,j}){i,j}⊆[k] is a YES instance for PSP(k′,FMULTEQ, N′), i.e.,
there exists a∗{i,j} ∈ A{i,j} for every {i, j} ⊆ [k] such that f ((a∗{i,j}){i,j}⊆[k]) = 1. Suppose
that a∗{i,j} = (x∗{i,j},1, y∗{i,j},1, . . . , x∗{i,j},t(k′), y∗{i,j},t(k′)). From this solution {a∗{i,j}}{i,j}⊆[k],
we can recover the k-clique as follows. For each i ∈ [k], pick an arbitrary j(i) ∈ [k] that
is not equal to i. Let ui be x∗{i,j},i. We claim that u1, . . . , uk forms a k-clique in G. To
show this, it suffices to argue that, for every distinct i, i′ ∈ [k], there is an edge between
ui and ui′ in G. To see that this holds, consider a∗{i,i′}. Since y∗{i,i′},i = y∗{i,j(i)},i = >,
we have x∗{i,i′},i = x∗{i,j(i)},i = ui. Similarly, we have x∗{i,i′},i′ = ui′ . Since a∗{i,i′} ∈ A{i,i′}
and from how the set A{i,i′} is defined, we have {ui, ui′} ∈ E(G), which concludes our
proof.

Lemma 3.4.13. Assuming W[1] 6= FPT, for any computable function T : N → N, there is
no T(k) · poly(N) time algorithm that can solve PSP(k,FMULTEQ, N) for every N, k ∈N.

Proof. Suppose for the sake of contradiction that, for some computable function T :
N→N, there is a T(k) · poly(N) time algorithmA that can solve PSP(k,FMULTEQ, N)

for every N, k ∈N. We will show that this algorithm can also be used to solve k-Clique
parameterized by k in FPT time.

Given an instance (G, k) of k-Clique, we first run the reduction from Proposi-
tion 3.4.12 to produce an instance (A1, . . . , Ak′) of PSP(k′,FMULTEQ, N′) in poly(N, k)
time where N = |V(G)|, N′ = (N

2 ) and k′ = (k
2). We then runA on (A1, . . . , Ak′), which

takes time T(k′) · poly(N′). This means that we can also solve our k-Clique instance
(G, k) in time poly(N, k) + T(k′) · poly(N′) = poly(N, k) + T

(
(k

2)
)
· poly(N), which

is FPT time. Since k-Clique is W[1]-complete, this contradicts with W[1] 6= FPT.

Next, we will prove ETH-hardness of PSP(k,FMULTEQ). Specifically, we will re-
duce a 3-CNF-SATinstance φ where each variable appears in at most three clauses to an
instance of PSP(k,FMULTEQ, N) where N = 2O(n/k) and n denotes the number of vari-
ables in φ. The overall idea is to partition the set of clauses into k parts of equal size and
use each element in Aj to represent a partial assignment that satisfies all the clauses
in the jth partition. This indeed means that each group has size 2O(n/k) as intended.
However, choosing the unknowns are not as straightforward as in the reduction from
k-Clique above; in particular, if we view each variable by itself as an unknown, then we
would have n unknowns, which is much more than the designated t(k) = k+ (k

2) + (k
3)

unknowns! This is where we use the fact that each variable appears in at most three
clauses: we group the variables of φ together based on which partitions they appear in
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and view each group as a single variable. Since each variable appears in at most three
clauses, the number of ways they can appear in the k partitions is k + (k

2) + (k
3) which

is indeed equal to t(k). The ideas are formalized below.

Proposition 3.4.14. Let k ∈ N. There exists a poly(N, k)-time reduction from any in-
stance φ of 3-CNF-SATsuch that each variable appears in at most three clauses in an instance
(A1, . . . , Ak) of the PSP(k,FMULTEQ, N) where N = 23dm/ke and m denotes the number of
clauses in φ.

Proof. Given a 3-CNF-SATformula φ such that each variable appears in at most three
clauses. Let the variable set of φ be Z = {z1, . . . , zn} and the clauses of φ be
C = {C1, . . . , Cm}. Then for every k ∈ N, we produce an instance (A1, . . . , Ak) of
PSP(k,FMULTEQ, N) where N = 23dm/ke as follows.

First, we partition the clause set C into k parts C1, . . . , Ck each of size at most dm/ke.
For each variable zi, let Si denote {j ∈ [k] | ∃Ch ∈ Cj such that zi ∈ Ch or zi ∈ Ch}.
Since every zi appears in at most three clauses, we have Si ∈ ( [k]≤3). For each S ∈ ( [k]≤3),
let ν(S) denote the set of all variables zi’s such that Si = S (i.e. S is exactly equal to the
set of all partitions that zi appears in). The general idea of the reduction is that we will
view a partial assignment to the variables in ν(S) as an unknown for MULTEQ; let us
call this unknown XS (hence there are k + (k

2) + (k
3) = t(k) unknowns). For each j ∈ [k],

Aj contains one element for each partial assignment to the variables that appear in the
clauses in Cj and that satisfies all the clauses in Cj. Such a partial assignment specifies(

1 + k + (k
2)
)

unknowns: all the XS such that j ∈ S. The MULTEQ function is then
used to check the consistency between the partial assignments to the variables from
different Aj’s.

To formalize this intuition, we first define more notations. Let m̃ = 3kdm/ke. For
every subsets T ⊆ T′ ⊆ Z and every partial assignment α : T′ → {0, 1}, the restriction
of α to T, denoted by α|T is the function from T to {0, 1}where α|T(z) = α(z) for every
z ∈ T. Furthermore, we define the operator ext(α), which “extends” α to m̃ bits, i.e.,
the i-th bit of ext(α) is α(zi) if zi ∈ T and is zero otherwise. Finally, we use var(Cj)

to denote the set of all variables that appear in at least one of the clauses from Cj, i.e.,
var(Cj) =

⋃
C∈Cj

var(C) where var(C) denotes {zi ∈ Z | zi ∈ C or zi ∈ C}.

Now, since our t(k) is exactly ( k
≤3), we can associate each element of [t] with a

subset S ∈ ( [k]≤3). Specifically, for each partial assignment α : var(Cj)→ {0, 1} such that
α satisfies all the clauses in Cj, the set Aj contains an element aα

j = (aα
j,S)S∈( [k]≤3)

where,
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for every S ∈ ( [k]≤3),

aα
j,S =


(

ext
(

α|ν(S)
)

,>
)

if j ∈ S,

(0m̃,⊥) otherwise.

Fix S ∈ ( [k]≤3). For every j ∈ S, observe that ν(S) ⊆ var(Cj). Moreover, since each Cj
contains at most dm/ke clauses, there are at most 3dm/ke variables in var(Cj). This
means that Aj has size at most 23dm/ke. Hence, (A1, . . . , Ak) is indeed a valid instance
of PSP (k,FMULTEQ, N) where N = 23dm/ke. For brevity, below we will use f as a
shorthand for MULTEQm(N,k),k,t(k).

(⇒) Suppose that φ is satisfiable. Let α : C → {0, 1} be an assignment that satisfies

all the clauses. Let a∗j = a
α|var(Cj)

j ∈ Aj for every j ∈ [k]. Observe that, for every S ∈ ( [k]≤3)

and every j ∈ [k], we either have a∗j,S = (0m̃,⊥) or a∗j,S = (ext(α|ν(S)),>). This indeed
implies that f (a∗1 , . . . , a∗k) = 1.

(⇐) Suppose that there exists (aα1
1 , . . . , aαk

k ) ∈ A1 × · · · × Ak such that
f (aα1

1 , . . . , aαk
k ) = 1. We construct an assignment α : Z → {0, 1} as follows. For each

i ∈ [n], pick an arbitrary j(i) ∈ [k] such that zi ∈ var(Cj(i)) and let α(zi) = αj(i)(zi).
We claim that α satisfies every clause. To see this, consider any clause C ∈ C. Suppose
that C is in the partition Cj. It is easy to check that f (aα1

1 , . . . , aαk
k ) = 1 implies that

α|var(C) = αj|var(C). Since αj is a partial assignment that satisfies C, α must also satisfy
C. In other words, α satisfies all clauses of φ.

Lemma 3.4.15. Assuming ETH, for any computable function T : N → N, there is no
T(k) · No(k) time algorithm that can solve PSP(k,FMULTEQ, N) for every N, k ∈N.

Proof. Let δ > 0 be the constant in the running time lower bound in ETH. Sup-
pose for the sake of contradiction that ETH holds but, for some function T, there is
a T(k) · No(k) time algorithm A that can solve PSP(k,FMULTEQ, N) for every N, k ∈N.
Thus, there exists a sufficiently large k such that the running time of A for solving
PSP(k,FMULTEQ, N) is at most O(Nδk/10) for every N ∈N.

Given a 3-CNF formula φ such that each variable appears in at most three clauses.
Let n, m denote the number of variables and the number of clauses of φ, respectively.
We first run the reduction from Proposition 3.4.14 on φ with this value of k. This
produces an instance (A1, . . . , Ak) of PSP (k,FMULTEQ, N) where N = 23dm/ke. Since
each variable appears in at most three clauses, we have m ≤ 3n, meaning that N =

O(29n/k). By runningA on this instance, we can decide whether φ is satisfiable in time
O(Nδk/10) = O(20.9δn), contradicting ETH.
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3.5 Communication Protocols and Reduction to Gap La-
bel Cover

In this section, we first introduce a communication model for multiparty communi-
cation known in literature as the Simultaneous Message Passing model. Then, we
introduce a notion of “efficient” communication protocols, and connect the existence
of such protocols to a reduction from PSP to a gap version of MaxCover.

3.5.1 Efficient Protocols in Simultaneous Message Passing Model

The two-player Simultaneous Message Passing (SMP) model was introduced by Yao
[Yao79] and has been extensively studied in literature [KN97]. In the multiparty set-
ting, the SMP model is considered popularly with the number-on-forehead model,
where each player can see the input of all the other players but not his own [CFL83,
BGKL03]. In this chapter, we consider the multiparty SMP model where the inputs are
given as in the number-in-hand model (like in [FOZ16, WW15]).

Simultaneous Message Passing Model. Let f : {0, 1}m×k → {0, 1}. In the k-player
simultaneous message passing communication model, we have k players each with an
input xi ∈ {0, 1}m and a referee who is given an advice µ ∈ {0, 1}∗ (at the same time
when the players are given the input). The communication task is for the referee to
determine if f (x1, . . . , xk) = 1. The players are allowed to only send messages to the
referee. In the randomized setting, we allow the players and the referee to jointly toss
some random coins before sending messages, i.e., we allow public randomness.

Next, we introduce the notion of efficient protocols, which are in a nutshell one-
round randomized protocols where the players and the referee are in a computation-
ally bounded setting.

Efficient Protocols. Let π be a communication protocol for a problem in the SMP

model. We say that π is a (w, r, `, s)-efficient protocol if the following holds:

• The referee receives w bits of advice.

• The protocol is one-round with public randomness, i.e., the following actions
happen sequentially:

1. The players receive their inputs and the referee receives his advice.

2. The players and the referee jointly toss r random coins.
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3. Each player on seeing the randomness (i.e. results of r coin tosses) deter-
ministically sends an `-bit message to the referee.

4. Based on the advice, the randomness, and the total ` · k bits sent from the
players, the referee outputs accept or reject.

• The protocol has completeness 1 and soundness s, i.e.,

– If f (x1, . . . , xk) = 1, then there exists an advice on which the referee always
accepts.

– If f (x1, . . . , xk) = 0, then, on any advice, the referee accepts with probability
at most s.

• The players and the referee are computationally bounded, i.e., all of them per-
form all their computations in poly(m)-time.

The following proposition follows immediately from the definition of an efficient
protocol and will be very useful in later sections for gap amplification.

Proposition 3.5.1. Let z ∈ N and π be a communication protocol for a problem in the SMP

model. Suppose π is a (w, r, `, s)-efficient protocol. Then there exists a (w, z · r, z · `, sz)-
efficient protocol for the same problem.

Proof. The proof follows by a simple repetition argument. More precisely, we repeat
steps 2-4 in the protocol z times, each time using fresh randomness, but note that the z
steps of drawing random coins can be clubbed into one step, and the decision by the
referee can be reserved till the end of the entire protocol, wherein he accepts if and
only if he would accept in each of the individual repetitions.

3.5.2 Lower Bounds on Gap-MaxCover

The following theorem is our main conceptual contribution: we show below that the
existence of efficient protocols can translate (exact) hardness of PSPs to hardness of
approximating MaxCover.

Theorem 3.5.2. Let m : N×N→ N be any function. Let F := { fN,k : {0, 1}m(N,k)×k →
{0, 1}}N,k∈N be a family of Boolean functions indexed by N, k. Suppose there exists a (w, r, `, s)-
efficient protocol18 for fN,k in the k-player SMP model for every N, k ∈ N. Then, there
is a reduction from any instance (A1, . . . , Ak) of PSP(k,F , N) to 2w label cover instances
{Γµ}µ∈{0,1}w such that

18w, r, ` and s can depend on N and k.
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• The running time of the reduction is 2w+r+`kpoly(m(N, k)).

• Each Γµ = (Uµ = Uµ
1 ∪ · · · ∪ Uµ

q , Wµ = Wµ
1 ∪ · · · ∪Wµ

h ; Eµ) has the following
parameters:

– Γµ has at most Nk right nodes, i.e., |Wµ| ≤ Nk,

– Γµ has k right super nodes, i.e., h = k,

– Γµ has 2r left super nodes, i.e., q = 2r,

– Γµ’s left alphabet size is at most 2`k, i.e., |Uµ
1 |, . . . , |Uµ

q | ≤ 2`k.

• If (A1, . . . , Ak) is a YES instance of PSP(k,F , N), then MaxCover(Γµ) = 1 for some
µ ∈ {0, 1}w.

• If (A1, . . . , Ak) is a NO instance of PSP(k,F , N), then MaxCover(Γµ) ≤ s for every
µ ∈ {0, 1}w.

Proof. Given a (w, r, `, s)-efficient protocol π of fN,k and an instance (A1, . . . , Ak) of
PSP(k,F , N), we will generate 2w instances of MaxCover. Specifically, for each µ ∈
{0, 1}w, we construct an instance Γµ = (Uµ = Uµ

1 ∪ · · · ∪Uµ
q , Wµ = Wµ

1 ∪ · · · ∪Wµ
h ; Eµ)

of MaxCover as follows.

• Let h = k. For each j ∈ [h], the right super-node Wµ
j contains one node for each

xj ∈ Aj.

• Let q = 2r. For each random string γ ∈ {0, 1}r, the left-super node Uµ
γ contains

one node for each of the possible accepting messages from the k players. Elabo-
rating, each vertex in Uµ

γ corresponds to (m1, . . . , mk) ∈ ({0, 1}`)k such that the
following holds: In the protocol π, the referee on receiving an advice µ, jointly
drawing the random string γ, and receiving the message mi from the ith player
(for all i ∈ [k]), decides to accept.

• We add an edge between xj ∈ Wµ
j and (m1, . . . , mk) ∈ Uµ

γ if mj is equal to the
message that j sends on an input xj and a random string γ in the protocol π.

Observe that there is a bijection between labelings of Γµ and elements of A1× · · · × Ak.

Now consider a labeling S ⊆ Wµ of Γµ and the corresponding (x1, . . . , xk) ∈
A1 × · · · × Ak. For each random string γ ∈ {0, 1}r, observe that the referee accepts
on an input (x1, . . . , xk), an advice µ, and a random string γ if and only if there is a
vertex u ∈ Uγ (corresponding to the messages sent by the players) that has an edge
to every vertex in S. Therefore, the acceptance probability of the protocol on advice
µ is the same as the fraction of left super-nodes covered by S. The completeness and
soundness then easily follows:
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3.5 Communication Protocols and Reduction to Gap Label Cover

Completeness. If there exists (x1, . . . , xk) ∈ A1×· · ·×Ak such that fN,k(x1, . . . , xk) =

1, then there is an advice µ ∈ {0, 1}w on which the referee always accepts for this input
(x1, . . . , xk), meaning that the corresponding labeling covers every left super-node of
Γµ, i.e., MaxCover(Γµ) = 1.

Soundness. If fN,k(x1, . . . , xk) = 0 for every (x1, . . . , xk) ∈ A1 × · · · × Ak, then, for
any advice µ ∈ {0, 1}w, the referee accepts with probability at most s on every input
(x1, . . . , xk) ∈ A1 × · · · × Ak. This means that, for any µ ∈ {0, 1}w, no labeling covers
more than s fraction of left the super-nodes. In other words, MaxCover(Γµ) ≤ s for all
µ ∈ {0, 1}w.

For the rest of this subsection, we will use the following shorthand. Let Γ = (U =

U1 ∪ · · · ∪Uq, W = W1 ∪ · · · ∪Wh; E) be a label cover instance, and we use the short-
hand Γ(N, k, r, `) to say that the label cover instance has the following parameters:

• Γ has at most Nk right nodes, i.e., |W| ≤ Nk,

• Γ has k right super nodes, i.e., h = k,

• Γ has 2r left super nodes, i.e., q = 2r,

• Γ has left alphabet size of at most 2`k, i.e., |U1|, . . . , |Uq| ≤ 2`k.

The rest of this section is devoted to combining Theorem 3.5.2 with the results
in Section 3.4 to obtain conditional hardness for the gap-MaxCover problem, assum-
ing that we have efficient protocols with certain parameters. These protocols will be
devised in the three subsequent sections.

Understanding the Parameters. Before we state the exact dependency of parameters,
let us first discuss some intuition behind it. First of all, if we start with an instance of
PSP(k,F , N), Theorem 3.5.2 will produce 2w instances of Γ(N, k, r, `). Roughly speak-
ing, since we want the lower bounds from PSP to translate to MaxCover, we would like
the number of instances to be No(1), meaning that we want w = o(log N). Recall that
in all function families we consider m = Θk(log N). Hence, this requirement is the
same as w = ok(m). Moreover, we would like the instance size of Γ(N, k, r, `) to also
be Ok(N), meaning that the number of left vertices, 2r+`k has to be Ok(N). Thus, it
suffices to have a protocol where r + `k = ok(m).

If we additionally want the hardness to translate also to k-DomSet, the param-
eter dependencies become more subtle. Specifically, applying Theorem 3.3.1 to the
MaxCover instances results in a blow-up of ∑j∈[q] k|Uj| = 2r · k2`k

= 2r+(log k)·2`k
. We also
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3. INAPPROXIMABILITY OF PARAMETERIZED DOMINATING SET

want this to be at most No(1), meaning that we need r + (log k) · 2`k = o(log N) =

ok(m). In other words, it suffices for us to require that `k < (log m)/β for some constant
β > 1. The exact parameter dependencies are formalized below.

3.5.2.1 SETH

In this subsubsection, we prove Theorem 3.1.5.

Corollary 3.5.3. For any c ∈ N, let FDISJ
c be the family of Boolean functions as defined

in Definition 3.4.6. For every δ > 0, suppose there exists a (w, r, `, s)-efficient protocol for
DISJm,k in the k-player SMP model for every k ∈N and every m ∈N, such that w ≤ δm and
r + `k = ok(m). Then, assuming SETH, for every ε > 0 and integer k > 1, no O(Nk(1−ε))-
time algorithm can distinguish between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s for any
label cover instance Γ(N, k, r, `) for all N ∈N. Moreover, if ` < (log m)/β·k for some constant
β > 1, then assuming SETH, for every ε > 0 and integer k > 1, no O(Nk(1−ε))-time

algorithm can distinguish between DomSet(G) = k and DomSet(G) ≥
(

1
s

) 1
k · k for any

graph G with at most Ok(N) vertices, for all N ∈N.

Proof. The proof of the first part of the theorem statement is by contradiction. Suppose
there is an O(Nk(1−ε))-time algorithm A for some fixed constant ε > 0 and integer k >

1 which can distinguish between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s for any label
cover instance Γ(N, k, r, `) for all N ∈ N. From Proposition 3.4.7, we have that there
exists cε ∈ N such that no O(Nk(1−ε/2))-time algorithm can solve PSP(k,FDISJ

cε , N) for
all N ∈ N. Fix δ = ε/3cε. Next, by considering Theorem 3.5.2 for the case of (w, r, `, s)-
efficient protocols, we have that there are 2w label cover instances {Γµ}µ∈{0,1}w which
can be constructed in 2δm(1+ok(1)) time. Note that 2δm(1+ok(1)) = Nkε/3(1+ok(1)) by our
choice of δ. Thus, we can runA on each Γµ and solve PSP(k,FDISJ

c , N) for all N, k ∈N

in time less than Nk(1−ε/2). This contradicts Proposition 3.4.7.

To prove the second part of the theorem statement, we apply the reduction de-

scribed in Theorem 3.3.1 and note that 2r = No(1) and k2`k
= 2

(log2 k)·(m(N,k))1/β

= No(1).

The proof of Theorem 3.1.5 follows by plugging in the parameters of the protocol
described in Corollary 3.6.2 to the above corollary.

3.5.2.2 ETH

In this subsubsection, we prove Theorem 3.1.4.
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Corollary 3.5.4. LetFMULTEQ be the family of Boolean functions as defined in Definition 3.4.11.
Suppose there exists a (w, r, `, s)-efficient protocol for MULTEQm,k,t in the k-player SMP model
for every k, t, m ∈ N such that w + r + `k = ok(m). Then, assuming ETH, for any com-
putable function T : N → N, there is no T(k) · No(k) time algorithm that can distinguish
between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s for any label cover instance Γ(N, k, r, `)
for all N, k ∈ N. Moreover, if ` < (log m)/β·k for some constant β > 1, then assuming ETH,
for any computable function T : N → N, there is no T(k) · No(k) time algorithm that can

distinguish between DomSet(G) = k and DomSet(G) ≥
(

1
s

) 1
k · k for any graph G with at

most Ok(N) vertices, for all N, k ∈N.

Proof. The proof of the first part of the theorem statement is by contradiction. Suppose
there is an algorithm A running in time T̃(k) · No(k) for some computable function
T̃ : N → N that can distinguish between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s
for any label cover instance Γ(N, k, r, `) for all N, k ∈ N. From Lemma 3.4.15, we
have that for any computable function T : N → N, there is no T(k) · No(k) time al-
gorithm that can solve PSP(k,FMULTEQ, N) for every N, k ∈ N. Next, by considering
Theorem 3.5.2 for the case of (w, r, `, s)-efficient protocols, we have that there are 2w

label cover instances {Γµ}µ∈{0,1}w which can be constructed in 2ok(m) time. Note that
2ok(m) = Ok(No(1)) by the choice of m(N, k) in Definition 3.4.11. Thus, we can run A
on each Γµ and solve PSP(k,FMULTEQ, N) for all N, k ∈ N in time T̃(k) · No(k). This
contradicts Lemma 3.4.15.

To prove the second part of the theorem statement, we apply the reduction de-

scribed in Theorem 3.3.1 and note that 2r = No(1) and k2`k
= 2

(m(N,k))1/β ·log2 k
= No(1).

The proof of Theorem 3.1.4 follows by plugging in the parameters of the protocol
described in Corollary 3.7.2 to the above corollary.

3.5.2.3 W[1] 6= FPT

In this subsubsection, we prove Theorem 3.1.3.

Corollary 3.5.5. LetFMULTEQ be the family of Boolean functions as defined in Definition 3.4.11.
Suppose there exists a (w, r, `, s)-efficient protocol for MULTEQm,k,t in the k-player SMP model
for every k, t, m ∈N such that w+ r+ `k < m/tk. Then, assuming W[1] 6= FPT, for any com-
putable function T : N→ N, there is no T(k) · poly(N)-time algorithm that can distinguish
between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s for any label cover instance Γ(N, k, r, `) for
all N, k ∈N. Moreover, if r < m/2tk and ` < (log m)/β·k for some constant β > 1, then assum-
ing W[1] 6= FPT, for any computable function T : N → N, there is no T(k) · poly(N)-time

51



3. INAPPROXIMABILITY OF PARAMETERIZED DOMINATING SET

algorithm that can distinguish between DomSet(G) = k and DomSet(G) ≥
(

1
s

) 1
k · k for any

graph G with at most Ok(N) vertices, for all N, k ∈N.

Proof. The proof of the first part of the theorem statement is by contradiction. Suppose
there is an algorithm A running in time T̃(k) · poly(N) for some computable function
T̃ : N → N that can distinguish between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s for
any label cover instance Γ(N, k, r, `) for all N, k ∈ N. From Lemma 3.4.13, we have
that for any computable function T : N → N, there is no T(k) · poly(N) time al-
gorithm that can solve PSP(k,FMULTEQ, N) for every N, k ∈ N. Next, by considering
Theorem 3.5.2 for the case of (w, r, `, s)-efficient protocols, we have that there are 2w la-
bel cover instances {Γµ}µ∈{0,1}w which can be constructed in 2m(N,k)/k·t(k) · poly(m(N, k))
time. Note that 2m(N,k)/k·t(k) = O(N) and poly(m(N, k)) = No(1) by the choice of m(N, k)
in Definition 3.4.11. Thus, we can run A on each Γµ and solve PSP(k,FMULTEQ, N) for
all N, k ∈N in time less than T̃(k) · poly(N). This contradicts Lemma 3.4.13.

To prove the second part of the theorem statement, we apply the reduction de-

scribed in Theorem 3.3.1 and note that 2r = O(
√

N) and k2`k
= 2

(m(N,k))1/β ·log2 k
=

No(1).

The proof of Theorem 3.1.3 follows by plugging in the parameters of the protocol
described in Corollary 3.7.2 to the above corollary.

3.5.2.4 k-SUM Hypothesis

In this subsubsection, we prove Theorem 3.1.6.

Corollary 3.5.6. LetF SUMZERO be the family of Boolean functions as defined in Definition 3.4.3.
Suppose there exists a (w, r, `, s)-efficient protocol for SUMZEROm,k in the k-player SMP

model for every m, k ∈ N, such that w + r + `k = ok(m). Then assuming the k-SUM
Hypothesis, for every integer k ≥ 3 and every ε > 0, no O(Ndk/2e−ε)-time algorithm can
distinguish between MaxCover(Γ) = 1 and MaxCover(Γ) ≤ s for any label cover instance
Γ(N, k, r, `) for all N ∈N. Moreover, if ` < (log m)/β·k for some constant β > 1, then assum-
ing the k-SUM Hypothesis, for every ε > 0 no O(Ndk/2e−ε)-time algorithm can distinguish

between DomSet(G) = k and DomSet(G) ≥
(

1
s

) 1
k · k for any graph G with at most Ok(N)

vertices for all N ∈N.

Proof. The proof of the first part of the theorem statement is by contradiction. Suppose
there is an algorithmA running in time O(Ndk/2e−ε) for some fixed constant ε > 0 and
some integer k ≥ 3 that can distinguish between MaxCover(Γ) = 1 and MaxCover(Γ) ≤
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s for any label cover instance Γ(N, k, r, `) for all N ∈ N. From Proposition 3.4.4, we
have that no O(Ndk/2e−ε/2)-time algorithm can solve PSP(k,F SUMZERO, N) for all N ∈
N. Next, by considering Theorem 3.5.2 for the case of (w, r, `, s)-efficient protocols, we
have that there are 2w label cover instances {Γµ}µ∈{0,1}w which can be constructed in
2ok(m) time. Note that 2ok(m) = Ok(No(1)) by the choice of m(N, k) in Definition 3.4.3.
Thus, we can run A on each Γµ and solve PSP(k,F SUMZERO, N) for all N ∈ N in time
O(Ndk/2e−ε). This contradicts Proposition 3.4.4.

To prove the second part of the theorem statement, we apply the reduction de-

scribed in Theorem 3.3.1 and note that 2r = No(1) and k2`k
= 2

(m(N,k))1/β ·log2 k
= No(1).

The proof of Theorem 3.1.6 follows by plugging in the parameters of the protocol
described in Corollary 3.8.6 to the above corollary.

3.6 An Efficient Protocol for Set Disjointness

Set Disjointness has been extensively studied primarily in the two-player setting (i.e.,
k = 2). In that setting, we know that the randomized communication complex-
ity is Ω(m) [KS92, Raz92, BJKS04], where m is the input size of each player. Sur-
prisingly, [AW09] showed that the MA-complexity of two-player set disjointness is
Õ(
√

m). Their protocol was indeed an (Õ(
√

m), O(log m), Õ(
√

m), 1/2)-efficient pro-
tocol for the case when k = 2. Recently, [ARW17a] improved (in terms of the mes-
sage size) the protocol to be an (m/log m, O(log m), O((log m)3), 1/2)-efficient protocol
for the case when k = 2. Both these results can be extended naturally for all k > 1,
to give an (mk/log m, Ok(log m), Ok((log m)3), 1/2)-efficient protocol. However, this does
not suffice for proving Theorem 3.1.5 since we need a (w, r, `, s)-efficient protocol with
w = o(m) and ` = o(log m). Fortunately, Rubinstein [Rub18] recently showed that the
exact framework of the MA-protocols as in [AW09, ARW17a] but with the use of alge-
braic geometric codes instead of Reed Muller or Reed Solomon codes gives the desired
parameters in the two-player case. Below we naturally extend Rubinstein’s protocol
to the k-player setting. This extension was suggested to us by Rubinstein [Rub17].

Theorem 3.6.1. There is a polynomial function ˆ̀ : N×N → [1, ∞) such that for every
k ∈ N and every α ∈ N, there is a protocol for k-player DISJm,k in the SMP model which is
an (m/α, log2 m, ˆ̀(k, α), 1/2)-efficient protocol, where each player is given m bits as input, and
the referee is given at most m/α bits of advice.

Proof. Fix k, m, α ∈ N. Let q be the smallest prime greater than q̂(k) such that q >

(2αr̂(k))2, where the functions r̂ and q̂ are as defined in Theorem 2.2.7. Let G = Fq2 .
Let T = 2αr̂(k) log2 q.
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We associate [m] with [T] × [m/T] and write the input xj ∈ {0, 1}m as vectors
x1

j , . . . , xT
j where xt

j ∈ {0, 1}m/T. For every j ∈ [k], Player j computes Am/T(xt
j) for

every t ∈ [T]. We denote the block length of Am/T by d. From the systematicity
guaranteed by Theorem 2.2.7 we have that Am/T(xt

j) |[m/T]= xt
j. Also, notice that for

all t ∈ [T], we have ∧
j∈[k]

xt
j = 0m/T if and only if ∏j∈[k] Am/T(xt

j) = 0m/T.

With the above observation in mind, we define the marginal sum Γ ∈ Gd as fol-
lows:

∀i ∈ [d], Γi = ∑
t∈[T]

∏
j∈[k]

Am/T(xt
j)i.

Again, notice that for all t ∈ [T], we have ∧
j∈[k]

xt
j = 0m/T if and only if Γi = 0 for all

i ∈ [m/T]. This follows from the following:

• For all i ∈ [m/T], we have Am/T(xt
j)i ∈ {0, 1} and thus ∏

j∈[k]
Am/T(xt

j)i ∈ {0, 1}.

• The characteristic of G being greater than (2αr̂(k)) · √q ≥ (2αr̂(k)) · log2 q = T.

More importantly, we remark that Γ is a codeword19 in Bm/T. This follows be-
cause Bm/T is a degree k closure code of Am/T. To see this, in Definition 2.2.6, set t = k,
r = k · T, and P[x1,1, . . . , xk,T] = ∑

i∈[T]
∏

j∈[k]
xi,j.

The Protocol

1. Merlin sends the referee Φ which is allegedly equal to the marginal sums code-
word Γ defined above.

2. All players jointly draw r ∈ [d] uniformly at random.

3. For every j ∈ {1, . . . , k}, Player j sends to the referee Am/T(xt
j)r, ∀t ∈ [T].

4. The referee accepts if and only if both of the following hold:

∀i ∈ [m/T], Φi = 0 (3.1)

Φr = ∑
t∈[T]

∏
j∈[k]

Am/T(xt
j)r. (3.2)

Analysis
19We would like to remark that we use the multiplication property of Algebraic Geometric codes to

find a non-trivial advice. On a related note, Meir [Mei13] had previously shown that error correcting
codes with the multiplication property suffice to show the IP theorem (i.e., the IP=PSPACE result).
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Advice Length. To send the advice, Merlin only needs to send a codeword in Bm/T
to the verifier. This means that the advice length (in bits) is no more than log2 q2 times
the block length, which is d ≤ (m/T) r̂(k) = m/2α log2 q where the equality comes from
our choice of T and the inequality from Theorem 2.2.7.

Message Length. Each player sends T elements of G. Hence, the message length is
T log2 q2 ≤ αr̂(k)(2 log2 q)2. Recall that q can be upper bounded by a polynomial in k
and α. Hence, the message length is upper bounded entirely as a polynomial in k and
α as desired.

Randomness. The number of coin tosses is log2(d) ≤ log2 (mr̂(k)/T) = log2 (m/2α log2 q) <

log2 m.

Completeness. If the k sets are disjoint, Merlin can send the true Γ, and the verifier
always accepts.

Soundness. If the k sets are not disjoint and Φ is actually Γ, then (3.1) is false and the
verifier always rejects. On the other hand, if Φ 6= Γ, then, since both are codewords
of Bm/T, from Theorem 2.2.7 their relative distance must be at least 1/2. As a result,
with probability at least 1/2, Φr 6= Γr. Since the right hand side of (3.2) is simply Γr, the
verifier will reject for such r. Hence, the rejection probability is at least 1/2.

The following corollary follows immediately by applying Proposition 3.5.1 with
z = (log2 m)/2k·`(k,α) to the above theorem.

Corollary 3.6.2. There is a polynomial function ŝ : N×N → [1, ∞) such that for every
k ∈N and every α ∈N there is a protocol for k-player DISJm,k in the SMP model which is an(

m/α, O
(
(log2 m)2) , (log2 m)/2k, (1/m)

1/ŝ(k,α)
)

-efficient protocol, where each player is given m
bits as input, and the referee is given at most m/α bits of advice.

3.7 An Efficient Protocol for Multi-Equality

Equality has been extensively studied, primarily in the two-player setting (i.e., k = 2).
In that setting, when public randomness is allowed, we know that the randomized
communication complexity is O(1) [Yao79, KN97], and the protocols can be naturally
extended to the k-player SMP model that yields a randomized communication com-
plexity of O(k). There are many protocols which achieve this complexity bound but
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for the purposes of proving Theorems 3.1.3 and 3.1.4, we will use the protocol where
the players encode their input using a fixed good binary code and then send a jointly
agreed random location of the encoded input to the referee who checks if all the mes-
sages he received are equal. Below we extend that protocol for Multi-Equality.

Theorem 3.7.1. For some absolute constant δ > 0, for every t, k ∈ N and every m ∈ N

such that m is divisible by t, there is a (0, log m + O(1), 2t, 1 − δ)-efficient protocol for
MULTEQm,k,t in the k-player SMP model.

Proof. Let C = {Cm : {0, 1}m → {0, 1}d(m)}m∈N be the family of good codes with rate
at least ρ and relative distance at least δ as guaranteed by Fact 2.2.3. Fix m, k, t ∈ N as
in the theorem statement. Let m′ := m/t.

The Protocol

1. All players jointly draw i? ∈ [d(m′)] uniformly at random.

2. If player j’s input is xj = (xj,1, yj,1, . . . , xj,t, yj,t), then he sends
(C(xj,1)i∗ , yj,1, . . . , C(xj,t)i∗ , yj,t) to the referee.

3. The referee accepts if and only if the following holds:

MULTEQ2t,k,t((C(x1,1)i∗ , y1,1, . . . , C(x1,t)i∗ , y1,t), . . . , (C(xk,1)i∗ , yk,1, . . . , C(xk,t)i∗ , yk,t)) = 1.

Analysis

Parameters of the Protocol. In the first step of the protocol all the players jointly
draw i? ∈ [d(m′)] uniformly, which requires dlog d(m′)e ≤ log m′ + log(1/ρ) ≤
log m + O(1) random bits. Then, for every j ∈ [k], player j sends the referee 2t bits.
Finally, since the code Cm′ is efficient, it is easy to see that the players and referee run
in poly(m)-time.

Completeness. If MULTEQm,k,t(x1, . . . , xk) = 1, then, for every q ∈ [t]
and i, j ∈ [k], we have (yi,q = ⊥) ∨ (yj,q = ⊥) ∨ (xi,q = xj,q) =

1. This implies that, for every q ∈ [t], i, j ∈ [k] and i∗ ∈ [d(m)], we
have (yi,q = ⊥) ∨ (yj,q = ⊥) ∨ (C(xi,q)i∗ = C(xj,q)i∗). In other words,
MULTEQ2t,k((C(x1,1)i∗ , y1,1, . . . , C(x1,t)i∗ , y1,t), . . . , (C(xk,1)i∗ , yk,1, . . . , C(xk,t)i∗ , yk,t)) =

1 for every i∗ ∈ [d(m)], meaning that the referee always accepts.
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Soundness. Suppose that MULTEQm,k,t(x1, . . . , xk) = 0. Then, there exists some
q ∈ [t] and i, j ∈ [k] such that yi,q = >, yj,q = > and xi,q 6= xj,q. Since the code
C has relative distance at least δ, C(xi,q) and C(xj,q) must differ on at least δ fraction
of the coordinates. When the randomly selected i∗ is such a coordinate, we have that
MULTEQ2t,k((C(x1,1)i∗ , y1,1, . . . , C(x1,t)i∗ , y1,t), . . . , (C(xk,1)i∗ , yk,1, . . . , C(xk,t)i∗ , yk,t)) = 0,
i.e., the referee rejects. Hence, the referee rejects with probability at least δ.

The following corollary follows immediately by applying Proposition 3.5.1 to the
above theorem with z = log2 m/4kt.

Corollary 3.7.2. For every t, k ∈ N and every m ∈ N such that m is divisible by t, there is
a (0, O((log m)2), (log2 m)/2k, (1/m)

1/O(kt))-efficient protocol for MULTEQm,k,t in the k-player
SMP model.

3.8 An Efficient Protocol for Sum-Zero

The Sum-Zero problem has been studied in the SMP model and efficient protocols with
the following parameters have been obtained.

Theorem 3.8.1 ([Nis94]). For every k ∈ N and m ∈ N there is a (0, O(log(m +

log k)), O(log(m + log k)), 1/2)-efficient protocol for SUMZEROm,k in the k-player SMP

model.

The above protocol is based on a simple (yet powerful) idea of picking a small
random prime p and checking if the numbers sum to zero modulo p. Viola put forth a
protocol with better parameters than the above protocol (i.e., smaller message length)
using specialized hash functions and obtained the following:

Theorem 3.8.2 ([Vio15]). For every k ∈ N and m ∈ N there is a (0, O(m), O(log k), 1/2)-
efficient protocol for SUMZEROm,k in the k-player SMP model.

In order to prove Theorem 3.1.6, we need a protocol with o(m) randomness and
o(log m) message length, and both the protocols described above do not meet these
conditions. We show below that the above two results can be composed to get a pro-
tocol with O(log k) communication complexity and Ok(log m) randomness. In fact,
we will use a slightly different protocol from [Vio15]: namely, the protocol for the
Sum-Zero(Zp) problem as stated below.
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3. INAPPROXIMABILITY OF PARAMETERIZED DOMINATING SET

Definition 3.8.3 (Sum-Zero(Zp) Problem). Let k, m, p ∈ N. Zp-SUMZEROm,k :
({0, 1}m)k → {0, 1} is defined by

Zp-SUMZEROm,k(x1, . . . , xk) =

{
1 if ∑i∈[k] xi = 0 mod p,

0 otherwise,

where we think of each xi as a number in [−2m−1, 2m−1 − 1].

Theorem 3.8.4 ([Vio15]). For every p, k ∈N and m ∈N, there is a (0, O(log p), O(log k), 1/2)-
efficient protocol20 for Zp-SUMZEROm,k in the k-player SMP model.

Below is our theorem which essentially combines Theorem 3.8.1 and Theorem 3.8.4.

Theorem 3.8.5. For every k ∈N and m ∈N there is a (0, O(log(m+ log k)), O(log k), 3/4)-
efficient protocol for SUMZEROm,k in the k-player SMP model.

Proof. Let π∗ be the protocol of Viola from Theorem 3.8.4.

The Protocol

Let t = 2(m− 1 + log k). Let p1, . . . , pt be the first t primes.

1. All players jointly draw i? ∈ [t] uniformly at random.

2. The players and the referee run π? where each player now has input yi = xi
mod pi? , and the referee accepts if and only if ∑i∈[k] yi = 0 mod pi? .

Notice that the above protocol is still an efficient protocol as the first step of the
above protocol can be combined with the draw of random coins in the first step of π?

to form a single step in which the players and the referee jointly draw random coins
from the public randomness.

Analysis

Randomness. In the first step of the protocol all the players jointly draw i? ∈ [t]
uniformly, which requires dlog2 te random bits. Then, the players draw O(log pi?)

additional random coins for π?. The bound on the randomness follows by noting that
pi? ≤ pt = O(t log t) .

20As written in [Vio15], the protocol has the following steps. First, the players send some messages
to the referee. Then the players and the referee jointly draw some random coins, and finally the players
send some more messages to the referee. However, we note that the first and second steps of the
protocol can be swapped in [Vio15] to obtain an efficient protocol as the drawing of randomness do not
depend on the messages sent by the players to the referee.
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Message Length. For every j ∈ [k], Player j sends the referee O(log k) bits as per π?.

Completeness. If the k numbers sum to zero, then for any p ∈ N, they sum to zero
mod p and thus the referee always accepts.

Soundness. If the k numbers do not sum to zero, then let s(π?) be the soundness of
π? and let S be the subset of the first t primes defined as follows:

S =

pi

∣∣∣∣∣i ∈ [t], ∑
j∈[k]

xj = 0 mod pi


It is clear that the referee rejects with probability at least (1− |S|/t) · (1− s(π?)). There-
fore, it suffices to show that |S| < t/2 as s(π?) ≤ 1/2. Let x := ∑j∈[k] xj. We have
that x ∈ [−k · 2m−1, k · 2m−1] and that, for every p ∈ S, p divides x. Since x 6= 0,

we know that |x| ≥ ∏
p∈S

p ≥
|S|
∏
i=1

pi ≥ 2|S|. Since |x| ≤ k · 2m−1, we have that

|S| < m− 1 + log k = t, and the proof follows.

The following corollary follows immediately by applying Proposition 3.5.1 with
z = log2 m/2k·c log k to the above theorem, where c is some constant such that the message
length of the protocol in Theorem 3.8.5 is at most c log k.

Corollary 3.8.6. For every k, m ∈ N there is a(
0, O((log(m + log k))2), (log2 m)/2k, (1/m)

1/O(k log k)
)

-efficient protocol for SUMZEROm,k

in the k-player SMP model.

3.9 Connection to Fine-Grained Complexity

In this section, we will demonstrate the conditional hardness of problems in P by bas-
ing them on the conditional hardness of PSP. First, we define the problem in P of
interest to this section.

Definition 3.9.1 (k-linear form inner product). Let k, m ∈N. Given x1, . . . , xk ∈ Rm, we
define the inner product of these k vectors as follows:

〈x1, . . . , xk〉 = ∑
i∈[m]

∏
j∈[k]

xi(j),

where xi(j) denotes the jth coordinate of the vector xi.
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3. INAPPROXIMABILITY OF PARAMETERIZED DOMINATING SET

Definition 3.9.2 (k-chromatic Maximum Inner Product). Let k ∈ N. Given k collections
A1, A2, . . . , Ak each of N vectors in {0, 1}D, where D = No(1), and an integer s, the k-
chromatic Maximum Inner Product (MIP) problem is to determine if there exists ai ∈ Ai for
all i ∈ [k] such that 〈a1, . . . , ak〉 ≥ s.

We continue to use the shorthand Γ(N, k, r, `) introduced in Section 3.5.2. More-
over, while using the shorthand Γ(N, k, r, `), we will assume that for all i ∈ [h], |Wi| ≤
N. We define Unique MaxCover to be the MaxCover problem with the following addi-
tional structure: for every labeling S ⊆ W (see Section 3.3.1 to recall the definition
of a labeling) and any left super-node Ui, there is at most one node in Ui which is a
neighbor to all the nodes in S. We remark that the reduction in Theorem 3.5.2 already
produces instances of Unique MaxCover. This follows from the proof of Theorem 3.5.2
by noting that on every random string, each player sends a message to the referee
in a deterministic way. Finally, we have the following connection between unique
MaxCover and MIP.

Theorem 3.9.3. Let N, k, r, ` ∈ N. There is a reduction from any Unique MaxCover instance
Γ(N, k, r, `) to k-chromatic MIP instance (A1, . . . , Ak, s) such that

• For all i ∈ [k], |Ai| ≤ N, s = 2r, and D ≤ 2r+`k.

• The running time of the reduction is O(Nk · 2r+`k).

• For any integer s∗, there exists ai ∈ Ai for all i ∈ [k] such that 〈a1, . . . , ak〉 ≥ s∗ if and
only if MaxCover(Γ) ≥ s∗/2r.

Proof. For every i ∈ [k], we associate each Ai with the right super-node Wi. Each node
in Wi corresponds to a vector in Ai. Given a node w in Wi, the corresponding vector
a ∈ Ai is constructed as follows. Each coordinate of a corresponds to a left node. Let
the jth coordinate of a correspond to a node u ∈ U. The jth coordinate of a is 1 if there is
an edge between u and w in the graph G of the instance Γ; otherwise, the jth coordinate
of a is 0. It is easy to see that |Ai| ≤ N and D ≤ 2r+`k, and the running time of the
reduction is O(Nk · 2r+`k). It is also easy to see that if MaxCover(Γ) ≥ s∗/2r then the
vectors ai corresponding to the nodes in the labeling resulting in the maximum cover,
have inner product at least s∗.

We will now show that for any integer s∗, if there exists ai ∈ Ai for all i ∈ [k]
such that 〈a1, . . . , ak〉 ≥ s∗ then MaxCover(Γ) ≥ s∗/2r. Fix an integer s∗. Suppose that
there exists ai ∈ Ai for all i ∈ [k] such that 〈a1, . . . , ak〉 ≥ s∗. The k-tuple (a1, . . . , ak)

corresponds to a labeling S of unique MaxCover. For each coordinate such that all
the ai = 1 on that coordinate, we note that there is a left node (corresponding to the
coordinate) which is a common neighbor of all the nodes in the labeling. Moreover,
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3.9 Connection to Fine-Grained Complexity

since in the unique MaxCover we can have at most one node in each left super-node
which is a common neighbor of the nodes in the labeling, we have that:

MaxCover(Γ) ≥ 1
2r · |{i ∈ [2r] | Ui is covered by S}| = 〈a1, . . . , ak〉 ≥ s∗.

The results for hardness of approximation for problems in P is obtained by simply
fixing the value of k in the above theorem to some universal constant (such as k = 2).
For example, by fixing k = 2 and applying the above reduction to Corollary 3.5.3, we
recover the main result of [ARW17a] on bichromatic MIP. This is not surprising as
under SETH, our framework is just a generalization of the distributed PCP framework
of [ARW17a].

Furthermore, we demonstrate the flexibility of our framework by fixing k = 3 and
applying the above reduction to Corollary 3.5.6, to establish a hardness of approxima-
tion result of trichromatic MIP under the 3-SUM Hypothesis as stated below. We note
here that the running time lower bound is only N2−o(1), which is likely not tight since
the lower bound from SETH is N3−o(1).

Theorem 3.9.4. Assuming the 3-SUM Hypothesis, for every ε > 0, no O(N2−ε) time algo-
rithm can, given three collections A, B, and C each of N vectors in {0, 1}D, where D = No(1),
and an integer s, distinguish between the following two cases:

Completeness. There exists a ∈ A, b ∈ B, c ∈ C such that 〈a, b, c〉 ≥ s.

Soundness. For every a ∈ A, b ∈ B, c ∈ C, 〈a, b, c〉 ≤ s/2(log N)1−o(1)
.

Proof. We apply Proposition 3.5.1 with z = m/(log2 m)2 and k = 3 to Theorem 3.8.5,

to obtain a
(

0, O(m/log m), O(m/(log m)2), (1/2)m1−o(1))
-efficient protocol for SUMZEROm,3

in the 3-player SMP model. By plugging in the parameters of the above proto-
col to Corollary 3.5.6, we obtain that assuming the 3-SUM hypothesis, for every
ε > 0, no O(N2−ε)-time algorithm can distinguish between MaxCover(Γ) = 1 and

MaxCover(Γ) ≤ (1/2)(log N)1−o(1)
for any label cover instance Γ(N, 3, r, `) for all N ∈ N.

The proof of the theorem concludes by applying Theorem 3.9.3 to the above hardness
of MaxCover (Note that Theorem 3.5.2 provides a reduction from PSP(k,F , N) to Unique

MaxCover).
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3.10 Conclusion and Open Questions

We showed the parameterized inapproximability results for k-DomSet under
W[1] 6= FPT, ETH, SETH and k-SUM Hypothesis, which almost resolve the complex-
ity status of approximating parameterized k-DomSet. Although we showed the W[1]-
hardness of the problem, the exact version of k-DomSet is W[2]-complete. Thus, a re-
maining question is whether approximating k-DomSet is W[2]-hard:

Open Question 3.10.1. Can we base total inapproximability of k-DomSet on W[2] 6= FPT?

We note that even 1.01-approximation of k-DomSet is not known to be W[2]-hard.

Another direction is to look beyond k-DomSet and try to prove inapproximability
of other parameterized problems. Since k-DomSet is W[2]-complete, there are already
known reductions from it to other W[2]-hard problems. Some of these reductions
such as those for k-Set Cover, k-Hitting Set, k-DomSet on tournaments [DF95b] and
k-Contiguous Set [CNW16] are gap-preserving reductions (in the sense of [CCK+17,
Definition 3.4]) and total inapproximability under W[1] 6= FPT translate directly to
those problems. In this sense, one may wish to go beyond W[2]-hard problems and
prove hardness of approximation for problems in W[1]. One of the most well-studied
W[1]-complete problems is k-Clique which we saw earlier in our proof; in its optimiza-
tion variant, one wishes to find a clique of maximum size in the graph. Note that in
this case a k-approximation is trivial since we can just output one vertex. It was shown
in [CCK+17] that no o(k)-approximation is possible in FPT time assuming Gap-ETH.
Since this rules out all non-trivial approximation algorithms, such a non-existential re-
sult is also referred to as the total FPT-inapproximability of k-Clique. Hence, the question
is whether one can bypass Gap-ETH for this result as well:

Open Question 3.10.2. Can we base total inapproximability of k-Clique on W[1] 6= FPT or
ETH?

Again, we note that the current state-of-the-art results do not even rule out 1.01-
FPT-approximation algorithms for k-Clique under W[1] 6= FPT or ETH.

Another direction is to look beyond parameterized complexity questions. As
mentioned earlier, Abboud et al. [ARW17a] used the hardness of approximating of
PCP-Vectors as a starting point of their inapproximability results of problems in P.
Since MaxCover is equivalent to PCP-Vectors when the number of right super-nodes is
two, it may be possible that MaxCover for larger number of right super-nodes can also
be used to prove hardness of problems in P as well. At the moment, however, we do
not have any natural candidate in this direction and some preliminary discussion was
initiated in Section 3.9.
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Chapter 4

Complexity of Closest Pair

In this chapter, we show conditional running time lower bounds on solving the closest
pair problem. The contents of this chapter are based on [DKL19, KM19].

4.1 Introduction

The Closest Pair of Points problem or Closest Pair problem (CP) is a fundamental
problem in computational geometry: given n points in a d-dimensional metric space,
find a pair of distinct points with the smallest distance between them. The Clos-
est Pair problem for points in the Euclidean plane [SH75, BS76] stands at the ori-
gins of the systematic study of the computational complexity of geometric problems
[PS85, Man89, KT05, CLRS09]. Since then, this problem has found abundant appli-
cations in geographic information systems [Hen06], clustering [Zah71, Alp10], and
numerous matching problems (such as stable marriage [WTFX07]).

The trivial algorithm for CP examines every pair of points in the point-set and
runs in time O(n2d). Over the decades, there have been a series of developments on CP

in low dimensional space for the Euclidean metric [Ben80, HNS88, KM95, SH75, BS76],
leading to a deterministic O(2O(d)n log n)-time algorithm [BS76] and a randomized
O(2O(d)n)-time algorithm [Rab76, KM95]. For low (i.e., constant) dimensions, these
algorithms are tight as a matching lower bound of Ω(n log n) was shown by Ben-Or
[Ben83] and Yao [Yao91] in the algebraic decision tree model, thus settling the complexity
of CP in low dimensions. On other hand, for very high dimensions (for example, when
d = n) there are subcubic algorithms [GS17, ILLP04] in the `1, `2, and `∞-metrics21 us-
ing fast matrix multiplication algorithms [Gal14]. However, CP in medium dimen-

21In fact, when d = n there are subcubic algorithms for every `p-metric, where p is even [ILLP04].
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sions, i.e., d = polylog(n), and in various `p-metrics, have been a focus of study
in machine learning and analysis of Big Data [Kle97], and it is surprising that, even
with the tools and techniques that have been developed over many decades, when
d = ω(log n), there is no known subquadratic-time (i.e., O(2o(d)n2−ε)-time) algorithm,
for CP in any standard distance measure [Ind00, AC09, ILLP04] . The absence of such
algorithms was explicitly observed as early as the late nineties by Cohen and Lewis
[CL99] but there was not any explanation until recently. Thus we have the following
question:

Open Question 4.1.1 (Abboud-Rubinstein-Williams22 [ARW17a], Williams [Wil18a]).
Is there an algorithm running in time n2−ε for some ε > 0 which can solve CP in the Euclidean
metric when the points are in ω(log n) dimensions?

Even if the answer to the above question is negative, this does not rule out strong
approximation algorithms for CP in the Euclidean metric, which might suffice for all
applications. Indeed, we do know of subquadratic approximation algorithms for CP.
For example, LSH based techniques can solve (1 + δ)-CP (i.e., (1 + δ) factor approx-
imate CP) in n2−Θ(δ) time [IM98], but cannot do much better [MNP07, OWZ14]. In a
recent breakthrough, Valiant [Val15] obtained an approximation algorithm for (1+ δ)-
CP with runtime of n2−Θ(

√
δ). The state of the art is an n2−Θ̃(δ1/3)-time algorithm by

Alman, Chan, and Williams [ACW16]. Can the dependence on δ be improved indefi-
nitely? For the case of (1 + δ)-BCP, assuming SETH, Rubinstein [Rub18] answered the
question in the negative. Does (1 + δ)-CP also admit the same negative answer?

Open Question 4.1.2. Is there an algorithm running in time n2−ε for some ε > 0 which can
solve (1+ δ)-CP in the Euclidean metric when the points are in ω(log n) dimensions for every
δ > 0?

Another important geometric problem is the Maximum Inner Product problem (MIP):
given n points in the d-dimensional Euclidean space, find a pair of distinct points with
the largest inner product. This problem along with its bichromatic variant (Bichromatic
Maximum Inner Product problem, denoted BMIP) is extensively studied in literature
(see [ARW17a] and references therein). Abboud, Rubinstein, and Williams [ARW17a]
showed that assuming SETH, for every ε > 0, no 2(log n)1−o(1)

-approximation algorithm
running in n2−ε time can solve BMIP when d = no(1). It is a natural question to ask if
their inapproximability result can be extended to MIP:

Open Question 4.1.3. Is there an algorithm running in time n2−ε for some ε > 0 which can
solve γ-MIP in no(1) dimensions for even γ = 2(log n)1−o(1)

?
22Please see the erratum in [ARW17b].
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4.1.1 Our Main Results

In this chapter we address all three previously mentioned open questions. First, we
almost completely resolve Open Question 4.1.1. First, we show the following.

Theorem 4.1.4 (Subquadratic Hardness of CP; Informal, See Theorem 4.6.3). Let p ∈
R≥1 ∪ {0}. Assuming SETH, for every ε > 0, no algorithm running in n2−ε time can solve
CP in the `p-metric, even when d = (log n)Ωε(1).

In particular we would like to emphasize that the dimension for which we show
the lower bound on CP depends on ε (we can improve this dependency for p > 2,
as we shall see later in this subsection). We would also like to remark that our lower
bound holds even when the input point-set of CP is a subset of {0, 1}d. Finally, we
note that the centerpiece of the proof of the above theorem (and also the proofs of
the other results that will be subsequently mentioned) is the construction of a dense
bipartite graph with low contact dimension, i.e., we construct a balanced bipartite graph
on n vertices with n2−ε edges whose vertices can be realized as points in a (log n)Ωε(1)-
dimensional `p-metric space such that every pair of vertices which have an edge in
the graph are at distance exactly 1 and every other pair of vertices are at distance
greater than 1. This graph construction is inspired by the construction of locally dense
codes introduced by Dumer, Miccancio, and Sudan [DMS03] and uses special density
properties of Reed Solomon codes. A detailed proof overview is given in Section 4.2.2.

Next, we improve our result in Theorem 4.1.4 in some aspects by showing 1+ o(1)
factor inapproximability of CP even in Oε(log n) dimensions, but can only rule out
algorithms running in n1.5−ε time (as opposed to Theorem 4.1.4 which rules out exact
algorithms for CP running in n2−ε time). More precisely, we show the following.

Theorem 4.1.5 (Subquadratic Hardness of gap-CP). Let p ∈ R≥1 ∪ {0}. Assuming
SETH, for every ε > 0, there exists δ(ε) > 0 and c(ε) > 1 such that no algorithm run-
ning in n1.5−ε time that can solve (1 + δ)-CP in the `p-metric, even when d = c log n.

We remark that the n1.5−ε lower bound on approximate CP is an artifact of our
proof strategy and that a different approach or an improvement in the state-of-the-art
bound on the number of minimum weight codewords in algebraic geometric codes
(which are used in our proof), will lead to the complete resolution of Open Ques-
tion 4.1.2.

It should also be noted that the approximate version of CP and the dimension are
closely related. Namely, using standard dimensionality reduction techniques [JL84]23

23In fact, since our results apply to {0, 1}-vectors, simply subsampling coordinates would also work.
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for (1+ δ)-CP, one can always assume that d = Oδ(log n). In other words, hardness of
(1 + δ)-CP immediately yields logarithmic dimensionality bound as a byproduct.

Finally, we completely answer Open Question 4.1.3 by showing the following in-
approximability result for MIP, matching the hardness for BMIP from [ARW17a].

Theorem 4.1.6 (Subquadratic Hardness of gap-MIP). Assuming SETH, for every ε > 0,
no algorithm running in n2−ε time can solve γ-MIP for any γ ≤ 2(log n)1−o(1)

, even when
d = no(1).

Recently, there have been a lot of results connecting BCP or (1 + o(1))-BCP to
other problems (see [Rub18, Che18a, Che18b, CW19]). Now such connections can be
extended to CP as well. For example, the following conditional lower bound follows
from [Rub18] for gap-CP in the edit distance metric and for completeness a proof is
given in Section 4.10.

Theorem 4.1.7 (Subquadratic Hardness of gap-CP in edit distance metric). Assuming
SETH, for every ε > 0, there exists δ(ε) > 0 and c(ε) > 1 such that no algorithm running in
n1.5−ε time can solve (1 + δ)-CP in the edit distance metric, even when d = c log n log log n.

We close this subsection, by stating the following improvement over Theo-
rem 4.1.4 and 4.1.5 for `p-metrics, where p > 2.

Theorem 4.1.8. Let p > 2. Assuming SETH, for every ε > 0, there exists δ(ε) > 0 and
c(ε) > 1 such that no algorithm running in n2−ε time that can solve (1 + δ)-CP in the `p-
metric, even when d = c log n.

Moreover, the hardness for the case of BCP in the `∞-metric does not follow
(at least directly) from [AW15] or [Rub18]. For independent interest, we show the
subquadratic-time hardness of BCP and CP in the `∞-metric.

Theorem 4.1.9. Assuming SETH, for every ε > 0, there exists δ(ε) > 0 and c(ε) > 1 such
that no algorithm running in n2−ε time that can solve (2− o(1))-CP (or (3− o(1))-BCP) in
the `∞-metric, even when d = c log n.

4.1.2 Other Results

A key ingredient in the proofs of the above theorem is the (efficient) geometric em-
bedding of graphs with certain properties. We state some of our results on this front
here.
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Given a point-set P in a d-dimensional `p-metric, an α-distance graph is a graph
G = (V, E) with a vertex set V = P and an edge set

E = {uv : ‖u− v‖p ≤ α; u, v ∈ P; u 6= v}.

In other words, points in P are centers of spheres of radius α/2, and G has an edge uv
if and only if the spheres centered at u and v intersect. The sphericity of a graph G in an
`p-metric, denoted by sphp(G), is the smallest dimension d such that G is isomorphic
to some α-distance graph in a d-dimensional `p-metric, for some constant α > 0. The
sphericity of a graph in the `∞-metric is known as cubicity. A notion closely related
to sphericity is contact-dimension, which is defined in the same manner except that the
spheres representing G must be non-overlapping. To be precise, an α-contact graph
G = (V, E) of a point-set P is an α-distance graph of P such that every edge uv of G
has the same distance (i.e., ‖u− v‖p = α). Thus, G has the vertex set V = P and has
an edge set E such that

∀uv ∈ E, ‖u− v‖p = α and ∀uv 6∈ E, ‖u− v‖p > α.

The contact-dimension of a graph G in the `p-metric, denoted by cdp(G), is the smallest
integer d ≥ 1 such that G is isomorphic to a contact-graph in the d-dimensional `p-
metric. We will use distance and contact graphs to mean 1-distance and 1-contact
graphs.

We are particularly interested in determining the sphericity and the contact-dimension
of the biclique Kn,n in various `p-metrics. For notational convenience, we denote
sphp(Kn,n) by bsph(`p), the biclique sphericity of the `p-metric, and denote cdp(Kn,n)

by bcd(`p), the biclique contact-dimension of the `p-metric. We call a pair of point-sets
(A, B) polar if it is the partition of the vertex set of a contact graph isomorphic to Kn,n.
More precisely, a pair of point-sets (A, B) is polar in an `p-metric if there exists a con-
stant α > 0 such that every inner-pair u, u′ ∈ A (resp., v, v′ ∈ B) has `p-distance greater
than α while every crossing-pair u ∈ A, v ∈ B has `p-distance exactly α.

The biclique sphericity and contact-dimension of the `2 and `∞ metrics are well-
studied in literature (see [Rob69, Mae84, Mae85, FM88, Mae91, BL05]). Maehara [Mae91,
Mae84] showed that n < bsph(`2) ≤ (1.5)n, and Maehara and Frankl & Maehara
[Mae85, FM88] showed that (1.286)n − 1 < bcd(`2) < (1.5)n. For cubicity, Roberts
[Rob69] showed that bcd(`∞) = bsph(`∞) = 2 log2 n. Nevertheless, for other `p-
metrics, contact dimension and sphericity are not well-studied.

Our main technical results are lower and upper bounds on the biclique contact-
dimension in the remaining `p-metric space where p ∈ R≥1 ∪ {0} (`0 is the Hamming
metric).
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Metric Bound From

`0 bsph(`0) = bcd(`0) = n This thesis

`1 Ω(log n) ≤ bsph(`1) ≤ bcd(`1) ≤ n2 This thesis

`p, p ∈ (1, 2) Ω(log n) ≤ bsph(`p) ≤ bcd(`p) ≤ 2n This thesis

`2 n < bsph(`2) ≤ bcd(`2) < 1.5 · n [Mae91, FM88]

`p, p > 2 bsph(`p) = Θ(bcd(`p)) = Θ(log n) This thesis

`∞ bsph(`∞) = bcd(`∞) = 2 log2 n [Rob69]

Table 4.1: Known Bounds on Sphericity and Contact Dimension of Biclique

Theorem 4.1.10. The following are upper and lower bounds on biclique contact-dimension for
the `p-metric.

bsph(`0) = bcd(`0) = n (4.1)

n ≤ bsph(`
{0,1}
0 )) ≤ bcd(`

{0,1}
0 ) ≤ n2 (i.e., P ⊆ {0, 1}d) (4.2)

Ω(log n) ≤ bsph(`1) ≤ bcd(`1) ≤ n2 (4.3)

Ω(log n) ≤ bsph(`p) ≤ bcd(`p) ≤ 2n for p ∈ (1, 2) (4.4)

bsph(`p) = Θ(bcd(`p)) = Θ(log n) for p > 2 (4.5)

Note that bsph(∆) ≤ bcd(∆) for any metric ∆. Thus, it suffices to prove a lower
bound for bsph(∆) and prove an upper bound for bcd(∆).

We note that the bounds on the sphericity and the contact dimension of the `1-
metric in (4.3) are follow from (4.5) and (4.2), respectively. We are unable to show a
strong (e.g., linear) lower bound for the `1-metric. However, we prove the weaker
(average-case) result below for the `1-metric which can be seen as a progress toward
proving stronger lower bounds on the sphericity of the biclique in this metric (see
Corollary 4.4.2 for more discussion on its applications).

Theorem 4.1.11. For any integer d > 0, there exist no two finitely supported random vari-
ables X, Y taking values from Rd such that the following holds.

E
x1,x2∈RX

[‖x1 − x2‖1] + E
y1,y2∈RY

[‖y1 − y2‖1] > 2 ·E
x1∈RX, y1∈RY

[‖x1 − y1‖1] .

For an overview on the known bounds on bsph and bcd (including the results in
this chapter), please see Table 4.1.
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Moreover, in Section 4.4.4, we give an alternate proof of the linear lower bound
on bsph(`2) using spectral analysis similar to that in [BL05]. While our lower bound
is slightly weaker than the best known bounds [FM88, Mae91], our arguments require
no heavy machinery and thus are arguably simpler than the previous works [FM88,
Mae91, BL05].

4.1.3 Organization of the Chapter

In Section 4.2, we discuss our proof strategies and technical ideas. In Section 4.3, we
formally describe the problems that are studied in this chapter and in Section 4.5, we
describe some additional technical tools that we will use in this chapter. In Section 4.4,
we prove bounds on the contact dimension and sphericity of the balanced biclique in
various `p-metrics (i.e., proof of Theorem 4.1.10). In Section 4.6, we prove our condi-
tional lower bounds on exact CP (i.e., proof of Theorem 4.1.4). In Section 4.9, we prove
our conditional lower bounds on approximating CP (i.e., proof of Theorem 4.1.5). In
Section 4.8, we prove our conditional lower bounds on approximating MIP (i.e., proof
of Theorem 4.1.6). In Section 4.10, we prove our conditional lower bounds on ap-
proximating CP in the edit distance metric (i.e., proof of Theorem 4.1.7). The gadgets
involved in the proof of the previous four conditional lower bounds are proved in
Section 4.7.

4.2 Proof Overview

In this section, we provide an overview of the proofs of our main results. For ease
of presentation, we will sometimes be informal here; all notions and proofs are for-
malized in subsequent sections. Our overview is organized as follows. First, in Sub-
section 4.2.1, we outline our proof of running time lower bounds for (approximate)
CP in `p-metrics, where p > 2 (Theorem 4.1.8). Next, in Subsection 4.2.2, we out-
line our proof of running time lower bounds for exact CP for all `p-metrics (Theo-
rem 4.1.4). Then, in Subsection 4.2.3, we abstract part of our reduction using error-
correcting codes, and relate them back to the works on locally dense codes [DMS03,
CW12, Mic14] that inspire our constructions. Finally, in Subsection 4.2.4, we briefly
discuss how to modify the base construction (i.e. code properties) to give conditional
lower bounds for approximate CP and MIP (Theorems 4.1.5 and 4.1.6).
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4.2.1 Conditional Lower Bound on Closest Pair in `p-metrics where
p > 2

In this subsection we provide a proof sketch for the following statement: Assuming
SETH, for every p > 2, no subquadratic time algorithm can solve CP in the `p-metric
when d = ω(log n). The proof proceeds by connecting the complexity of CP and BCP

via the contact dimension of the balanced complete bipartite graph (biclique), denoted
by Kn,n. We elaborate on this below.

To motivate the above idea, let us first consider the trivial reduction from BCP to
CP: given an instance A, B of BCP, we simply output A ∪ B as an instance of CP. This
reduction fails because there is no guarantee on the distances of a pair of points both in
A (or both in B). That is, there could be two points a, a′ ∈ A such that ‖a− a′‖p is much
smaller than the optimum of BCP on A, B. If we simply solve CP on A ∪ B, we might
find such a, a′ as the optimal pair but this does not give the answer to the original BCP
problem. In order to circumvent this issue, one needs a gadget that “stretch” pairs of
points both in A or both in B further apart while keeping the pairs of points across A
and B close (and preserving the optimum of BCP on A, B). It turns out that this notion
corresponds exactly to the contact dimension of the biclique, which we define below.

Definition 4.2.1 (Contact Dimension [Pac80]). For any graph G = (V, E), a mapping
τ : V → Rd is said to realize G (in the `p-metric) if for some β > 0, the following holds for
every distinct vertices u, v:

‖τ(u)− τ(v)‖p = β if {u, v} ∈ E, and, (4.6)

‖τ(u)− τ(v)‖p > β otherwise. (4.7)

The contact dimension (in the `p-metric) of G, denoted by cdp(G), is the minimum d ∈ N

such that there exists τ : V → Rd realizing G in the `p-metric.

In this chapter, we will be mainly interested in the contact dimension of bipartite
graphs. Specifically, for this subsection we only consider the contact dimension of the
biclique Kn,n. Notice that a realization of biclique ensures that vertices on the same
side are far from each other while vertices on different sides are close to each other
preserving the optimum of BCP; these are exactly the desired properties of a gadget
outlined above. Using this, we give a reduction from BCP to CP which shows that the
two are computationally equivalent whenever d = Ω(cdp(Kn,n)), as follows.

Let A, B ⊆ Rd each of cardinality n be an instance of BCP and let τ : A∪̇B →
Rcdp(Kn,n) be a map realizing the biclique (A∪̇B, A × B) in the `p-metric; we may as-
sume w.l.o.g. that β = 1. Let δ be the distance between any point in A and any
point in B (i.e., δ is an upper bound on the optimum of BCP). Let ρ > 0 be such
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that ‖τ(a) − τ(b)‖p > 1 + ρ for all a ∈ A, b ∈ B (and this is guaranteed to exist
by (4.7)). Moreover, let k > δ/ρ be any sufficiently large number. Consider the point-
sets Ã, B̃ ⊆ Rd+cdp(Kn,n) of cardinality n each defined as

Ã = {a ◦ (k · τ(a)) | a ∈ A}, B̃ = {b ◦ (k · τ(b)) | b ∈ B},

where ◦ denotes the concatenation between two vectors and k · x denotes the usual
scalar-vector multiplication (i.e. scaling x up by a factor of k). For brevity, we write ã
and b̃ to denote a ◦ (k · τ(a)) and b ◦ (k · τ(b)) respectively.

We now argue that, if we can find the closest pair of points in Ã ∪ B̃, then we also
immediately solve BCP for (A, B). More precisely, we claim that (a∗, b∗) ∈ A× B is a
bichromatic closest pair of (A, B) if and only if (ã∗, b̃∗) is a closest pair of Ã ∪ B̃.

To see that this is the case, observe that, for cross pairs (ã, b̃) ∈ Ã × B̃, (4.6)
implies that the distance ‖ã− b̃‖p is exactly (kp + ‖a− b‖p

p)
1/p; hence, among these

pairs, (ã∗, b̃∗) is a closest pair iff (a∗, b∗) is a bichromatic closest pair in A, B. Notice
also that, since the bichromatic closest pair in A, B is of distance at most δ, the closest
pair in Ã ∪ B̃ is of distance at most (kp + δp)1/p ≤ k + δ.

On the other hand, for pairs both from Ã or both from B̃, the distance must be at
least k(1 + ρ), which is more than k + δ from our choice of k. As a result, these pairs
cannot be a closest pair in Ã ∪ B̃, and this concludes the sketch of the proof.

There are a couple of details that we have glossed over here: one is that the gap ρ

cannot be too small (e.g., ρ cannot be as small as 1/2n) and the other is that we should
be able to construct τ efficiently. Nevertheless, these are typically not an issue.

We show that cdp(Kn,n) = Θ(log n) when p > 2 and that the realization can be
constructed efficiently and with sufficiently large ρ. This implies the subquadratic
hardness of (approximate) CP (by reduction from BCP) in the `p-metric for all p > 2
and d = ω(log n).

4.2.2 Conditional Lower Bound on Exact Closest Pair

In this subsection, we provide a proof overview of a slightly weaker version of Theo-
rem 4.1.4, i.e., we show that assuming SETH, for every p ∈ R≥1 ∪{0}, no subquadratic
time algorithm can solve CP in the `p-metric when d = (log n)ω(1). We prove such a
result by reducing BCP in dimension d to CP in dimension d + (log n)ω(1), and the
subquadratic hardness for CP follows from the subquadratic hardness of BCP estab-
lished by [AW15]. Note that the results in this chapter remain interesting even if SETH
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is false, as our reduction shows that BCP and CP are computationally equivalent24 (up
to no(1) factor in the running time) when d = (log n)ω(1). The conditional lower bound
on CP is merely a consequence of this computational equivalence. Finally, we note that
a similar equivalence also holds between MIP and BMIP.

An obstacle. While we show that cdp(Kn,n) = Θ(log n) when p > 2, it is known that
cd2(Kn,n) = Θ(n) [FM88]. Thus, we could not extend the conditional lower bound to
CP in the Euclidean metric25 int way described in the previous subsection, even when
d = o(n). In fact, this is a serious obstacle as it rules out many natural approaches to
reduce BCP to CP in a black-box manner. Elaborating, the lower bound on cd2(Kn,n)

rules out local gadget reductions which would replace each point with a composition
of that point and a gadget with a small increase in the number of dimensions, as such
gadgets can be used to construct a realization of Kn,n in the Euclidean metric in a low
dimensional space, contradicting the lower bound on cd2(Kn,n).

Overcoming the Obstacle: Beyond Biclique. We overcome the above obstacle by
considering dense bipartite graphs, instead of the biclique. More precisely, we show
that there exists a balanced bipartite graph G∗ = (A∗∪̇B∗, E∗) on 2n vertices such that
|E∗| ≥ n2−o(1) and cdp(G∗) is small (i.e. cdp(G∗) ≤ (log n)ω(1)). We give a construc-
tion of such a graph below but before we do so, let us briefly argue why this suffices
to show that BCP and CP are computationally equivalent (up to no(1) multiplicative
overhead in the running time) for dimension d = Ω(cdp(G∗)).

Let us consider the same reduction which produces Ã, B̃ as before, but instead of
using a realization of the biclique, we use a realization τ of G∗. This reduction is of
course incorrect: if (a∗, b∗) is not an edge in G∗, then ‖τ(a∗)− τ(b∗)‖p could be large
and, thus the corresponding pair of points (ã∗, b̃∗) ∈ Ã × B̃, may not be the closest
pair. Nevertheless, we are not totally hopeless: if (a∗, b∗) is an edge, then we are in
good shape and the reduction is correct.

With the above observation in mind, consider picking a random permutation π of
A ∪ B such that π(A) = A and π(B) = B and then initiate the above reduction with
the map (τ ◦ π) instead of τ. Note that τ ◦ π is simply a realization of an appropriate
permutation G′ of G∗ (i.e., G′ is isomorphic to G∗). Due to this, the probability that

24We can reduce an instance of CP to an instance of BCP by randomly partitioning the input set of
CP instance into two, and the optimal closest pair of points will be in different sets with probability 1/2

(and this reduction can be made deterministic).
25Note that plugging in the bound on cd2(Kn,n) in the reduction described in previous subsection

yields that assuming SETH, no subquadratic in n running time algorithm can solve CP when d = Ω(n).
This is not a meaningful lower bound as just the input size of CP when d = Ω(n) is Ω(n2).
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we are “lucky” and (a∗, b∗) is an edge in G′ is p := |E|/n2; when this is the case,
solving CP on the resulting instance would give the correct answer for the original
BCP instance. If we repeat this log n/p = no(1) times, we would find the optimum of
the original BCP instance with high probability.

To recap, even when G∗ is not a biclique, we can still use it to give a reduction from
BCP to CP, except that the reduction produces multiple (i.e. Õ(n2/|E∗|)) instances of
CP. We remark here that the reduction can be derandomized: we can deterministi-
cally (and efficiently) pick the permutations so that the permuted graphs covers Kn,n

(see Lemma 4.5.4). As a minor digression, we would like to draw a parallel here with
a recent work of Abboud, Rubinstein, and Williams [ARW17a]. The obstacle raised
earlier is about the impossibility of certain kinds of many-one gadget reductions. We
overcame it by designing a reduction from BCP to CP which not only increased the
number of dimensions but also the number of points (by creating multiple instances
of CP). This technique is also utilized in [ARW17a] where they showed the impossibil-
ity of Deterministic Distributed PCPs (Theorem I.2 in [ARW17a]) but then overcame
that obstacle by using an advice (which is then enumerated over resulting in multiple
instances) to build Non-deterministic Distributed PCPs.

Constructing a dense bipartite graph with low contact dimension. We now proceed
to construct the desired graph G∗ = (A∗ ∪ B∗, E∗). Note that any construction of a
dense bipartite graph with contact dimension no(1) is non-trivial. This is because it
is known that a random graph has contact dimension Ω(n) in the Euclidean metric
with high probability [RRS89, BL05], and therefore our graph construction must be
significantly better than a random graph.

Our realization τ∗ of G∗ will map into a subset of {0, 1}(log n)ω(1)
. As a result, we

can fix p = 0, since a realization of a graph with entries in {0, 1} in the Hamming-
metric also realizes the same graph in every `p-metric for any p 6= ∞.

Fix g = ω(1). We associate [n] with Fh
q where q = Θ ((log n)g) is a prime and

h = Θ
(

log n
g·log log n

)
. Let P be the set of all univariate polynomials (in x) over Fq of

degree at most h− 1. We have that |P| = qh = n and associate P with A∗. Let Q be
the set of all univariate monic polynomials (in x) over Fq of degree h, i.e.,

Q = {xh + p(x) | p(x) ∈ P}.

We associate the polynomials in Q with the vertices in B∗ (note that |Q| = n). In fact,
we view the vertices in A∗ and B∗ as being uniquely labeled by polynomials in P and
Q respectively. For notational clarity, we write pa (resp. pb) to denote the polynomial
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in P (resp. Q) that is associated to a ∈ A∗ (resp. b ∈ B∗).

For every a ∈ A∗ and b ∈ B∗, we include (a, b) as an edge in E∗ if and only if
the polynomial pb − pa (which is of degree h) has h distinct roots. This completes the
construction of G∗. We have to now show the following two claims about G∗: (i) |E∗| =
n2−O(1/g) = n2−o(1) and (ii) there is τ : A∗∪̇B∗ → {0, 1}(log n)O(g)

= {0, 1}(log n)ω(1)
that

realizes G∗.

To show (i), let R be the set of all monic polynomials of degree h with h distinct
roots. We have that |R| = (q

h). Fix a vertex a ∈ A∗. Its degree in G∗ is exactly
|R| = (q

h). This is because, for every polynomial r ∈ R, r + a belongs to Q, and
therefore (a, r + a) ∈ E∗. This implies the following bound on |E∗|:

|E∗| = qh ·
(

q
h

)
≥ qh · qh

hh >
n2

(log n)Θ((log n)/(g·log log n))
= n2−O(1/g).

Next, to show (ii), we construct a realization τ∗ : A∗∪̇B∗ → F
q
q of G∗. We note that,

it is simple to translate the entries to {0, 1} instead of Fq, by replacing i ∈ Fq with the i-
th standard basis ei ∈ {0, 1}q. This would result in a realization τ∗ : A∗∪̇B∗ → {0, 1}q2

of G∗; notice that the dimension of τ∗ is q2 = Θ((log n)2g) as claimed.

We define τ∗ as follows.

• For every a ∈ A∗, τ∗(a) is simply the vector of evaluation of pa on every element
in Fq. More precisely, for every j ∈ [q], the j-th coordinate of τ∗(a) is pa(j− 1).

• Similarly, for every b ∈ B∗ and j ∈ [q], the j-th coordinate of τ∗(b) is pb(j− 1).

We now show that τ∗ is indeed a realization of G∗; specifically, we show that τ∗

satisfies (4.6) and (4.7) with β = q− h.

Consider any edge (a, b) ∈ E∗. Notice that ‖τ∗(a) − τ∗(b)‖0 is the number of
x ∈ Fq such that pb(x)− pa(x) 6= 0. By definition of E∗, pb − pa is a polynomial with
h distinct roots over Fq. Thus, ‖τ∗(a)− τ∗(b)‖0 = q− h = β as desired.

Next, consider a non-edge (a, b) ∈ (A∗ × B∗) \ E∗ . Then, we know that pb − pa

has at most h− 1 distinct roots over Fq. Therefore, the polynomial pb − pa is non-zero
on at least q− h + 1 coordinates. This implies that ‖τ∗(a)− τ∗(b)‖0 ≥ q− h + 1 > β.

Finally, for any distinct a, a′ ∈ A∗, we have ‖τ∗(a)− τ∗(a′)‖0 ≥ q− h + 1 because
pa − pa′ is a non-zero polynomial of degree at most h − 1 and thus can be zero over
Fq in at most h− 1 locations. Similarly, ‖τ∗(b)− τ∗(b′)‖0 ≥ q− h + 1 for any distinct
b, b′ ∈ B∗.
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This completes the proof sketch for both the claims about G∗ and yields Theo-
rem 4.1.4 for d = (log n)ω(1). Finally we remark that in the actual proof of Theo-
rem 4.1.4, we will set the parameters in the above construction more carefully and
achieve the bound cdp(G∗) = (log n)Oε(1).

4.2.3 Abstracting the Construction via Error-Correcting Codes

Before we move on to discuss the proofs of Theorems 4.1.6 and 4.1.5, let us give an
abstraction of the construction in the previous subsection. This will allow us to easily
generalize the construction for the aforemention theorems, and also to explain where
our motivation behind the construction comes from in the first place.

Dense Bipartite Graph with Low Contact Dimension from Codes. In order to
construct a balanced bipartite graph G∗ on 2n vertices with n2−o(1) edges such that
cdp(G∗) ≤ d∗, it suffices to have a code C∗ with the following properties (for code-
related definitions, see Section 2.2):

• C∗ ⊆ F`
q of cardinality n is a linear code with block length ` over alphabet Fq,

and minimum distance ∆.

• There exists a center s∗ ∈ F`
q and r∗ < ∆ such that |C∗|1−o(1) codewords are at

Hamming distance exactly r∗ from s∗ and no codeword is at distance less than r∗

from s∗.

• q · ` = d∗.

We also require that C∗ and s∗ can be constructed in poly(n) time but we shall ignore
this requirement for the ease of exposition.

We describe below how to construct G∗ from C∗, but first note that the construc-
tion of G∗ we saw in the previous subsubsection was just showing that Reed Solomon
codes [RS60] of block length q = Θ((log n)g) and message length h = Θ

(
log n

g·log log n

)
over alphabet Fq with minimum distance q− h + 1 has the above properties. The cen-
ter s∗ in that construction was the evaluation of the polynomial xh over Fq, and r∗ was
q− h.

In general, to construct G∗ from C∗, we first define a subset S∗ ⊆ F`
q of cardinality

n as follows:
S∗ = {s∗ + c | c ∈ C∗}.
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We associate the vertices in A∗ with the codewords of C∗ and vertices in B∗ with the
strings in S∗. For any (a, b) ∈ A∗× B∗, let (a, b) ∈ E∗ if and only if ‖b− a‖0 = r∗. This
completes the construction of G∗. We have to now show the following claims about
G∗: (i) |E∗| = n2−o(1) and (ii) there is τ : A∗∪̇B∗ → {0, 1}q·` that realizes G∗.

Item (i) follows rather easily from the properties of C∗ and s∗. Let T∗ be the subset
of C∗ of all codewords which are at distance exactly equal to r∗ from s∗. From the
definition of s∗, we have |T∗| = |C∗|1−o(1). Fix a ∈ A∗. Its degree in G∗ is |T∗| =
|C∗|1−o(1). This is because for every codeword t ∈ T∗ we have that t− a is a codeword
in C∗ (from the linearity of C∗) and thus s∗− t+ a is in S∗, and therefore (a, s∗− t+ a) ∈
E∗.

For item (ii), consider the identity mapping τ∗ : A∗∪̇B∗ → F`
q that maps each

string to itself. It is simple to check that τ∗ realizes G∗ in the Hamming metric (with
β = r∗).

Recall from the previous subsection that given τ∗ : A∗∪̇B∗ → F`
q that realizes

G∗ in the Hamming metric, it is easy to construct τ : A∗∪̇B∗ → {0, 1}q·` that realizes
G∗ in the Hamming metric with a q multiplicative factor blow-up in the dimension.
This completes the proof of both the claims about G∗ and gives a general way to prove
Theorem 4.1.4 given the construction of C∗ and s∗.

Finding Center from Another Code. One thing that might not be clear so far is:
where does the center s∗ come from? Here we provide a systematic way to produce
such an s∗, by looking at another code that contains C∗. More precisely, let C∗ ⊆ C̃∗ ⊆
F`

q be two linear codes with the same block length and alphabet. Suppose that the
distance of C∗ is ∆, the distance of C̃∗ is r∗ and that r∗ < ∆. It is easy to see that, by
taking s∗ to be any element of C̃∗ \C∗, it holds that every codeword in C∗ is at distance
at least r∗ from s∗, simply because both s∗ and the codewords of C∗ are codewords of
C̃∗.

Hence, we are only left to argue that there are many codewords of C∗ that is of
distance exactly r∗ from s∗. While this is not true in general, we can show by an av-
eraging argument that this is true (for some s∗ ∈ C̃∗) if a large fraction (e.g. |C∗|−o(1)

fraction) of codewords of C̃∗ has Hamming weight exactly r∗ (see Lemma 4.7.1).

Indeed, viewing in this light, our previous choice of center for Reed-Solomon code
(i.e. evaluation of xh) is not coincidental: we simply take C̃∗ to be another Reed-
Solomon code with message length h + 1 (whereas the base code C∗ is of message
length h).
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4.2 Proof Overview

Comparison to Locally Dense Codes. We end this subsection by remarking that the
codes that we seek are very similar to locally dense codes [DMS03, CW12, Mic14],
which is indeed our inspiration. A locally dense code is a linear code of block length `

and large minimum distance ∆, admitting a ball centered at s of radius26 r < ∆ and
containing a large (i.e. exp(poly(`))) number of codewords27. Such codes are non-
trivial to construct and in particular all known constructions of locally dense codes
are using codes that beat the Gilbert-Varshamov (GV) bound [Gil52, Var57]; in other
words we need to do better than random codes to construct them. This is because (as
noted in [DMS03]), for a random code C ⊆ F`

q (or any code that does not beat the GV
bound), a random point in F`

q acting as the center contains in expectation less than one
codeword in a ball of radius ∆. Of course, this is simply an intuition and not a formal
proof that a locally dense code needs to beat the GV bound, since there may be more
sophisticated ways to pick a center.

Although the codes we require are similar to locally dense codes, there are dif-
ferences between the two. Below we list four such differences: the first two makes it
harder for us to construct our codes whereas the latter two makes it easier for us.

• We seek a center s∗ so that no codewords in C∗ lies at distance less than r∗, as
opposed to locally dense codes which allows codewords to be close to s∗. This
is indeed where our idea of using another code C̃∗ ⊇ C∗ comes in, as picking s∗

from C̃∗ \ C∗ ensures us that no codeword of C∗ is too close to s∗.

• Another difference is that we need the number of codewords at distance r∗ from
s∗ to be very large, i.e., |C∗|1−o(1), whereas locally dense codes allow for much
smaller number of codewords. Indeed, the deterministic constructions from [CW12,
Mic14] only yield the bound of 2O(

√
log |C∗|). Hence, these do not directly work

for us.

• Locally dense codes requires r to be at most (1− ε)∆ for some constant ε > 0,
whereas we are fine with any r∗ < ∆. In fact, our Reed-Solomon code based
construction above only yields r∗ = ∆ − 1 which would not suffice for locally
dense codes. Nevertheless, as we will see later for inapproximability of CP, we
will also need the ratio r∗/∆ to be a constant bounded away from 1 as well and,
since we need a code with these extraordinary properties, they are very hard to
find. Indeed, in this case we only manage to prove a weaker lower bound on
gap-CP.

26Clearly, for the ball to contain more than a single codeword, it must be r ≥ ∆/2. Here we are
interested in balls with radius not much bigger than that, say r < γ · ∆ for some constant 1/2 < γ < 1.

27Strictly speaking, a locally dense code also requires an auxiliary matrix T used to index these code-
words. However, in previous works, finding T is typically not hard given the center s. Hence, we ignore
T in our discussion here for the ease of exposition.
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• Finally, we remark that locally dense codes are required to be efficiently con-
structed in poly(log |C∗|) time, which is part of why it is hard to find. Specif-
ically, while [DMS03] shows that an averaging argument works for a random
center, derandomizing this is a big issue and a few subsequent works are ded-
icated solely to this issue [CW12, Mic14]. (We also note that it remains open
whether a center can be deterministically found for a variant of locally dense
codes used in hardness of parameterized version of the minimum distance prob-
lem. See [BGKM18] for more details.) On the other hand, brute force search (over
all codewords in C̃∗) suffices to find a center for us, as we are allowed construc-
tion time of poly(|C∗|).

4.2.4 Inapproximability of Closest Pair and Maximum Inner Product

In this subsection, we sketch our inapproximability results for MIP and CP. Both these
results use the same reduction that we had from BCP to CP, except that we now need
stronger properties from the gadget, i.e., the previously used notions of contact di-
mension does not suffice anymore. Below we sketch the required strengthening of the
gadget properties and explain how to achieve them.

4.2.4.1 Approximate Maximum Inner Product

Observe that the gadget we construct for CP in Subsection 4.2.3 can also be written
in terms of inner product as follows: there exists a dense balanced bipartite graph
G∗ = (A∗∪̇B∗, E∗), a mapping τ : A∗∪̇B∗ → {0, 1}q·` such that the following holds.

(i) For all edges (a, b) ∈ E∗, 〈τ(a), τ(b)〉 = `− r∗.

(ii) For all edges (a, b) ∈ (A∗ × B∗) \ E∗, 〈τ(a), τ(b)〉 < `− r∗.

(iii) For all distinct a, b both from A∗ or both from B∗, 〈τ(a), τ(b)〉 ≤ `− ∆.

Notice that we wrote the conditions above in a slightly different way than in previ-
ous subsections; previously in the contact dimension notation, (ii) and (iii) would be
simply written together as: for all non-edge (a, b), 〈τ(a), τ(b)〉 < `− r∗. This change
is intentional, since, to get gap in our reductions, we only need a gap between the
bounds in (i) and (iii) (but not in (ii)). In particular, to get hardness of approximating
MIP, we require `−r∗

`−∆ to be at least (1 + ε) for some ε > 0.

From our Reed-Solomon construction above, `−∆ and `− r∗ are exactly the mes-
sage length of C∗ minus one and the message length of C̃∗ minus one respectively.
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Previously, we selected these two to be h and h + 1. Now to obtain the desired gap, we
simply take the larger code C̃∗ to be a Reed-Solomon code with larger (i.e. (1 + ε)h)
message length28.

Finally, we note that even with the above gadget, the reduction only gives a small
(i.e. 1 + o(1)) factor hardness of approximating MIP (Theorem 4.8.2). To boost the gap
to near polynomial, we simply tensor the vectors with themselves (see Section 4.8).

4.2.4.2 Approximate Closest Pair

Once again, recall that we have the following gadget from Subsection 4.2.3: there exists
a dense balanced bipartite graph G∗ = (A∗∪̇B∗, E∗), a mapping τ : A∗∪̇B∗ → {0, 1}q·`

such that the following holds.

(i) For all edges (a, b) ∈ E∗, ‖τ(a)− τ(b)‖0 = r∗.

(ii) For all edges (a, b) ∈ (A∗ × B∗) \ E∗, ‖τ(a)− τ(b)‖0 > r∗.

(iii) For all distinct a, b both from A∗ or both from B∗, ‖τ(a)− τ(b)‖0 ≥ ∆.

Once again, we need an (1+ ε) gap between the bounds in (iii) and (i), i.e., ∆
r∗ . Unfortu-

nately, we cannot construct such codes using any of the Reed-Solomon code families.
We turn to another type of codes that beat the Gilbert-Varshamov bound: Algebraic-
Geometric (AG) codes. Similar to the Reed-Solomon code based construction, we take
C∗ as an AG code and C̃∗ to be a “higher degree” AG code; getting the desired gap
simply means that the distance of C∗ must be at least (1 + ε) times the distance of C̃∗.

Recall from Subsection 4.2.3 also that, to bound the density of G∗, we need a lower
bound on the number of minimum weight codewords of C̃∗. Such bounds for AG
codes are non-trivial and we turn to the bounds from [ABV01, Vlă18]. Unfortunately,
this only gives G∗ with density |C∗|−1/2−o(1), instead of |C∗|−o(1) as before. This is in-
deed the reason that our running time lower bound for approximate CP is only n1.5−ε.

We are not aware of any result on the (asymptotic) tightness of the bounds
from [ABV01, Vlă18] that we use. However, improving upon such bounds would
have other consequences, such as a better bound on the kissing numbers of lattices
constructed in [Vlă18]. As a result, it seems likely that more understanding of AG
codes (and perhaps even new constructions) are needed in order to improve these
bounds.

28This approach can in fact give not just (1 + ε) but arbitrarily large constant gap between the two
cases. In the actual reduction, we take this gap to be 3 (Theorem 4.8.2), which makes some computations
simpler.
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4.3 Preliminaries

In this section, we define the geometric problems of interest to this chapter and give
an alternate proof for the conditional lower bound on bichromatic closest pair.

4.3.1 Problems

Here we give formal definitions of Closest Pair (CP) and Bichromatic Closest Pair
(BCP) problems, and also Maximum Inner Product (MIP) and Bichromatic Maximum
Inner Product (BMIP) problems.

Definition 4.3.1 (Closest Pair Problem, CP). In CP in the ∆-metric, we are given a collection
of n points P ⊆ Rd and a positive real α, and the goal is to find a pair of distinct points a, b ∈ P
such that ∆(a, b) ≤ α.

Definition 4.3.2 (Bichromatic Closest Pair Problem, BCP). In BCP in the ∆-metric, we
are given two collections of n points A, B ⊆ Rd and a positive real α, and the goal is to find a
pair of points a ∈ A, b ∈ B such that ∆(a, b) ≤ α.

We will also use gap versions of these problems. For any δ ≥ 0, we define (1+ δ)-
CP (resp. (1+ δ)- BCP) in the ∆-metric to be the problem of distinguishing between the
case whether there exist distinct a, b ∈ P (resp. a ∈ A and b ∈ B) such that ∆(a, b) ≤ α

and the case where for all distinct a, b ∈ P (resp. a ∈ A and b ∈ B) we have ∆(a, b) >
(1 + δ) · α.

Definition 4.3.3 (Maximum Inner Product Problem, MIP). In MIP, we are given a collec-
tion of n points P ⊆ Rd and a real α, and the goal is to find a pair of distinct points a, b ∈ P
such that 〈a, b〉 ≥ α.

Definition 4.3.4 (Bichromatic Maximum Inner Product Problem, BMIP). In BMIP, we
are given two collections of n points A, B ⊆ Rd and a real α, and the goal is to find a pair of
points a ∈ A, b ∈ B such that 〈a, b〉 ≥ α.

Again we define the gap versions of these problems as follows. For any γ ≥ 1,
we define γ-MIP (resp. γ-BMIP) to be the problem of distinguishing between the case
whether there exist distinct a, b ∈ P (resp. a ∈ A and b ∈ B) such that 〈a, b〉 ≥ α and
the case where for all distinct a, b ∈ P (resp. a ∈ A and b ∈ B) we have 〈a, b〉 < α/γ.

4.3.2 OVH-hardness of Exact Bichromatic Closest Pair

Alman and Williams [AW15] showed the conditional hardness (under OVH) of exact
BCP in every `p-metric (for every finite p ≥ 1) even when the point-sets are over {0, 1}
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4.4 Contact Dimension and Sphericity of Biclique

via a Turing reduction from OV. Below we give another proof, which is both a many-
one reduction and the point-sets are over {0, 1}.
Theorem 4.3.5. Assuming OVH, for every ε > 0, no algorithm running in time n2−ε can
solve BCP, even when the point-sets A, B are subsets of {0, 1}d and d = cε log n, for some
constant cε > 1 (only depending on ε).

Proof. Let A, B ⊆ {0, 1}d where |A| = |B| = n be the input to an OV instance. We
build an instance (A′, B′, α) of BCP where A′, B′ ⊆ {0, 1}5d, |A| = |B| = n, and α = 2d,
using functions TA and TB guaranteed by the following claim.

Claim 4.3.6. There are functions TA, TB : {0, 1} → {0, 1}5 such that for every x, y ∈ {0, 1}
we have:

• x · y = 0 implies ‖TA(x)− TB(y)‖0 = 2.

• x · y = 1 implies ‖TA(x)− TB(y)‖0 = 4.

For every i ∈ [n], the ith point of A′, say a′ is constructed from the ith point
of A, say a by simply applying TA pointwise on each coordinate of a, i.e., a′ =

(TA(a1), . . . , TA(ad)). Similarly we apply TB pointwise on each coordinate of points
in B. It is easy to see that there exists (a′i, b′j) ∈ A′ × B′ such that ‖a′i − b′j‖0 = 2d if
and only if 〈ai, bj〉 = 0, and otherwise every pair of points in A′ × B′ is at Hamming
distance at least 2d + 2.

Proof of Claim 4.3.6. We define for all x, y ∈ {0, 1}, TA(x) =

(TA(x)0,0, TA(x)0,1, TA(x)1,0, x, 0) and TB(y) = (TB(y)0,0, TB(y)0,1, TB(y)1,0, 0, y),
where for all i, j ∈ {0, 1} such that i · j = 0, we have TA(x)i,j = 1 if and only if x = i
and TB(y)i,j = 1 if and only if y = j. More succinctly, TA and TB are described below
as strings and the claim follows by a straight-forward calculation.

TA(0) = 11000 TA(1) = 00110

TB(0) = 10100 TB(1) = 01001

4.4 Contact Dimension and Sphericity of Biclique

In this section, we prove upper bounds and lower bounds on the contact dimension
and sphereicity respectively, of the balanced biclique in various `p-metrics.
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4.4.1 Geometric Representation of Biclique in `1

In this subsection, we discuss the case of the `1-metric. As discussed in the introduc-
tion, this is the only case where we are unable to prove neither strong lower bound
nor linear upper bound. A weak lower bound of bsph(`1) ≥ Ω(log n) follows from the
proof for the `p-metric with p ≥ 1 in Section 4.4.5 (Theorem 4.4.13), and a quadratic
upper bound bcd(`1) ≤ n2 follows from the proof for the `0-metric in Section 4.4.2.2
(Corollary 4.4.8). However, we cannot prove any upper bound smaller than Ω(n2) or
any lower bound larger than O(log n). Hence, we study an average case relaxation of
the question.

We show in Theorem 4.1.11 that there is no distribution whose expected distances
simulate a polar-pair of point-sets in the `1-metric. Consequently, even though we
could not prove the biclique sphericity lower bound for the `1-metric, we are able to
refute an existence of a geometric representation with large gap for any dimension as
shown in Corollary 4.4.2. (A similar result was shown in [DM94] for the `2-metric.)

Definition 4.4.1 (`1-distribution). For any d > 0, let X, Y be two random variables taking
values from Rd. An `1-distribution is constructed by X, Y if the following holds.

E
x1,x2∈RX

[‖x1 − x2‖1] + E
y1,y2∈RY

[‖y1 − y2‖1] > 2 ·E
x1∈RX, y1∈RY

[‖x1 − y1‖1] . (4.8)

Theorem 4.1.11 (Restated). For any two finitely supported random variables X, Y that are
taking values from Rd, there is no `1-distribution.

Proof. Assume towards a contradiction that there exist two finitely supported random
variables X, Y that take values in Rd and satisfy Eq. 4.8 of Definition 4.4.1. Given a
vector x ∈ Rd, we denote by x (i) the value of the i-th coordinate of x. Hence, the
following inequalities hold:

0 > 2 · E
x1∈RX
y1∈RY

[‖x1 − y1‖1]− E
x1,x2∈RX

[‖x1 − x2‖1]− E
y1,y2∈RY

[‖y1 − y2‖1]

= 2 · E
x1∈RX
y1∈RY

[
d · E

i∈R[d]
[|x1(i)− y1(i)|]

]
− E

x1,x2∈RX

[
d · E

i∈R[d]
[|x1(i)− x2(i)|]

]

− E
y1,y2∈RY

[
d · E

i∈R[d]
[|y1(i)− y2(i)|]

]

= d · E
i∈R[d]

2 · E
x1∈RX
y1∈RY

[|x1(i)− y1(i)|]− E
x1,x2∈RX

[|x1(i)− x2(i)|]− E
y1,y2∈RY

[|y1(i)− y2(i)|]

 .
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Thus, for some i? ∈ [d], the following holds:

0 > 2 · E
x1∈RX
y1∈RY

[|x1(i∗)− y1(i∗)|]− E
x1,x2∈RX

[|x1(i∗)− x2(i∗)|]− E
y1,y2∈RY

[|y1(i∗)− y2(i∗)|] .

(4.9)

Fix i? ∈ [d] satisfying the above inequality. For the sake of clarity, we assume that
the random variables X, Y are taking values in R (i.e., projection on the i?th coordi-
nate). We can assume that the size of supp (X) ∪ supp (Y) is greater than 1 because if
supp (X) ∪ supp (Y) contains a single point, then

E
x1∈RX, y1∈RY

[‖x1 − y1‖1] = E
x1,x2∈RX

[‖x1 − x2‖1] = E
y1,y2∈RY

[‖y1 − y2‖1] = 0,

contradicting Eq. 4.9. Let supp (X)∪ supp (Y) contain t ≥ 2 points. We prove by induc-
tion on t, that there are no X, Y over R satisfying Eq. 4.9.

The base case is when t = 2. Let supp (X) ∪ supp (Y) = {a, b} and p, q ∈ [0, 1]
be such that Pr[a ∈ X] = p and Pr[a ∈ Y] = q. We have E

x1,x2∈RX
[|x1 − x2|] =

2p(1 − p)|a − b| and E
y1,y2∈RY

[|y1 − y2|] = 2q(1 − q)|a − b|, and E
x1∈RX
y1∈RY

[|x1 − y1|] =

(p(1− q) + q(1− p)) |a− b|. Substituting the above in Eq. 4.9, we have:

0 > 2 (q(1− p) + p(1− q))− 2p(1− p)− 2q(1− q) = 2 · (p− q)2,

a contradiction.

Assume the induction hypothesis that there are no X, Y taking values from R

satisfying Eq. 4.9 when the size of supp (X) ∪ supp (Y) is equal to k ≥ 2. Then consider
the case when t = k + 1 ≥ 3. Sort the points in supp (X)∪ supp (Y) by their values, and
denote by si the value of the i-th point of supp (X)∪ supp (Y). For the sake of simplicity,
we say that we change the value of st−1 to s̃t−1, where st−2 ≤ s̃t−1 ≤ st, if after changing
its value we change the values of (at least one of) X, Y to X̃, Ỹ in such a way that the
value of the (t− 1)-th point (after sorting) of supp

(
X̃
)
∪ supp

(
Ỹ
)

is equal to s̃t−1 (if

st−2 = s̃t−1, then the value of the (t− 2)-th point of supp
(

X̃
)
∪ supp

(
Ỹ
)

is equal to
s̃t−1). Define the function f : [st−2, st]→ R as follows:

f (x) = 2 · E
x1∈RX̃
y1∈RỸ

[|x1 − y1|]− E
x1,x2∈RX̃

[|x1 − x2|]− E
y1,y2∈RỸ

[|y1 − y2|] ,

where X̃, Ỹ are obtained after changing st−1 to x ∈ [st−2, st]. The crucial observation
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is that the function f is linear. Hence, either f (st−2) ≥ f (st−1) or f (st) ≥ f (st−1),
and we can reduce the size of supp (X) ∪ supp (Y) by 1. However, this contradicts our
induction hypothesis.

The following corollary refutes the existence of a polar-pair of point-sets with
large gap in any dimension.

Corollary 4.4.2 (No Polar-Pair of Point-Sets in `1 with Large Gap). For any α > 0, there
exist no subsets A, B ⊆ Rd of n/2 vectors with d < n/2 such that

• For any distinct u, v both in A, or both in B, ‖u− v‖1 ≥ 1
1−2/n · α.

• For any u ∈ A and v ∈ B, ‖u− v‖1 < α.

Proof. Assume towards a contradiction that there exist a polar-pair of point-sets (A, B)
in the `1-metric that satisfies the conditions above. We can create a distribution X and
Y such that

E
x1,x2∈RX

[‖x1 − x2‖1] = E
y1,y2∈RY

[‖y1 − y2‖1] > E
x∈RX,y∈RY

[‖x− y‖1] .

To see this, we create a uniform random variable X (resp., Y) for the set A (resp.,
B). Now the expected distance of two independent copies of X (resp., Y) is at least

1
1−2/n α ·

(
1− 1

n/2

)
= α, which follows because we may pick the same point twice.

Since the expected distance of the crossing pair u ∈ A and v ∈ B is less than α. This
contradicts Theorem 4.1.11.

We can show similar results that there are no polar-pairs of point-sets with large
gap in the `0 and `2 metrics. The case of the `0-metric follows directly from Theo-
rem 4.1.11 when the alphabet set is {0, 1}. (Please also see Lemma 4.4.5 for an al-
ternate proof.) The case of the `2-metric follows from the fact that bsph(`2) = Ω(n)
[FM88, Mae91] and that we can reduce the dimension of polar-pairs of point-sets with
constant gap to O(log n) using dimension reduction [JL84].

However, biclique sphericity and biclique contact dimension in the `1-metric re-
main poorly understood as we are unable to show any strong upper or lower bounds.
But, we believe that both `1 and `2 metrics have linear upper and lower bounds. To be
precise, we raise the following conjecture:

Conjecture 4.4.3 (`1-Biclique Sphericity Conjecture).

bsph(`1) = Ω(n).
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4.4.2 Geometric Representation of Biclique in `0

In this subsection, we prove a lower bound on bsph(`0) and an upper bound on bcd(`0).
We start by providing a real-to-binary reduction below. Then we proceed to prove the
lower bound on bsph(`0) in Section 4.4.2.1 and then the upper bounds on bcd(`0) in
Section 4.4.2.2.

Real to Binary Reduction. First we prove the following (trivial) lemma, which al-
lows mapping from vectors in Rd to zero-one vectors.

Lemma 4.4.4 (Real to Binary Reduction). Let S ⊆ R be a finite set of real numbers. Then
there exists a transformation φ : Sd → {0, 1}d|S| such that, for any x, y ∈ Sd,

‖x− y‖0 =
1
2
· ‖φ(x)− φ(y)‖0

Proof. First, we order the elements in S in an arbitrary order and write it as S =

{r1, r2, . . . , r|S|}. Next we define ψ : S → {0, 1}|S| so that the ith coordinate of ψ(ri)

is 1, and the rest are zeroes. That is,

ψ(ri)j =

 1 if j = i

0 otherwise

Then we define φ(x) = (ψ(x1), ψ(x2), . . . , ψ(xd)). Clearly, ‖ψ(ri)− ψ(rj)‖0 = 2 if
and only if ri 6= rj. Therefore, we conclude that for any x, y ∈ Sd,

‖φ(x)− φ(y)‖0 = 2 · ‖x− y‖0.

4.4.2.1 Lower Bound on the Biclique-Sphericity

Now we will show that bsph(`0) ≥ n. Our proof requires the following lemma, which
rules out a randomized algorithm that generates a polar-pair of point-sets.

Lemma 4.4.5 (No Distribution for `0). For any α > β ≥ 0, regardless of dimension, there
exist no distributions A and B of points in Rd with finite supports such that

• E
x,x′∈RA

[‖x− x′‖0] ≥ α.

• E
y,y′∈RB

[‖y− y′‖0] ≥ α.
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• E
x∈RA
y∈RB

[‖x− y‖0] ≤ β.

Proof. We prove the lemma by contradiction. Assume to the contrary that such distri-
butions exist. Then

E
x,x′∈RA

[‖x− x′‖0] + E
y,y′∈RB

[‖y− y′‖0]− 2 · E
x∈RA
y∈RB

[‖x− y‖0] > 0. (4.10)

Let A and B be supports of A and B, respectively. By Lemma 4.4.4, we may as-
sume that vectors in A and B are binary vectors. Observe that each coordinate of vec-
tors in A and B contribute to the expectations independently. In particular, Eq. (4.10)
can be written as

2 ∑
i

ρA
0,iρ

A
1,i + 2 ∑

i
ρB

0,iρ
B
1,i − 2 ∑

i

(
ρA

0,iρ
B
1,i + ρB

0,iρ
A
1,i

)
> 0 (4.11)

where ρA
0,i, ρA

1,i, ρB
0,i and ρB

1,i are the probability that the ith coordinate of x ∈ A (resp., y ∈
B) is 0 (resp., 1). Thus, to show a contradiction, it is sufficient to consider the coordinate
which contributes the most to the summation in Eq. (4.11). The contribution of this
coordinate to the summation is

2ρA
0 ρA

1 + 2ρB
0 ρB

1 − 2(ρA
0 ρB

1 + ρA
1 ρB

0 ) = 2(ρA
0 (ρ

A
1 − ρB

1 )+ 2(ρB
0 (ρ

B
1 − ρA

1 ) = 2(ρA
0 − ρB

0 )(ρ
A
1 − ρB

1 )

(4.12)
Since ρA

0 + ρA
1 = 1 and ρB

0 + ρB
1 = 1, the summation in Eq.(4.12) can be non-negative

only if ρA
0 = ρB

0 and ρA
1 = ρB

1 . But, then this implies that the summation in Eq.(4.12)
is zero. We have a contradiction since this coordinate contributes the most to the sum-
mation in Eq. (4.11) which we assume to be positive.

The next Theorem shows that bsph(`0) ≥ n.

Theorem 4.4.6 (Lower Bound for `0 with Arbitrary Alphabet). For any integers α > β ≥
0 and n > 0, there exist no subsets A, B ⊆ Rd of n vectors with d < n such that

• For any distinct a, a′ ∈ A, ‖a− a′‖0 ≥ α.

• For any distinct b, b′ ∈ B, ‖b− b′‖0 ≥ α.

• For any a ∈ A and b ∈ B, ‖a− b‖0 ≤ β.

Proof. Suppose for a contradiction that such subsets A and B exist with d < n. We
build uniform distributions A and B by uniformly at random picking a vector in A
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and B, respectively. Then it is easy to see that the expected value of inner distance is

E
x,x′∈RA

[‖x− x′‖0] ≥ α− α

n

The inner distance of B is similar. We know that α− β ≥ 1 because they are integers
and so are `0-distances. But, then if α < n, we would have distributions that contradict
Lemma 4.4.5. Note that α and β are at most d (dimension). Therefore, we conclude that
d ≥ n.

4.4.2.2 Upper Bound on the Biclique Contact-Dimension

Now we show that bcd(`0) ≤ n.

Theorem 4.4.7 (Upper Bound for `0 with Arbitrary Alphabet). For any integer n > 0
and d = n, there exist subsets A, B ⊆ Rd each with n vectors such that

• For any distinct a, a′ ∈ A, ‖a− a′‖0 = d.

• For any distinct b, b′ ∈ B, ‖b− b′‖0 = d.

• For any a ∈ A and b ∈ B, ‖a− b‖0 = d− 1.

Proof. First we construct a set of vectors A. For i = 1, 2, . . . , n, we define the ith vector
a of A so that a is an all-i vector. That is,

a = (i, i, . . . , i).

Next we construct a set of vectors B. The first vector of B is (1, 2, . . . , n). Then the
(i + 1)th vector of B is the left rotation of the ith vector. Thus, the ith vector of B is

b = (i, i + 1, . . . , n, 1, 2, . . . , i− 1).

It can be seen that the `0-distance between any two vectors from the same set is
d because all the coordinates are different. Any vectors from different set, say a ∈ A
and b ∈ B, must have at least one common coordinate. Thus, their `0-distance is d− 1.
This proves the lemma.

Below is the upper bound for zero-one vectors, which is a corollary of Theo-
rem 4.4.7.

Corollary 4.4.8 (Upper Bound for `0 with Binary Vectors). For any integer n > 0 and
d = n2, there exist subsets A, B ⊆ Rd each with n vectors such that
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• For any distinct a, a′ ∈ A, ‖a− a′‖0 = n.

• For any distinct b, b′ ∈ B, ‖b− b′‖0 = n.

• For any a ∈ A and b ∈ B, ‖a− b‖0 = n− 1.

Proof. We take the construction from Theorem 4.4.7. Denote the two sets by A′ and B′,
and denote their dimensions by d′ = n.

We transform A′ and B′ to sets A and B by applying the transformation φ in
Lemma 4.4.4. That is,

A = {φ(a) : a ∈ A′} and B = {φ(b) : b ∈ B′}.

Since the alphabet set in Lemma 4.4.4 is [n], we have a construction of A and B with
dimension d = n2.

4.4.3 Geometric Representation of Biclique in `p for p ∈ (1, 2)

In this subsection, we prove the upper bound on bcd(`p) for p ∈ (1, 2). We are unable
to show any lower bound for these `p-metrics except for the lower bound of Ω(log n)
obtained from the ε-net lower bound in Theorem 4.4.13 (which will be proven in the
next subsection).

Theorem 4.4.9 (Upper Bound for `p with 1 < p < 2). For every 1 < p < 2 and for all
integers n ≥ 1, there exist two sets A, B ⊆ R2n each of cardinality n such that the following
holds for some s < 21/p:

1. For every distinct points u, v ∈ A, ‖u− v‖p = 21/p.

2. For every distinct points u, v ∈ B, ‖u− v‖p = 21/p.

3. For every pair of points u ∈ A and v ∈ B, ‖u− v‖p = s.

Proof. We will construct point-sets as claimed in the theorem for given p and n. Let
α be a parameter depending on p and n, which will be set later. For each i ∈ [n], we
create a point a ∈ A by setting

aj =


0 if 1 ≤ j ≤ n and j 6= i

1 if 1 ≤ j ≤ n and i = j

α if n + 1 ≤ j ≤ 2n
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Similarly, for each i ∈ [n], we create a point b ∈ B by setting

bj =


α if 1 ≤ j ≤ n

0 if n + 1 ≤ j ≤ 2n and j 6= n + i

1 if n + 1 ≤ j ≤ 2n and j = n + i

By construction, for every pair of distinct points u, v both in A or both in B, their
`p-distance is ‖u − v‖p = 21/p, and for every pair of points from different sets, say
u ∈ A and v ∈ B, their `p-distance is

‖u− v‖p = 21/p · ((1− α)p + (n− 1) · αp)1/p ≤ 21/p · ((1− α)p + n · αp)1/p (4.13)

Now we show that when α = 1

1+n
1

p−1
we have (1 − α)p + n · αp < 1 and thus

the right hand side in Eq. (4.13) is less than 21/p and the theorem follows. Define a
function f (x) = (1− x)p + n · xp. Note that f ′(x) = −p(1− x)p−1 + npxp−1. We have
f (0) = 1 and f ′(0) = −p. Since p > 1, we have that f ′ is continuous and f ′(x) = 0 for
x ∈ [0, α] if any only if x = α. Thus, we have f (α) < f (0) = 1.

We note that the above upper bound holds for all `p-metrics when p > 1. It is just
that for p > 2 we have a better upper bound on bcd(`p) (see Theorem 4.4.14).

4.4.4 Geometric Representation of Biclique in `2

In this subsection we prove a lower bound on bsph(`2) of (n − 3)/2 using spectral
analysis.

Theorem 4.4.10. For every n, d ∈ N, and any two sets A, B ⊆ Rd, each of cardinality n,
suppose the following holds for some non-negative real numbers α and β with α > β.

1. For every distinct u and v both in A, ‖u− v‖2 > α.

2. For every distinct u and v both in B, ‖u− v‖2 > α.

3. For every u in A and v in B, ‖u− v‖2 ≤ β.

Then the dimension d must be at least n−3
2 .

Proof. Let |A| = |B| = n be arbitrary two sets of vectors in Rd that satisfy the above
conditions. We will show that d ≥ n−3

2 . First, we scale all the vectors in A ∪ B so that
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the vector with the largest `2-norm in A ∪ B has `2-norm equal to 1 (by this scaling,
the parameters α, β are scaled as well by, say s. For brevity, we will write α for α/s and
similarly for β.). We modify A and B in two steps as follows. First, we add one new
coordinate to all of the vectors with value K � 1 (to be determined exactly later) and
obtain A1, B1 ⊆ Rd+1. Note that each element in the new set of vectors A1 and B1 has
`2-norm roughly equal to K. More specifically, the square of the `2-norm is bounded
between K2 and K2 + 1 and the vector with the largest `2-norm in A1 ∪ B1 has `2-norm
equal to

√
K2 + 1.

By adding to the last coordinate of each vector u in A1 ∪ B1 a positive value
cu smaller than 1/K, we can impose that all the vectors are with `2-norm equal to√

K2 + 1. To see this, note that if we have a vector u1 in A1 ∪ B1 that has `2-norm equal
to K (namely, as small as possible), then by setting cu1 to satisfy

(K + cu1)
2 = K2 + 1, (4.14)

we have that the `2-norm of u1 is
√

K2 + 1. So, any cu1 that solves Eq. 4.14 is smaller
than 1/K. By assuming that u1 has a larger `2-norm, we would have a better bound
on cu1 .

Let A′1 ∪ B′1 be the set of vectors that was obtained by adding cu’s as described
above. Let u, v be vectors in A1 ∪ B1 and let u′, v′ be the corresponding vectors in
A′1 ∪ B′1. By definition, the following holds:

‖u− v‖2
2 ≤ ‖u′ − v′‖2

2 = ‖u− v‖2
2 + (cu − cv)

2 ≤ ‖u− v‖2
2 + 1/K2.

Hence, by choosing K to satisfy 1/K2 ≤ α2−β2

2 , it follows that A′1 ∪ B′1 satisfies the

conditions of the theorem with α′ = α and β′ =
√

β2 + α2−β2

2 < α′. Again, for brevity,
we refer to α′ as α and β′ as β.

Given A′1, B′1 ⊆ Rd+1, let a1, a2, . . . , an be the vectors from A′1, and b1, b2, . . . , bn be
the vectors from B′1. Consider the following matrix in R2(d+1)×2n:

M =

 a1, a2, . . . , an b1, b2, . . . , bn

b1, b2, . . . , bn a1, a2, . . . , an

 (4.15)

Define the set A2 to be the first n column vectors of M and B2 to be the last n
column vectors of M. Note that A2 ∪ B2 ⊆ R2(d+1) and that the pair of point-sets
satisfy the conditions of the theorem with α′′ =

√
2α′ >

√
2β′ = β′′. Consider the
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inner product matrix MT M ∈ R2n×2n written in a block matrix form as follows:

MT M = cI2n×2n +

 M1,1 M1,2

M2,1 M2,2

 ,

where M1,1, M1,2, M2,1, M2,2 ∈ Rn×n and c is such that the matrix

 M1,1 M1,2

M2,1 M2,2

 has

the value 0 on the diagonal elements (recall that all the vectors have the same `2-norm).
By the definition of M (see Eq. 4.15), one can check that the following hold.

1. The matrices M1,1, M1,2, M2,1, M2,2 are all symmetric: for M1,1, M2,2 it follows
since MT M is a symmetric matrix, and for M1,2, M2,1 it follows by the way M
was defined; see Eq. 4.15.

2. M1,1 = M2,2. This follows by Eq. 4.15.

3. M1,2 = M2,1. This follows since M1,2 = MT
2,1 = M2,1. Here the first equality

follows since MT M is a symmetric matrix, and the last equality follows by item 1.

Hence, we can write MT M = cI2n×2n +

 M1,1 M1,2

M1,2 M1,1

 . In the rest of the proof,

we analyze some of the eigenvectors of MT M. To this end, we consider the matrix
M1,1 − M1,2. Since both M1,1 and M1,2 are symmetric, we have that M1,1 − M1,2 is
symmetric and has real eigenvalues. Moreover, by the conditions of the theorem, it
holds that M1,1−M1,2 is strictly negative (i.e., all the entries of the matrix are negative).
This follows because all the vectors have the same `2-norm. Let x1, x2, . . . , xn be the
eigenvectors of M1,1 −M1,2 with eigenvalues λ1, λ2, . . . , λn. By the Perron–Frobenius
Theorem it follows that λ1 is strictly smaller than λ2, λ3, . . . , λn.

Let xi ∈ Rn be an eigenvector of M1,1−M1,2 with eigenvalue λi. Then the follow-
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ing holds.  M1,1 M1,2

M1,2 M1,1

 xi

−xi

 =

 (M1,1 −M1,2) xi

− (M1,1 −M1,2) xi


=

 λixi

−λixi


= λi

 xi

−xi

 .

Hence, the vectors

 x1

−x1

 ,

 x2

−x2

 , . . . ,

 xn

−xn

 are eigenvectors of

 M1,1 M1,2

M1,2 M1,1

 with eigenvalues λ1, λ2, . . . , λn. The operation of adding cI2n×2n to

 M1,1 M1,2

M1,2 M1,1

 shifts the eigenvalues of MT M to λ1 + c, λ2 + c, . . . , λn + c.

Since MT M is a positive semidefinite matrix, λ1 + c, λ2 + c, . . . , λn + c ≥ 0. More
specifically, λ1 + c ≥ 0 and λ2 + c, . . . , λn + c > 0 (since λ1 < λ2, λ3 . . . , λn). It follows
that MT M has at least n− 1 positive eigenvalues. Hence, the rank of MT M is at least
n− 1. By standard linear algebra arguments, it holds that the rank of M is at least the
rank of MT M, and the rank of M is at most 2 (d + 1). That is,

2(d + 1) ≥ rank(M) ≥ rank(MT M) ≥ n− 1.

4.4.5 Geometric Representation of Biclique in `p for p > 2

In this subsection, we show the lower bound on bsph(`p) and an upper bound on
bcd(`p) for p > 2. Both bounds are logarithmic. The latter upper bound is constructive
and efficient (in the sense that the polar-pair of point-sets can be constructed in Õ(n)-
time). This implies the subquadratic-time equivalence between CP and BCP.

Now we show the lower bound on the biclique sphericity of a complete bipartite
graph in `p-metrics with p > 2. In fact, we prove the lower bound for the case of a star

92



4.4 Contact Dimension and Sphericity of Biclique

graph on n vertices, denoted by Sn, and then use the fact that bsph(H) ≤ bsph(G) for
all induced subgraph H of G (i.e., bsph(Kn/2,n/2, `p) ≥ bsph(Sn/2, `p)).

In short, we show in Theorem 4.4.13 that in Rd, 2O(d) is the maximum number
of `p-balls of radius 1/2 that we can pack in an `p-ball of radius 3/2 so that no two
of them intersect or touch each other. This upper bound, in turn, implies the lower
bound on the dimension. We proceed with the proof by volume arguments, which
are commonly used in proving the minimum number of points in an ε-net that are
sufficient to cover all the points in a sphere.

Definition 4.4.11 (ε-net). The unit `p-ball in Rd centered at o is denoted by

B
(

Ld
p, o
)
=
{

x ∈ Rd | ‖x− o‖p ≤ 1
}

.

For brevity, we write B
(

Ld
p

)
to mean B

(
Ld

p,~0
)

. Let (X, d) be a metric space and let S be a
subset of X and ε be a constant greater than 0. A subset Nε of X is called an ε-net of S under
d if for every point x ∈ S it holds for some point y ∈ Nε that d (x, y) ≤ ε.

The following lemma is well known in literature (see, e.g., [Ver12]). For the sake
of completeness, we provide a proof below.

Lemma 4.4.12. There exists an ε-net for B
(

Ld
p

)
under the `p-metric of cardinality

(
1 + 2

ε

)d.

Proof. Let us fix ε > 0 and choose Nε of maximal cardinality (i.e., maximal under
inclusion) such that ‖x− y‖p > ε for all x 6= y both in Nε. We claim that Nε is an

ε-net of the B
(

Ld
p

)
. Otherwise, there would exist a point x ∈ B

(
Ld

p

)
that is at least

ε-far from all points in Nε. Thus, Nε ∪ {x} contradicts the maximality of Nε. After
establishing that Nε is an ε-net, we note that by the triangle inequality, we have that
the balls of radii ε/2 centered at the points in Nε are disjoint. On the other hand, by
the triangle inequality all such balls lie in (1 + ε/2)B

(
Ld

p

)
. Comparing the volumes

gives us that vol
(

ε
2B
(

Ld
p

))
· |Nε| ≤ vol

((
1 + ε

2

)
B
(

Ld
p

))
. Since vol

(
r ·B

(
Ld

p

))
=

rd · vol
(

B
(

Ld
p

))
for all r ≥ 0, we conclude that |Nε| ≤ (1+ε/2)d

(ε/2)d =
(
1 + 2

ε

)d
.

Theorem 4.4.13. For every N, d ∈ N, for p ≥ 1, and for any two sets A, B ⊆ Rd, each of
cardinality N, suppose the following holds for some non-negative real numbers α and β with
α > β.

1. For every distinct u and v both in A, ‖u− v‖p > α.

2. For every distinct u and v both in B, ‖u− v‖p > α.
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3. For every u in A and v in B, ‖u− v‖p ≤ β.

Then the dimension d must be at least log5(N).

Proof. Scale and translate the sets A, B in such a way that β = 1 and that ~0 ∈ B. It
follows that A ⊆ B

(
Ld

p

)
. By Lemma 4.4.12, we can fix a 1/2-net N1/2 for B

(
Ld

p

)
of

size 5d. Note that, for every x ∈ N1/2, the ball 1/2 · B
(

Ld
p, x
)

contains at most one

point from A. Note also that N1/2 covers B
(

Ld
p

)
. Thus, |A| ≤ 5d which implies that

d ≥ log5(N).

Now we return to proving upper bounds. We first give a simple randomized con-
struction that gives a logarithmic upper bound on the biclique contact-dimension of `p.
The construction is simple. We uniformly at random take a subset A of n vectors from
{−1, 1}d/2 × {0}d/2 and a subset B of n vectors from {0}d/2 × {−1, 1}d/2. Observe
that, for any p > 2, the `p-distance of any pair of vectors u ∈ A and v ∈ B is exactly
d1/p while the expected distance between the inner pair u, u′ ∈ A (resp., v, v′ ∈ B) is
strictly larger than d1/p. Thus, if we choose d to be sufficiently large, e.g., d ≥ 10 ln n,
then we can show by a standard concentration bound (e.g., Chernoff’s bound) that
the probability that the inner-pair distance is strictly larger than d is at least 1− 1/n3.
Applying the union bound over all inner-pairs, we have that the d1/p-neighborhood
graph of A ∪ B is a bipartite complete graph with high probability. Moreover, the dis-
tances between any crossing pairs u ∈ A and v ∈ B are the same for all pairs. This
shows the upper bound for the contact-dimension of a biclique in the `p-metric for
p > 2.

The above gives a simple proof of the upper bound on the biclique contact-dimension
of the `p-metric. Moreover, it shows a randomized construction of the polar-pair in the
O(log n)-dimensional `p-metric, for p > 2, thus implying that CP and BCP are equiv-
alent for these `p-metrics.

For algorithmic purposes, we provide a deterministic construction. One way to
derandomize the above process is to use expanders. We show it using appropriate
codes.

Theorem 4.4.14. For any p > 2, let ζ = 2p−3. There exist two sets |A| = |B| = n of vectors
in Rd, where d = 2α log2 n, for some constant α ≥ 1, such that the following holds.

1. For all distinct u, u′ ∈ A, ‖u− u′‖p > ((ζ + 1/2)d)1/p.

2. For all distinct v, v′ ∈ B, ‖v− v′‖p > ((ζ + 1/2)d)1/p.
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3. For all u ∈ A, v ∈ B, ‖u− v‖p = d1/p.

Moreover, there exists a deterministic algorithm that outputs A and B in time Õ(n).

Proof. In literature, we note that for any constant δ > 0, there is an explicit binary code
of (some) constant relative rate and relative distance at least 1

2 − δ and the entire code
can be listed in quasilinear time with respect to the size of the code (see Appendix
E.1.2.5 from [Gol08], or Justesen codes [Jus72]). To be more specific, we can construct
in O(n logO(1) n)-time a set C ⊆ {−1, 1}d′ such that (1) |C| = n, (2) d′ = d/2 = α log2 n
for some constant α ≥ 1 and (3) for every two vectors x, y ∈ C, x and y differ on at
least

(
1
2 − δ

)
d′ coordinates, for some constant δ ∈

(
0, 1

4 −
1

2p

)
.

We construct the sets A and B as subsets of {−1, 0, 1}d. For every i ∈ [n], the ith

point of A is given by the concatenation of the ith point of C with 0d′ . Similarly, the ith

point of B is given by the concatenation of 0d′ with the ith point of C (note the reversal
in the order of the concatenation). In particular, points in A and B are of the form
(xi,~0) and (~0, xi), respectively, where xi is the ith point in C and~0 is the zero-vector of
length α log2 n.

First, consider any two points in the same set, say u, u′ ∈ A (resp., v, v′ ∈ B). We
have from the distance of C that on at least

(
1
2 − δ

)
d′ coordinates the two points differ

by 2, thus implying that their `p-distance is at least((
1
2
− δ

)
d′2p

)1/p
>

((
1
4
+

1
2p

)
d′2p

)1/p
=

((
2p−3 +

1
2

)
d
)1/p

.

This proves the first two items of the theorem. Next we prove the third item. Consider
any two points from different sets, say u ∈ A and v ∈ B. It is easy to see from the
construction that u and v differ in every coordinate by exactly 1. Thus, the `p-distance
between any two points from different set is exactly(

2d′
)1/p

= d1/p.

4.4.6 Fine-Grained Complexity of CP in `∞

In this subsection, we prove the quadratic-time hardness of CP in the `∞-metric. Our
reduction is from the Orthogonal Vectors problem (OV), which we phrase as follows.
Given a pair of collections of vectors U, W ⊆ {0, 1}d, the goal is to find a pair of vectors
u ∈ U and w ∈ W such that (ui, wi) ∈ {(0, 0), (0, 1), (1, 0)} for all i ∈ [d]. Throughout,
we denote by n the total number of vectors in U and W.
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Reduction

Let U, W ⊆ {0, 1}d be an instance of OV. We may assume that U and W have no
duplicates. Otherwise, we may sort vectors in U (resp., W) in lexicographic order and
then sequentially remove duplicates; this preprocessing takes O(dn log n)-time.

We construct a pair of sets A, B ⊆ Rd of BCP from U, W as follows. For each vector
u ∈ U (resp., w ∈W), we create a point a ∈ A (resp., b ∈ B) such that

aj =

{
0 if uj = 0,

2 if uj = 1.
bj =

{
1 if wj = 0,

−1 if wj = 1.

Observe that, for any vectors a ∈ A and b ∈ B, |aj − bj| = 3 only if uj = wj = 1;
otherwise, |aj − bj| = 1. It can be seen that ‖a − b‖p = d if and only if their corre-
sponding vectors u ∈ U and w ∈W are orthogonal. Thus, this gives an alternate proof
for the quadratic-time hardness of BCP under OVH.

Analysis

Here we show that the reduction described above rules out both exact and 2-approximation
algorithm for CP in `∞ that runs in subquadratic-time (unless OVH is false). That is,
we prove Theorem 4.1.9, which follows from the theorem below.

Theorem 4.4.15. Assuming OVH, for any ε > 0 and d = ω(log n), there is no O
(
n2−ε

)
-

time algorithm that, given a point-set P ⊆ Rd, distinguishes between the following two cases:

• There exists a pair of vectors in P with `∞-distance one.

• Every pair of vectors in P has `∞-distance two.

In particular, approximating CP in the `∞-metric to within a factor of two is at least as hard as
solving the Orthogonal Vectors problem.

Proof. Consider the sets A and B constructed from an instance of OV described previ-
ously.

First, observe that every inner pair has `∞-distance at least 2. To see this, consider
an inner pair a, a′ ∈ A. Since all inner pairs are distinct, they must have at least one
different coordinate, say aj 6= a′j for some j ∈ {1, . . . , n/2}. Consequently, (aj, a′j) ∈
{(0, 2), (2, 0)}, implying that the `∞-distance of a and a′ is at least 2. The case of an
inner pair b, b′ ∈ B is similar. Thus, any pair of vectors with `∞-distance less than two
must be a crossing pair a ∈ A, b ∈ B.
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Now suppose there is a pair of orthogonal vectors u∗ ∈ U, w∗ ∈W, and let a∗ ∈ A
and b∗ ∈ B be the corresponding vectors of u∗ and w∗ in the CP instance, respectively.
Then we know from the construction that (a∗j , b∗j ) ∈ {(0, 1), (0,−1), (2, 1)} for all coor-
dinates j ∈ [n]. Thus, the `∞-distance of a∗ and b∗ must be one.

Next suppose that there is no orthogonal pair of vectors in U×W. Then every pair
of vectors (u, w) ∈ U ×W must have one coordinate, say j, such that uj = wj = 1. So,
the corresponding vectors a and b (of u and w, respectively) must have ai = 2, bj = −1.
This means that a and b have `∞-distance at least three. (Note that there might be an
inner pair with `∞-distance two.) Therefore, we conclude that every pair of points in
A ∪ B has `∞-distance at least two.

4.5 Additional Notions and Tools

In this section, we extend the notion of contact dimension of a graph to allow for gaps
and also prove a couple of useful technical tools.

4.5.1 Gap Contact Dimension of a Graph

As discussed in Section 4.2.4.2, we need a generalization of contact dimension in order
to show inapproximability for CP. This is formally defined below; it should be noted
that the definition only makes sense for bipartite graphs, whereas the original contact
dimension is well-defined for any graphs. Moreover, when λ = 1, the notion of gap
contact dimension coincides with the (non-gap) contact dimension in bipartite graphs.

Definition 4.5.1 (Gap Contact Dimension). For any bipartite graph G = (A∪̇B, E) and
λ ≥ 1, a mapping τ : V → Rd is said to λ-gap-realize G (in the `p-metric) if for some
β > 0, the following holds:

(i) For all (u, v) ∈ E, ‖τ(u)− τ(v)‖p = β.

(ii) For all (u, v) ∈ (A× B) \ E, ‖τ(u)− τ(v)‖p > β.

(iii) For all distinct u, v both from A or both from B, ‖τ(u)− τ(v)‖p > λ · β.

The λ-gap contact dimension (in the `p-metric) of G, denoted by λ-cdp(G), is the minimum
d ∈N such that there exists τ : V → Rd λ-gap-realizing G in the `p-metric.

Again, we may say that τ (β, λ)-gap-realizes G to emphasize the value of β.

Finally, we define an analogous notion for inner product:
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Definition 4.5.2 (Gap Inner Product Dimension). For any bipartite graph G = (A∪̇B, E)
and λ ≥ 1, a mapping τ : V → Rd is said to λ-gap-IP-realize G if for some β > 0, the
following holds:

(i) For all (u, v) ∈ E, 〈τ(u), τ(v)〉 = β.

(ii) For all (u, v) ∈ (A× B) \ E, 〈τ(u), τ(v)〉 < β.

(iii) For all distinct u, v both from A or both from B, 〈τ(u), τ(v)〉 < β/λ.

The λ-gap inner product dimension of G, denoted by λ-ipd(G), is the minimum d ∈ N

such that there exists τ : V → Rd λ-gap-IP-realizing G.

We may say that τ (β, λ)-gap-IP-realizes G to emphasize the value of β.

4.5.2 Miscellaneous Tools

Covering Biclique by Isomorphic Graphs. A useful fact we use to derandomize our
reductions is that the biclique can be covered by any dense bipartite graph G with only
a few graphs that are isomorphic to G. To state this more formally, let us first define a
few notions.

Definition 4.5.3. For any graph G = (VG, EG) and any permutation π : VG → VG, we
use Gπ to denote the graph (VGπ

, EGπ
) where the vertex set VGπ

is equal to VG and EGπ
=

{(π(a), π(b)) | (a, b) ∈ EG}.

For brevity, we say that a permutation π : A∪̇B → A∪̇B of vertices of a bipartite
graph G = (A∪̇B, EG) is side-preserving if π(A) = A and π(B) = B.

We can now state the result as follows.

Lemma 4.5.4. For any bipartite graph G(A∪̇B, EG) where |A| = |B| = n and EG 6= ∅,
there exist side-preserving permutations π1, . . . , πk : A ∪ B → A ∪ B where k ≤ 2n2 ln n

|EG|
+ 1

such that
∪

i∈[k]
EGπi

= EKn,n

Moreover, such permutations can be found in time O(n6 log n).

Below we prove Lemma 4.5.4. The proof strategy is similar to how the greedy
approximation algorithms for the set cover problem are analyzed: we show that at
each step, we can pick a graph isomorphic to G that covers at least |EG|/n2 fraction
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of the remaining edges of the biclique. By doing so, we guarantee that the process
ends in O(log n) · n2/|EG| steps. Note however that, there are exponential number
of isomorphisms and thus we cannot simply enumerate all isomorphisms to find one
that covers the desired fraction of uncovered edges. Nevertheless, it is not hard to see
that we can use the method of conditional expectation to find one such isomorphism
in polynomial time. This is formalized below.

Lemma 4.5.5. For any two bipartite graphs G = (A∪̇B, EG) and H = (A∪̇B, EH), there
exists a side-preserving permutation π : A∪̇B→ A∪̇B such that

|EH ∩ EGπ
| ≥ |EG| · |EH|

|A| · |B| .

Moreover, such a permutation π can be found (deterministically) in O((|A|+ |B|)4) time.

Proof. Notice that, if we pick π|A and π|B randomly among all permutations of A and
B respectively, then, for a fixed (a, b) ∈ EH, the probability that (a, b) belongs to EGπ

is
|EG|
|A|·|B| . Thus,

Eπ [|EH ∩ EGπ
|] = |EG| · |EH|

|A| · |B| .

This proves the existence part of the claim. To deterministically find such a π, we use
the method of conditional expectation. Suppose A∪̇B = {1, . . . , n}. The algorithm
works as follows:

1. Let Vassigned ← ∅.

2. For i = 1, . . . , n:

(a) If i ∈ A, let Vcandidate = A \ Vassigned. Otherwise, if i ∈ B, let Vcandidate =

B \Vassigned.

(b) For each k ∈ Vcandidate, compute the conditional expectation:

Eπ

|EH ∩ EGπ
|

∣∣∣∣∣∣π(i) = k ∧

i−1∧
j=1

π(j) = π∗(j)

 .

Let k∗ be the maximizer for the above conditional expectation. We set π∗(i) =
k∗.

3. Output π∗.
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It is simple to see that the conditional expectation never decreases as we fill in the
permutation. As a result, we must have |EH ∩ EGπ

| ≥ |EG|·|EH |
|A|·|B| as desired. Moreover,

it is easy to see that the conditional expectation can be computed in time O(|A| · |B|)
because, for each edge (a, b) ∈ EH, we can compute the probability that (a, b) ∈ EGπ

in
O(1) time. As a result, the overall running time of the algorithm is O((|A|+ |B|)4).

Finally using Lemma 4.5.5, we prove Lemma 4.5.4 using the strategy outlined
earlier in this section.

Proof of Lemma 4.5.4. We describe below an algorithm for finding π1, . . . , πk. It works
as follows.

1. Let k← 0.

2. While EH := EKn,n \ ∪i∈[k]
EGπi

is non-empty, do the following:

(a) Let k← k + 1.

(b) Let H = (A∪̇B, EH).

(c) Use the algorithm from Lemma 4.5.5 to find πk such that |EH ∩ EGπk
| ≥

|EH| · |EG|
n2 .

3. Output π1, . . . , πk.

It is obvious that the permutations are all side-preserving permutations and that the
union of EGπi

over i ∈ [k] is equal to EKn,n . To see that k ≤ 2n2 ln n
|EG|

+ 1, observe that
due to the guarantee of Lemma 4.5.5, |EH| decreases by a multiplicative factor of (at
most) (1− |EG|/n2) ≤ e−|EG|/n2

for each permutation picked. Since the set EH remains
non-empty after k− 1 permutations are picked, we have e−(k−1)·|EG|/n2 · n2 ≥ 1, which
implies that k ≤ 2n2 ln n/|EG| + 1 as desired. Finally, the bottleneck in the running
time is Step 2c; we execute this step k times and each execution takes O(n4) time.
Thus, the total running time is O(nk) = O(n6 log n).

Translating Finite Fields Vectors to {0, 1}-Vectors. Another simple fact which was
already mentioned in the proof overview (Section 4.2) is that, we can embed Hamming
metric on alphabet of size q to Hamming metric on Boolean alphabet, with only q
multiplicative factor blow-up in the dimension:

Proposition 4.5.6. For any q, N ∈ N, and alphabet Σ such that |Σ| = q, there exists a
mapping ψ : ΣN → {0, 1}q·N such that, for all v1, v2 ∈ ΣN, we have ‖ψ(v1)− ψ(v2)‖0 =

2 · ∆(v1, v2) and 〈ψ(v1), ψ(v2)〉 = N − ∆(v1, v2).
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Proof. The mapping ψ simply replaces each coordinate that is equal to j ∈ Σ by the j-th
standard basis in the q-dimensional space. More precisely, for v = (v1, . . . , vN) ∈ Fq,
we define

ψ(v) = ev1 ◦ ev2 ◦ · · · ◦ evN ,

where ◦ denotes concatenation of vectors and ej denote the j-th standard basis in Rq,
i.e., the vector whose j-th coordinate is one and the remaining coordinates are zeroes.

It is simple to check that this satisfies the two requirements.

4.6 Lower Bound on Closest Pair under Orthogonal Vec-
tor Hypothesis

In this section, we prove the subquadratic hardness for CP (assuming OVH) using the
efficient construction of a realization of a dense bipartite graph. The construction will
be be formally stated below and the details will be given in Section 4.7.2.1. First, we
define the notion of a log-dense sequence of integers:

Definition 4.6.1. A sequence (ni)i∈N of increasing positive integers is said to be log-dense
if there exists a constant C ≥ 1 such that log ni+1 ≤ C · log ni for all i ∈N.

As outlined in Section 4.2.2 , we use Reed-Solomon codes to construct a family
of dense bipartite graphs with low contact dimensions. While the construction does
not yield a graph for every number of vertices n, it does yield a graph for a log-dense
sequence of numbers of vertices, which turns out to be sufficient for the purpose of the
reduction. More formally, we will prove the following in Section 4.7.2.1.

Theorem 4.6.2. For every 0 < δ < 1, there exists a log-dense sequence (ni)i∈N such that,
for every i ∈ N, there is a bipartite graph Gi = (Ai∪̇Bi, Ei) where |Ai| = |Bi| = ni and
|Ei| ≥ Ω(n2−δ

i ), such that cd(Gi) = (log ni)
O(1/δ). Moreover, for all i ∈ N, a realization

τ : Ai∪̇Bi → {0, 1}(log ni)
O(1/δ)

of Gi can be constructed in time n2+o(1)
i .

Notice that we did not specify any `p-metric in the notion of contact dimension
above. This is intentional, because our point sets τ(Ai∪̇Bi) have coordinate entries in
{0, 1}, for which the distances in the Hamming metric are equivalent (up to power of
p) to distances in any `p-metric (p 6= ∞). We also adopt this notational convenience
below. Specifically, we will prove the following theorem which states that CP is hard
even when the points are from {0, 1}d; clearly, this also implies Theorem 4.1.4 due to
the aforementioned equivalence to other `p-metrics.
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Theorem 4.6.3 (Subquadratic Hardness of {0, 1}-CP). Assuming OVH, for every ε > 0,
there exists sε > 0 such that no algorithm running in O(n2−ε) time can solve CP in the
Hamming metric even when d = (log n)sε and all points have {0, 1} entries.

Proof. For any ε > 0, let Cexp be the constant such that the dimension guarantee for τ

in Theorem 4.6.2 is at most (log ni)
Cexp/ε for δ = ε/2. We define sε as 2 · Cexp/ε + 2.

Assume that there exists ε > 0 and an algorithm A that can solve CP in time n2−ε

in the Hamming metric for any input of n points in {0, 1}(log n)sε . We will construct an
algorithm A′ that solves any instance of BCP in time n2−ε′ for some constant ε′ > 0 (to
be specified below), on n points in dimension d := cε′ · log n with coordinate entries
in {0, 1}. Together with Theorem 4.3.5, this implies that OVH is false, arriving at a
contradiction.

Let Cε denote the log-density constant (i.e. suppi
log ni+1

log ni
) of the sequence from The-

orem 4.6.2 for δ = ε/2, and let ε′ be 0.01 · ε/Cε. The algorithm A′ on input (A, B, α)

where A, B ⊆ {0, 1}d, with |A| = |B| = n, and α ∈ [d], works as follows:

1. Let n′ be the largest number in the sequence from Theorem 4.6.2 with δ = ε/2
s.t. n′ ≤ n0.1.

2. Let G′ = (A′∪̇B′, E′) be the graph from Theorem 4.6.2 with |A′| = |B′| = n′,
|E′| ≥ Ω((n′)2−δ), and τ : A′∪̇B′ → {0, 1}(log n′)Cexp/ε

be a β-realization of G′

where β ∈N.

3. We use the algorithm from Lemma 4.5.4 to find π1, . . . , πk where k = O((n′)δ log n′)
such that the union of EG′π1

, . . . , EG′πk
is EKn′ ,n′

.

4. We assume w.l.o.g.29 that n is divisible by n′. Partition A and B into A1, . . . , An/n′

and B1, . . . , Bn/n′ each of size n′. For each i, j ∈ [n/n′], t ∈ [k], do the following:

(a) Let τt be an appropriate permutation of τ that β-realizes G′πt
. Label the

vertices of G′πt
with the points in Ai∪̇Bj.

(b) Let α′ = α + (d + 1) · β, and define At
i , Bt

j as

At
i = {a ◦ (1d+1 ⊗ τt(a)) | a ∈ Ai}, Bt

j = {b ◦ (1d+1 ⊗ τt(b)) | b ∈ Bj}

where 1d+1⊗ v simply denotes v ◦ v ◦ · · · ◦ v, i.e., the concatenation of d + 1
copies of v.

29This is without loss of generality, since if n is not divisible by n′, we can use brute force for the
remainder points. This requires only O(n · n′ · log n) = O(n1.1 log n) which does not affect the overall
asymptotic running time of the algorithm.
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(c) Run A on (At
i ∪̇Bt

j , α′). If A outputs YES, then output YES and terminate.

5. If none of the executions of A returns YES, then output NO.

Observe that the bottleneck in the running time of the algorithm is in the ex-
ecutions of A. The number of executions is (n/n′)2 · k and each execution takes
O((n′)2−ε) time. Hence, in total the running time of the algorithm A′ is O((n/n′)2 ·
k · (n′)2−ε) ≤ O(n2 log n · (n′)−ε/2). Now, from the log-density of the sequence from
Theorem 4.6.2, we have n′ ≥ n0.1/Cε = n10ε′/ε. As a result, the running time of A is at
most O(n2−5ε′ log n) ≤ O(n2−ε′) as desired.

To see the correctness of the algorithm, first observe that the dimensions of vec-
tors in At

i , Bt
j are at most d + (d + 1) · (log n′)Cexp/ε which is at most (log n)sε for any

sufficiently large n; that is, the calls to A are valid. Next, observe that, if (A, B, α) is
a YES instance of BCP, there must be i, j ∈ [n/n′] and a∗ ∈ Ai, b∗ ∈ Bj such that
‖a∗ − b∗‖0 is at most α. Since G′π1

, . . . , G′πk
covers Kn′,n′ , there must be t ∈ [k] such that

‖τt(a∗)− τt(b∗)‖0 = β. As a result, ‖(a∗ ◦ (1d+1⊗ τt(a∗)))− (b∗ ◦ (1d+1⊗ τt(b∗)))‖0 ≤
α + (d + 1) · β = α′. Thus, (At

i ∪ Bt
j , α′) is a YES instance for CP and A′ outputs YES as

desired.

Finally, assume that (A, B, α) is a NO instance of BCP. Consider any i, j ∈ [n/n′]
and t ∈ [k]. To argue that (At

i ∪ Bt
j , α′) is a NO instance for CP, we have to show that

any two points in At
i ∪ Bt

j have distance more than α′. To see this, let us consider two
cases.

1. Both points are either from At
i or from Bt

j . Assume w.l.o.g. that the two points
are from At

i ; let them be a ◦ (1d+1 ⊗ τt(a)) and a′ ◦ (1d+1 ⊗ τt(a′)). Recall that,
from the definition of β-realization, ‖τt(a)− τt(a′)‖0 > β. Since ‖τt(a)− τt(a′)‖0

is an integer, we must have ‖τt(a)− τt(a′)‖0 ≥ β + 1. As a result, the Hamming
distance between the two points is at least (d + 1) · (β + 1) > d + (d + 1) · β = α′.

2. One of the point is from At
i and the other from Bt

j . Let them be a ◦ (1d+1 ⊗ τt(a))
and b ◦ (1d+1 ⊗ τt(b)). Since (A, B, α) is a NO instance of BCP, ‖a− b‖0 > α.
Furthermore, from definition of β-realization, we must have ‖τt(a)− τt(b)‖0 ≥
β. Combining the two implies that the Hamming distance between a ◦ (1d+1 ⊗
τt(a)) and b ◦ (1d+1 ⊗ τt(b)) is more than α′.

Hence, (At
i ∪̇Bt

j , α′) must be a NO instance for CP for every t ∈ [k] and i, j ∈ [n/n′].
Thus, A′ outputs NO as desired.
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4.7 Gadget Constructions

In this section, we construct all the gadgets that are used in our reductions, includ-
ing the basic gadget (Theorem 4.6.2) and more advanced gadgets used for MIP and
approximate version of CP.

4.7.1 Finding a Center of a Code via Another Code

At the heart of all our gadgets is the task of finding a code C1 and a center s such that
there are |C1|1−o(1) many codewords at Hamming distance exactly equal to r (for some
r > 0) from s but there is no codeword in C1 at distance less than r from s. The below
lemma is useful in finding such an s.

Lemma 4.7.1. Let C1 ⊆ C2 ⊆ FN
q be two linear codes with the same block length N and

alphabet Fq such that ∆(C2) < ∆(C1). Then, there exists a center s ∈ FN
q such that (1)

∆(s, C1) ≥ ∆(C2) and (2) |B(s, ∆(C2)) ∩ C1|/|C1| ≥ A∆(C2)(C2)/|C2|. Moreover, given
C1, C2, such an s can be found in O(|C1| · |C2| · qN) time.

Proof. We show that there exists s ∈ C2 \ C1 such that (2) holds. Note that (1) imme-
diately holds, because s − c must be a non-zero codeword of C2 which implies that
∆(s, c) ≥ ∆(C2).

To show that there exists s ∈ C2 \ C1 such that |B(s, ∆(C2)) ∩ C1| ≥ |C1| ·
A∆(C2)/|C2|. We will in fact show a stronger statement: for a random s ∈ C2 \ C1, we
have E[|B(s, ∆(C2)) ∩ C1|] ≥ |C1| · A∆(C2)/|C2|. Consider Es∈C2\C1

[|B(s, ∆(C2)) ∩ C1|].
Due to linearity of expectation, we have

Es∈C2\C1
[|B(s, ∆(C2)) ∩ C1|] = ∑

c∈C1

Pr
s∈C2\C1

[c ∈ B(s, ∆(C2))]

= ∑
c∈C1

Pr
s∈C2\C1

[∆(s− c) ≤ ∆(C2)]

= ∑
c∈C1

Pr
s∈C2\C1

[∆(s) ≤ ∆(C2)]

= |C1| ·
|(C2 \ C1) ∩ B(0, ∆(C2))|

|C2 \ C1|
.

Now, since ∆(C1) > ∆(C2), we have C1 ∩ B(0, ∆(C2)) = {0}. That is, |(C2 \ C1) ∩
B(0, ∆(C2))| = |(C2 \ {0}) ∩ B(0, ∆(C2))| = A∆(C2)(C2). Plugging this back into the
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above equality, we have

Es∈C2\C1
[|B(s, ∆(C2)) ∩ C1|] = |C1| ·

A∆(C2)(C2)

|C2 \ C1|
≥ |C1| ·

A∆(C2)(C2)

|C2|
.

Thus, there must exist a center s ∈ C2 \ C1 that satisfies (2) (and also (1)) as desired.

Finally, note that s can be found by a brute force algorithm that tries every s ∈ C2

and check whether (2) is satisfied; this algorithm takes O(|C1| · |C2| · qN) time.

4.7.2 Gadgets based on Reed-Solomon Codes

In this subsection, we construct gadgets based on the Reed Solomon codes, which are
defined below.

Theorem 4.7.2 (Reed-Solomon Codes). For every prime power q, and every K ≤ N ≤ q,
there exists a [N, K, N − K + 1]q linear code, denoted by RSq[N, K]. The generator matrix of
this code can be computed in time poly(N, K, q). Moreover, for every q ≥ N ≥ K2 > K1, we
have RSq[N, K1] ⊆ RSq[N, K2].

In order to find a good center s, we use the following (well-known) bound on the
number of minimum weight codewords of Reed Solomon codes (and more generally
MDS codes). For a reference of this bound, see e.g. [MS77, Ch. 11, Theorem 6].

Lemma 4.7.3. Let C be any linear [N, K, D]q code that is MDS. Then, AD(C) = ( N
K−1) · (q−

1).

4.7.2.1 The Basic Gadget: Dense Bipartite Graphs with Low Contact Dimensions

Now we construct a dense bipartite graph with low contact dimension. A proof sketch
of this construction was provided in Section 4.2.2 and was formally stated as Theo-
rem 4.6.2.

Proof of Theorem 4.6.2. Let qi be the i-th prime number and let ni = (qi)
(bqδ

i c); it is simple
to see that the sequence (ni)i∈N is log-dense. For q = qi, consider the Reed-Solomon
codes C1 = RSq[q, K1] and C2 = RSq[q, K2] where K1 = bqδc and K2 = K1 + 1. Applying
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Lemma 4.7.1 with (C1, C2) implies that there exists a center s ∈ C2 such that

|B(s, ∆(C2)) ∩ C1|
|C1|

≥
A∆(C2)

|C2|

(By Lemma 4.7.3) =
( q

K2−1) · (q− 1)

qK2

≥

(
q

K2−1

)K2−1
· (q− 1)

qK2

=
q− 1

q
·
(

1
K2 − 1

)K2−1

=
q− 1

q
· 1

KK1
1

≥ 1
2
· 1

qδK1

= Ω(|C1|−δ),

where the last equality follows from the fact that |C1| = qK1 .

We construct the graph Gi = (Ai, Bi, Ei) and a realization τ as follows. Let Ai =

C1, Bi = {s + c | c ∈ C1} and Ei = {(a, b) ∈ Ai × Bi | ∆(a, b) = ∆(C2)}. Gi can
be easily realized by applying the mapping ψ : F

q
q → {0, 1}q2

from Proposition 4.5.6.
More precisely, let τ be the restriction of ψ on Ai ∪ Bi. Below we argue about the
density of Gi and that τ is a 2∆(C2)-realization of Gi.

• First, notice that |Ei| is exactly |C1| · |B(s, ∆(C2)) ∩ C1| ≥ Ω(|C1|2−δ) = Ω(n2−δ
i ).

• Second, notice that, for every v1, v2 both from Ai or both from Bi, we have v1 −
v2 ∈ C1 \ {0}. This implies that ‖τ(v1) − τ(v2)‖0 = 2∆(v1, v2) ≥ 2∆(C1) >

2∆(C2).

• Third, for every a ∈ Ai and b ∈ Bi, we have a− b ∈ C2 \ {0}. Thus, ∆(a, b) ≥
∆(C2). Hence, ‖τ(a)− τ(b)‖0 = 2∆(a, b) ≥ 2∆(C2). Moreover, the inequality is
an equality if and only if ∆(a, b) = ∆(C2), i.e., (a, b) ∈ Ei as desired.

• Finally, observe that the dimension is q2 = (log ni)
O(1/δ).

As for the running time of constructing Gi and τ, observe that the bottleneck is the
running time needed to find the center s; according to Lemma 4.7.1, s can be computed
in O(|C1| · |C2| · q2) = O(n2

i · q2), which is n2+o(1)
i as desired.
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4.7.2.2 A Gadget for Maximum Inner Product

Now, we build gadgets (stated below) which will be used for proving the inapprox-
imability of MIP.

Theorem 4.7.4. For every 0 < δ < 1, there exists a log-dense sequence (ni)i∈N such that,
for every i ∈ N, there is a bipartite graph Gi = (Ai∪̇Bi, Ei) where |Ai| = |Bi| = ni and
|Ei| ≥ Ω(n2−δ

i ), such that 3-ipd(G) = (log ni)
O(1/δ). Moreover, for all i ∈ N, a 3-gap-IP-

realization τ : Ai∪̇Bi → {0, 1}(log ni)
O(1/δ)

of Gi can be constructed in time n4+o(1)
i .

Proof. The proof here is exactly the same as the proof of Theorem 4.6.2, except that we
will not pick K2 = K1 + 1, but rather pick K2 > 3K1 (and ni accordingly).

More precisely, let qi be the i-th prime number and let ni = (qi)
(bq0.3δ

i /3c); it is
simple to see that the sequence (ni)i∈N is log-dense. For q = qi, consider the Reed-
Solomon codes C1 = RSq[q, K1] and C2 = RSq[q, K2] where K1 = bq0.3δ/3c and K2 =

3K1 + 1. Similar to the proof of Theorem 4.6.2, applying Lemma 4.7.1 with (C1, C2)

implies that there exists s ∈ C2 \ C1 such that

|B(s, ∆(C2)) ∩ C1|
|C1|

≥ q− 1
q
·
(

1
K2 − 1

)K2−1

=
q− 1

q
· 1
(3K1)(3K1)

≥ 1
2
· 1

qδK1
= Ω(|C1|−δ).

We construct the graph Gi = (Ai, Bi, Ei) and a realization τ as follows. Let Ai =

C1, Bi = {s+ c | c ∈ C1} and Ei = {(a, b) ∈ Ai× Bi | ∆(a, b) = ∆(C2)}. Gi can be easily
3-gap-IP-realized by applying the mapping ψ : F

q
q → {0, 1}q2

from Proposition 4.5.6.
More precisely, let τ be the restriction of ψ on Ai ∪ Bi. Below we argue about the
density of Gi and that τ is a (K2 − 1, 3)-gap-IP-realization of Gi.

• First, notice that |Ei| is exactly |C1| · |B(s, ∆(C2)) ∩ C1| ≥ Ω(|C1|2−δ) = Ω(n2−δ
i ).

• Second, for every v1, v2 both from Ai or both from Bi, we have v1− v2 ∈ C1 \ {0}.
Thus, 〈τ(v1), τ(v2)〉 = q− ∆(v1, v2) ≤ q− ∆(C1) = K1 − 1 < (K2 − 1)/3.

• Third, for every a ∈ Ai and b ∈ Bi, we have a− b ∈ C2 \ {0}. Thus, ∆(a, b) ≥
∆(C2). Hence, 〈τ(a), τ(b)〉 = q− ∆(a, b) ≤ q− ∆(C2) = K2 − 1. Moreover, the
inequality is an equality if and only if ∆(a, b) = ∆(C2), i.e., (a, b) ∈ Ei as desired.

• Finally, observe that the dimension is q2 = (log ni)
O(1/δ).

Once again, the running time of the construction is O(|C1| · |C2| · q2) ≤ n4+o(1)
i .
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4.7.3 Gadgets based on AG Codes

In this subsection, we construct gadgets based on algebraic geometric (AG) codes.
The definitions of AG Codes are well beyond the scope of this thesis and we refer the
readers to [Sti08, VNT07] for more thorough introductions.

Once again to find a good center, we need a bound on the number of mini-
mum weight codewords. On this front, we use the following bound30 from [Vlă18].
Throughout this subsection, we follow the notations from [Vlă18].

Theorem 4.7.5 (Theorem 4.3 of [Vlă18]). Let q be a prime power, X be a curve of genus g
over Fq, let S ⊆ X(Fq) such that |S| = N, and let a ∈ N with 1 ≤ a ≤ N − 1. Then,
there exists an Fq-positive divisor D ≥ 0, deg(D) = a, such that the corresponding AG Code
C = C(X, D, S) has minimum distance N − a and

AN−a(C) ≥
(N

a )

(
√

q + 1)2g .

We also need the following well-known (central) fact about the parameters of AG
codes.

Theorem 4.7.6. Let q be a prime power, X be a curve of genus g over Fq, let S ⊆ X(Fq)

such that |S| = N, and let a ∈ N with 1 ≤ a ≤ N − 1. Then, the corresponding AG Code
C = C(X, D, S) is a linear code over Fq with block length N, distance at least N − a and
message length k ≥ a− g + 1.

Recall also the tower of functions of Garcia and Stichtenoth [GS96], whose param-
eters approach the TVZ bound. We note here that, it suffices for us to have the genus
approaching Ω(N/

√
q) and there are also other curves that satisfy this.

Theorem 4.7.7 ([GS96]). For any ζ > 0 and any square of prime q, there exists a dense
sequence31 (Ni)i∈N such that there exists a curve Xi with genus at most Ni√

q−1 + ζ where
|Xi(Fq)| ≥ Ni.

Plugging the bound from [Vlă18] into the above family of curves immediately
yields the following:

Lemma 4.7.8. For any ζ > 0 and any square of prime q, there exists a dense sequence (Ni)i∈N

such that the following holds. For any i ∈ N and any a1, a2 ∈ N such that 1 ≤ a1 <

30Note that most of the proof of this bound was from [ABV01]; [Vlă18] simply makes the bound more
explicit, which is more convenience for us.

31A sequence (Ni)i∈N of increasing positive integers is said to be dense if there exists a constant C ≥ 1
such that Ni+1 ≤ C · Ni for all i ∈N.
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a2 ≤ Ni − 1, there exist linear codes C1 ⊆ C2 ⊆ F
Ni
q such that the following holds, where

gi =
Ni√
q−1 + ζ:

• C1 has message length at least a1 − gi + 1 and distance at least Ni − a1.

• C2 has message length at least a2 − gi + 1 and distance exactly Ni − a2 and

ANi−a2(C2) ≥
(Ni

a2
)

(
√

q + 1)2gi
. (4.16)

Moreover, the generator matrices of C1, C2 can be computed in O
(
(N+a2−1

a2
) · |C2| · poly(Ni)

)
time.

Proof. Let (Ni)i∈N be a dense sequence as in Theorem 4.7.7. From Theorem 4.7.5, there
exists an Fq-positive divisor D2 of degree a2 such that the corresponding code C2 =

C(Xi, D2, Si) (where S ⊆ Xi(Fq) of size Ni) satisfies (4.16) and that its distance is Ni −
a2; from Theorem 4.7.6, its message length must also be at least a2− gi + 1. Next, let D1

be any Fq-positive divisor of degree a1 such that D2 − D1 ≥ 0. Let C1 = C(Xi, D1, Si)

be the corresponding AG code; once again, Theorem 4.7.6 yields the desired bounds
on its message length and distance. Finally, observe that D2 − D1 ≥ 0 implies that
C1 ⊆ C2 as desired.

The main bottleneck to algorithmically construct such codes lies in finding D2.
Nevertheless, the total number of degree-a2 Fq-positive divisor is only (Ni+a2−1

a2
). We

can use brute force to enumerate all of them and check whether the corresponding
code satisfies (4.16), which further takes |C2| time. This results in the claimed running
time.

Finally, we can now construct our gadgets, by an appropriate setting of param-
eters. In particular, a1 and a2 will be selected to be close to each other and to both
be slightly larger than N/

√
q. This results in the graphs whose degrees are roughly

square root of the number of vertices.

Theorem 4.7.9. For every 0 < δ < 1, there exist µ > 0 and a log-dense sequence (ni)i∈N

such that, for every i ∈N, there is a bipartite graph Gi = (Ai∪̇Bi, Ei) where |Ai| = |Bi| = ni
and |Ei| ≥ Ω(n1.5−δ

i ), such that (1 + µ)-cd(G) = O(log ni). Moreover, for all i ∈ N, a
(β, 1+ µ)-gap-realization τ : Ai∪̇Bi → {0, 1}O(log ni) of Gi can be constructed in time O(n3

i )

for some β = Θ(log ni).

Proof. Once again, the proof here is similar to those of Theorems 4.6.2 and 4.7.4, except
that we use the (pairs of) AG codes from Lemma 4.7.8 instead of Reed-Solomon codes.
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Let q ≥ 49 be any sufficiently large square of prime and ζ > 0 be any sufficiently
small positive real number (both to be precisely specified later).

Let (Ni)i∈N be the sequence guaranteed by Lemma 4.7.8. Let a1 = Ni ·
(

1
q0.5(1−δ) − 1

q

)
and a2 = Ni

q0.5(1−δ) . For convenience, we assume that a1 and a2 are integers32. Let C1, C2

be the codes given by Lemma 4.7.8. The sequence (ni)i∈N is defined as ni = |C1|.
Applying Lemma 4.7.1 to (C1, C2) implies that there exists s ∈ C2 \ C1 such that

|B(s, ∆(C2)) ∩ C1|
|C1|

≥
A∆(C2)(C2)

|C2|

(From Lemma 4.7.8) ≥
(Ni

a2
)

(
√

q + 1)2gi · |C2|

(Singleton Bound) ≥
(Ni

a2
)

(
√

q + 1)2gi · qa2+1

≥ (Ni/a2)
a2

(
√

q + 1)2gi · qa2+1

=
q0.5(1−δ)a2

(
√

q + 1)2gi · qa2+1

=
1

(
√

q + 1)2gi · q(0.5+0.5δ)a2+1

=
1

q(0.5+0.5δ+o(1))a2

=
1

q(0.5+0.5δ+o(1))(a1+o(1))

=
1

|C1|(0.5+0.5δ+o(1))

≥ Ω(|C1|−0.5−0.5δ−o(1)) (4.17)

where o(1) terms above denote the terms that go to zero as q → ∞ and ζ → 0. As a
result, by picking q sufficiently large and ζ sufficiently small, the term in (4.17) is at
least Ω(|C1|−0.5−δ).

We construct the graph Gi = (Ai, Bi, Ei) and a realization τ as follows. Let Ai =

C1, Bi = {s+ c | c ∈ C1} and Ei = {(a, b) ∈ Ai× Bi | ∆(a, b) = ∆(C2)}. Gi can be easily
realized by applying the mapping ψ : F

Ni
q → {0, 1}Ni·q from Proposition 4.5.6. More

precisely, let τ be the restriction of ψ on Ai ∪ Bi. Below we argue about the density of

32Note that, for sufficiently large Ni, one can take the ceilings (or floors) of the specified values to get
integers with negligible affect to the calculations.
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Gi and that τ is a (2∆(C2), 1 + µ)-gap-realization of Gi where µ = ∆(C1)−1
∆(C2)

− 1. Note
that

µ ≥ a2 − a1 − 1
Ni − a2

= Ω(1/q).

Let us now check that Gi and τ satisfy all the claimed properties:

• First, notice that |Ei| is exactly |C1| · |B(s, ∆(C2))∩C1| ≥ Ω(|C1|1.5−δ) = Ω(n1.5−δ
i ).

• For any v1 = ψ(c1), v2 = ψ(c2) both from Xi or both from Yi, we have c1 − c2 ∈
C1 \ {0}. Hence, ‖v1 − v2‖0 = 2 · ∆(v1, v2) ≥ 2 · ∆(C1) > (1 + µ) · (2∆(C2)).

• Next, for every a ∈ Ai and b ∈ Bi, we have a− b ∈ C2 \ {0}. Thus, ∆(a, b) ≥
∆(C2). Hence, ‖τ(a)− τ(b)‖0 = 2∆(a, b) ≥ 2∆(C2). Moreover, the inequality is
an equality if and only if ∆(a, b) = ∆(C2), i.e., (a, b) ∈ Ei as desired.

Given C1, C2, the running time of constructing (Xi, Yi) is O(|C1| · |C2| · q2) = O(n3
i ).

Moreover, the running time to construct C1 and C2, as given by Lemma 4.7.8, is

O
((

N + a2 − 1
a2

)
· |C2| · poly(Ni)

)
≤ O ((e(N + a2)/a2)

a2 · |C2| · poly(Ni))

≤ O ((2e
√

q)a2 · |C2| · poly(Ni))

≤ O (|C1| · |C2| · poly(Ni))

≤ O(n3
i ),

where the last two inequalities are true for any sufficiently large q.

4.8 Inapproximability of Maximum Inner Product

In this section, we prove the hardness of approximating MIP. Once again, we show a
stronger version (than Theorem 4.1.6) where every point has Boolean coordinates, as
stated below.

Theorem 4.8.1. Assuming OVH, for every ε > 0, there is no algorithm running in O(n2−ε)

time for γ-MIP even for points in {0, 1}no(1)
, for any γ ≤ 2(log n)1−o(1)

.

The proof proceeds in two steps: first, we show hardness of approximating MIP

in low dimension but with a small (1 + o(1)) approximation factor. Second, we use
tensor product operation to amplify the gap to be almost polynomial, as stated in
Theorem 4.8.1. More specifically, in the first step, we prove the following:
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Theorem 4.8.2. Assuming OVH, for every ε > 0, there exists sε > 0 such that no algorithm
running in O(n2−ε) time can solve

(
1 + 1

log log n

)
-MIP even for points in {0, 1}(log n)sε

.

Note that the factor 1
log log n is not significant, and this can be replaced by any o(1)

factor; we use this just to make the calculations more concrete. Before we move on to
the proof of Theorem 4.8.2, let us first show how it implies Theorem 4.8.1.

Proof of Theorem 4.8.1 from Theorem 4.8.2. Let (P, α) be an instance of
(

1 + 1
log log n

)
-MIP

where P ⊆ {0, 1}(log n)sε
. For t =

log n
(log log n)2 , define P′ = {x⊗t | x ∈ P}, α′ = αt

and γ =
(

1 + 1
log log n

)t
= 2(log n)1−o(1)

. The dimension of points in P′ is (log n)sε·t =

no(1). Moreover, it is easy to check, based on the identity
〈
x⊗t, y⊗t〉 = 〈x, y〉t, that

(P′, α′) is a YES (resp. NO) instance of γ-MIP iff (P, α) is a YES (resp. NO) instance of(
1 + 1

log log n

)
-MIP.

In other words, if there is an O(n2−ε) time algorithm for γ-MIP in no(1) dimension,
then there also exists an O(n2−ε) subquadratic time algorithm for

(
1 + 1

log log n

)
-MIP

in (log n)sε dimension. Thus, Theorem 4.8.1 follows from Theorem 4.8.2.

The rest of this section is devoted to proving Theorem 4.8.2. To do so, we consider
the gap-Additive-BMIP problem.

Definition 4.8.3 (γ-Additive-BMIP problem). Let γ ≥ 0. In the γ-Additive-BMIP problem
we are given two sets A, B each of n points in {0, 1}d and an integer α ∈ [d] as input, and the
goal is to distinguish between the following two cases.

• Completeness. There exists (a, b) ∈ A× B such that 〈a, b〉 ≥ α.

• Soundness. For every (a, b) ∈ A× B we have 〈a, b〉 < α− γ.

We need the below hardness result from [Rub18]. Note that the result is stated
differently in [Rub18]; for how the result in [Rub18] implies the one below, see Section
3.2 of [Che18a].

Theorem 4.8.4 ([Rub18]). Assuming OVH, for every ε > 0, there is no algorithm running in
O(n2−ε) time for the γ-Additive-BMIP problem, for any d = ω(log n) and γ = o(d).

Proof of Theorem 4.8.2. For any ε > 0, let Cexp be the constant such that the dimension
of τ in Theorem 4.7.4 is at most (log ni)

Cexp/ε for δ = ε/2. We define sε as 2 ·Cexp/ε + 2.

Suppose contrapositively that there exists ε > 0 and an algorithmA that can solve(
1 + 1

log log n

)
-MIP of dimension (log n)sε in time n2−ε. We will construct an algorithm
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A′ that solves (log n)-Additive-BMIP in time n2−ε′ for some constant ε′ > 0 (to be spec-
ified below) for d = (log n

√
log log n) dimensions. Together with Theorem 4.8.4, this

implies that OVH is false, as desired.

Let Cε denote the constant of the log-dense sequence from Theorem 4.7.4 for
δ = ε/2, and let ε′ be 0.01 · ε/Cε. The algorithm A′ on input (A, B, α) where A, B ⊆
{0, 1}d, α ∈ [d] works as follows:

1. Let n′ be the largest number in the sequence from Theorem 4.7.4 with δ = ε/2
s.t. n′ ≤ n0.1.

2. Let G′ = (A′∪̇B′, E′) be the graph from Theorem 4.7.4 with |A′| = |B′| = n′,
|E′| ≥ Ω((n′)2−δ), and τ : A′∪̇B′ → {0, 1}(log n′)Cexp/ε

be a (β, 3)-gap-IP-relization
of G′ where β ∈N.

3. We use the algorithm from Lemma 4.5.4 to find π1, . . . , πk where k = O((n′)δ log n′)
such that the union of EG′π1

, . . . , EG′πk
is EKn′ ,n′

4. We assume w.l.o.g. that n is divisible by n′. Partition A and B into A1, . . . , An/n′

and B1, . . . , Bn/n′ each of size n′. For each i, j ∈ [n/n′], t ∈ [k], do the following:

(a) Let τt be an appropriate permutation of τ that (β, 3)-gap-IP-realizes G′πt
.

(b) Let α′ = β · α + 3d · β, and define At
i , Bt

j as

At
i = {(1β⊗ a) ◦ (13d⊗ τt(a)) | a ∈ Ai}, Bt

j = {(1β⊗b) ◦ (13d⊗ τt(b)) | b ∈ Bj}.

(c) Run A on (At
i ∪̇Bt

j , α′). If A outputs YES, then output YES and terminate.

5. If none of the executions of A returns with YES, then output NO.

Observe that the bottleneck in the running time of the algorithm is in the ex-
ecutions of A. The number of executions is (n/n′)2 · k and each execution takes
O((n′)2−ε) time. Hence, in total the running time of the algorithm A′ is O((n/n′)2 ·
k · (n′)2−ε) ≤ O(n2 log n · (n′)−ε/2). Now, from the log-density of the sequence from
Theorem 4.7.4, we have n′ ≥ n0.1/Cε = n10ε′/ε. As a result, the running time of A is at
most O(n2−5ε′ log n) ≤ O(n2−ε′) as desired.

To see the correctness of the algorithm, first observe that the dimensions of vec-
tors in At

i , Bt
j are at most β · d + 3d · (log n′)Cexp/ε which is at most (log n)sε for any

sufficiently large n; that is, the calls to A are valid. Next, observe that, if (A, B, α) is a
YES instance of Additive-BMIP, there must be i, j ∈ [n/n′] and a∗ ∈ Ai, b∗ ∈ Bj such
that 〈a∗, b∗〉 is at least α. Since G′π1

, . . . , G′πk
covers Kn′,n′ , there must be t ∈ [k] such that
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〈τt(a∗), τt(b∗)〉 ≥ β. As a result,
〈
(1β ⊗ a∗) ◦ (13d ⊗ τt(a∗), (1β ⊗ b∗) ◦ (13d ⊗ τt(b∗))

〉
≥

β · α + 3d · β = α′. Thus, (At
i ∪ Bt

j , α′) is a YES instance for MIP and A′ outputs YES as
desired.

Finally, let us assume that (A, B, α) is a NO instance of (log n)-Additive-BMIP. Con-
sider any i, j ∈ [n/n′] and t ∈ [k]. To argue that (At

i ∪ Bt
j , α′) is a NO instance for(

1 + 1
log log n′

)
-MIP, we have to show that any two points in At

i ∪ Bt
j have inner prod-

uct less than α′/
(

1 + 1
log log n′

)
. To see this, let us consider two cases.

1. The two points are either both from At
i or both from Bt

j . Assume w.l.o.g. that the
two points are from At

i ; let them be (1β ⊗ a) ◦ (13d ⊗ τt(a)) and (1β ⊗ a′) ◦ (13d ⊗
τt(a′)). Recall that, from Theorem 4.7.4, we must have 〈τt(a), τt(a′)〉 < β/3.
Moreover, since a, a′ ∈ {0, 1}d, we have 〈a, a′〉 ≤ d. Thus, we can conclude that〈

(1β ⊗ a) ◦ (13d ⊗ τt(a)), (1β ⊗ a′) ◦ (13d ⊗ τt(a′))
〉
< β · d + 3d · (β/3)

< (2/3) · α′,

which is less than α′/
(

1 + 1
log log n′

)
for any sufficiently large n.

2. One of the point is from At
i and the other from Bt

j . Let them be (1β ⊗ a) ◦
(13d ⊗ τt(a)) and (1β ⊗ b) ◦ (13d ⊗ τt(b)). Since (A, B, α) is a NO instance of
(log n)-Additive-BMIP, we must have 〈a, b〉 < α− log n. Furthermore, from The-
orem 4.7.4, we must have 〈τt(a), τt(b)〉 ≤ β. Combining the two implies that〈

(1β ⊗ a) ◦ (13d ⊗ τt(a)), (1β ⊗ b) ◦ (13d ⊗ τt(v))
〉
< β · (α− log n) + 3d · β
= α′ − β · (log n)

(Since α′ ≤ 4dβ) ≤ α′
(

1− 1
4
√

log log n

)

≤ α′
(

1− 1
log log n′

)
≤ α′/

(
1 +

1
log log n′

)
,

where the second-to-last inequality holds for any sufficiently large n.

Hence, (At
i ∪̇Bt

j , α′) must be a NO instance for
(

1 + 1
log log n′

)
-MIP for every t ∈ [k]

and i, j ∈ [n/n′]. Thus, A′ outputs NO as desired.
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4.9 Inapproximability of Closest Pair

In this section, we prove the hardness of approximating CP (Theorem 4.1.5). As usual,
we reduce from the bichromatic version of the problem, and the lower bound for the
bichromatic version is stated below:

Theorem 4.9.1 (Rubinstein [Rub18]). Assuming OVH, for every ε > 0 there exists κ > 0
such that there is no algorithm running in n2−ε time for (1+ κ)-BCP in the Hamming metric.
Moreover, this holds even for instances (A, B, α) of (1 + κ)-BCP when d = Θε(log n), α =

Θε(log n) and A, B ⊆ {0, 1}d.

Again, we prove below the inapproximability of the gap-CP problem for Boolean
vectors. Clearly, this immediately implies Theorem 4.1.5.

Theorem 4.9.2. Assuming OVH, for every ε > 0, there exists θ > 0 and c > 0 such that there
is no algorithm running in n1.5−ε time for (1 + θ)-CP in the Hamming metric for point-set in
{0, 1}c·log n.

Proof. Assume towards a contradiction that there exists an ε > 0 and an algorithm A
that, for every θ > 0 solves (1 + θ)-CP of dimension c · log n in time O(n1.5−ε), where
c := c(ε) is a constant that will be specified later. Let ε′ > 0 be a small constant
(depending on ε) that we will specify below and let κ = κ(ε′) be as in Theorem 4.9.1.
We construct below an algorithm A′ that solves (1 + κ)-BCP in time O(n2−ε′) for any
instance (A, B, α) such that A, B ⊆ {0, 1}O(log n) and α = Θ(log n). Together with
Theorem 4.9.1, this implies that OVH is false, as desired.

Let Cε denote the constant of the log-dense sequence from Theorem 4.7.9 for δ =

ε/2, and let ε′ be 0.01 · ε/Cε. Let µ be the constant from Theorem 4.7.9. Select θ > 0 be
a sufficiently small constant such that µ−θ

1+θ > θ
κ−θ .

The algorithm A′ on (A, B, α) where A, B ⊆ {0, 1}O(log n), α = Θ(log n) works as
follows:

1. Let n′ be the largest number in the sequence from Theorem 4.7.9 with δ = ε/2
s.t. n′ ≤ n0.1.

2. Let G′ = (A′∪̇B′, E′) be the graph from Theorem 4.7.9 with |A′| = |B′| = n′,
|E′| ≥ Ω((n′)1.5−δ), and τ : A′∪̇B′ → {0, 1}O(log n′) be a (β, 1 + µ)-gap-relization
of G′ where β ∈N and β = Θ(log n′).

3. We use the algorithm from Lemma 4.5.4 to find π1, . . . , πk where k = O((n′)0.5+δ log n′)
such that the union of EG′π1

, . . . , EG′πk
is EKn′ ,n′
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4. We assume w.l.o.g. that n is divisible by n′. Partition A and B into A1, . . . , An/n′

and B1, . . . , Bn/n′ each of size n′. For each i, j ∈ [n/n′], t ∈ [k], do the following:

(a) Let τt be an appropriate permutation of τ that (β, 1 + µ)-gap-realizes G′πt
.

(b) Pick r1, r2 such that

θ

κ − θ
· β

α
≤ r1

r2
≤ µ− θ

1 + θ
· β

α
. (4.18)

Notice that the upper and lower bounds are Θ(1) and they are also Θ(1)
apart. Hence, we can pick these r1, r2 so that r1, r2 = Θ(1).

(c) Let α′ = r1 · α + r2 · β and define At
i , Bt

j as

At
i = {(1r1 ⊗ a) ◦ (1r2 ⊗ τt(a)) | a ∈ Ai},

Bt
j = {(1r1 ⊗ b) ◦ (1r2 ⊗ τt(b)) | b ∈ Bj}.

(d) Run A on (At
i ∪ Bt

j , α′). If A outputs YES, then output YES and terminate.

5. If none of the executions of A returns with YES, then output NO.

Observe that the bottleneck in the running time of the algorithm is in the ex-
ecutions of A. The number of executions is (n/n′)2 · k and each execution takes
O((n′)1.5−ε) time. Hence, in total the running time of the algorithm A′ is O((n/n′)2 ·
k · (n′)1.5−ε) ≤ O(n2 log n · (n′)−ε/2). Now, from the log-density of the sequence from
Theorem 4.7.9, we have n′ ≥ n0.1/Cε = n10ε′/ε. As a result, the running time of A is at
most O(n2−5ε′ log n) ≤ O(n2−ε) as desired.

To see the correctness of the algorithm, first observe that the dimensions of vectors
in At

i , Bt
j are at most r1 · α + r2 · β which is O(log n′); that is, the calls to A are valid.

Next, observe that, if (A, B, α) is a YES instance of BCP, there must be i, j ∈ [n/n′] and
a∗ ∈ Ai, b∗ ∈ Bj such that ‖a∗ − b∗‖0 is at most α. Since G′π1

, . . . , G′πk
covers Kn′,n′ ,

there must be t ∈ [k] such that ‖τt(a∗)− τt(b∗)‖0 ≤ β. As a result, ‖((1r1 ⊗ a∗) ◦ (1r2 ⊗
τt(a∗))− ((1r1 ⊗ b∗) ◦ (1r2 ⊗ τt(b∗)))‖0 ≤ r1 · α + r2 · β = α′. Thus, (At

i ∪ Bt
j , α′) is a

YES instance for CP and A′ outputs YES as desired.

Finally, let us assume that (A, B, α) is a NO instance of (1 + κ)-BCP. Consider any
i, j ∈ [n/n′] and t ∈ [k]. To argue that (At

i ∪ Bt
j , α′) is a NO instance for (1 + θ)-CP, we

have to show that any two points in At
i ∪ Bt

j have distance more than α′. To see this,
let us consider two cases.

1. Both points are either from At
i or from Bt

j . Assume w.l.o.g. that they are from
At

i ; let them be (1r1 ⊗ a) ◦ (1r2 ⊗ τt(a)) and (1r1 ⊗ a′) ◦ (1r2 ⊗ τt(a′)). Recall that,
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from the definition of X′t and Theorem 4.7.9, we must have ‖τt(a)− τt(a′)‖0 >

(1 + µ) · β. Thus, the Hamming distance between the two points is more than
r2 · (1 + µ) · β ≥ (1 + θ) · α′, where the inequality comes from our choice of r1, r2.

2. One of the point is from At
i and the other from Bt

j . Let them be (1r1 ⊗ a) ◦ (1r2 ⊗
τt(a)) and (1r1 ⊗ b) ◦ (1r2 ⊗ τt(b)). Since (A, B, α) is a NO instance of (1 + κ)-
BCP, ‖a − b‖0 > (1 + κ) · α. Moreover, from definition of τt, we must have
‖τt(a) − τt(b)‖0 ≥ β. Combining the two implies that the distance between
(1r1 ⊗ a) ◦ (1r2 ⊗ τt(a)) and (1r1 ⊗ b) ◦ (1r2 ⊗ τt(b)) is more than r1 · (1 + κ) · α +

r2 · β ≥ (1 + θ) · α′, where the inequality is once again from our choice of r1, r2.

Hence, (At
i ∪̇Bt

j , α′) must be a NO instance for (1 + θ)-CP for every t ∈ [k] and i, j ∈
[n/n′]. Thus, A′ outputs NO as desired.

4.10 Lower Bound on Gap Closest Pair in Edit Distance
Metric

In this section we prove Theorem 4.1.7. The proof is almost identical to Rubinstein’s
[Rub18] proof for the OVH-hardness of gap-BCP in the edit distance metric and uses
the following technical tool established in [Rub18].

Lemma 4.10.1 (Rubinstein [Rub18]). For large enough d ∈ N, there is a function ζ :
{0, 1}d → {0, 1}d′ , where d′ = O(d log d), such that for all a, b ∈ {0, 1}d the following holds
for some constant λ > 0:

|ed(ζ(a), ζ(b))− λ · log d · ‖a− b‖0| = o(d′).

Moreover, for any a ∈ {0, 1}d, ζ(a) can be computed in 2o(d) time.

At a high level, ζ picks a random O(log d)-bit string si,x uniformly and indepen-
dently for every (i, x) ∈ [d]× {0, 1}, and for every vector u ∈ {0, 1}d, replaces the ith

coordinate ui by si,ui . The claims in the lemma statement follow by the known con-
centration bounds on the edit distance of random strings [McD89, Lue09]. This con-
struction is further efficiently derandomized by using log d-wise independent strings
[Kop13].

Proof of Theorem 4.1.7. We show that if there exists an algorithm A running in time
O(n1.5−ε) for some ε > 0 that can solve (1 + δ)-CP in the edit distance metric for some
δ > 0 over point-sets in {0, 1}d′ , then A can be used to solve (1 + δ− o(1))-CP in the
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Hamming metric in time O(n1.5−ε) over point-sets in {0, 1}d, where d′ = O(d log d).
Together with Theorem 4.9.2, this implies that OVH is false, as desired.

Let (P, α) be an instance of (1 + δ)-CP in the Hamming metric over point-sets in
{0, 1}d. It is clear33 from the proofs of Theorem 4.9.1 and Theorem 4.9.2 that α = Ω(d).
We now define an instance of (P′, α′ := (1 + o(1)) · λ log d · α) of (1 + δ − o(1))-CP
in the edit distance metric as follows. Recall the function ζ from Lemma 4.10.1 and
define the set P′ = {ζ(p) | p ∈ P}. Notice that for every pair of distinct points
p, q ∈ P, we have |ed(ζ(p), ζ(q)) = λ · log d · ‖p− q‖0| = o(d′). In other words if we
had a pair of distinct points p, q in P such that ‖p − q‖0 ≤ α then, ed(ζ(p), ζ(q)) ≤
λ log d · α + o(d′) = (1 + o(1)) · λ log d · α and suppose for all pairs of distinct points
p, q ∈ P we had ‖p − q‖0 > (1 + δ) · α then ed(ζ(p), ζ(q)) > λ log d · (1 + δ) · α −
o(d′) > (1 + δ − o(1))λ log d · α, since α = Ω(d). This completes the analysis of the
completeness and soundness cases, and we can conclude that running A on input
(P′, α′) solves the instance (P, α) of (1 + δ)-CP in the Hamming metric.

4.11 Discussion and Open Questions

It remains open to completely resolve Open Questions 4.1.1 and 4.1.2. It is still possible
that our framework can be used to resolve these problems: we just need to construct
gadgets with better parameters! In particular, to resolve Question 4.1.1, we have to im-
prove the dimension bound in Theorem 4.6.2 to Oδ(log ni). For Question 4.1.2, we just
have to improve the bound in Theorem 4.7.9, i.e., improve the bound on the number of
pairs in (3) of Lemma 4.7.8 to Ω(n2−δ

i ). Following our observation from Lemma 4.7.1,
this motivates us to ask the following purely coding theoretic question:

Open Question 4.11.1. For every 0 < δ < 1, are there linear codes C1 ⊆ C2 ⊆ FN
q both of

block length N over alphabet Fq such that the following holds:

• ∆(C1) ≥ (1 + f (δ)) · ∆(C2), for some f : (0, 1)→ (0, 1).

• |A∆(C2)(C2)|/|C2| ≥ |C1|−δ.

Apart from the aforementioned questions, Rubinstein [Rub18] pointed out an
interesting obstacle, aptly dubbed the “triangle inequality barrier”, to obtain fine-
grained lower bounds against 3-approximation algorithms for BCP (see Open Ques-
tion 3 in [Rub18]). In the case of CP, this barrier turns out to be against 2-approximation
algorithms. We reiterate this below as an open problem to be resolved:

33In fact, one can design a 2α · n log n time algorithm for CP in the Hamming metric, and therefore to
assume OVH, we require α = Ω(d).
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Open Question 4.11.2. Can we show that assuming SETH, for some constant ε > 0, no
algorithm running in time n1+ε can solve 2-CP in any metric when the points are in ω(log n)
dimensions?

Another interesting direction is to extend the hardness of MIP to the k-vector gen-
eralization of the problem, called k-MIP. In k-MIP, we are given a set of n points P ⊆ Rd

and we would like to select k distinct points a1, . . . , ak ∈ P that maximizes

〈a1, . . . , ak〉 := ∑
j∈[d]

(a1)j · · · (ak)j.

It is known that the k-chromatic variant of k-MIP is hard to approximate (see Ap-
pendix B of [KLM19]) but this is not known to be true for k-MIP itself. Our approach
seems quite compatible to tackling this problem as well; in particular, if we can con-
struct a certain (natural) generalization of our gadget for MIP, then we would immedi-
ately arrive at the inapproximability of k-MIP even for {0, 1}-entries vectors. The issue
in constructing this gadget is that we are now concerned about agreements of more
than two vectors, which does not correspond to error-correcting codes anymore and
some additional tools are needed to argue for this more general case.

It should be noted that the hardness of approximating k-MIP for {0, 1}-entry vec-
tors is equivalent to the one-sided k-biclique problem [Lin18], in which a bipartite graph
is given and the goal is to select k vertices on the right that maximize the number of
their common neighbors. The equivalence can be easily seen by viewing the coordi-
nates as the left-hand-side vertices and the vectors as the right-hand-side vertices. The
one-sided k-biclique was shown to be W[1]-hard to approximate by Lin [Lin18] who
also showed a lower bound of nΩ(

√
k) for the problem assuming ETH. If the gener-

alization of our gadget for k-MIP works as intended, then this lower bound can be
improved to nΩ(k) under ETH and even nk−o(1) under SETH.

The one-sided k-biclique is closely related to the (two-sided) k-biclique problem,
where we are given a bipartite graph and we would like to decide whether it contains
Kk,k as a subgraph. The k-biclique problem was considered a major open problem
in parameterized complexity (see e.g., [DF13]) until it was shown by Lin to be W[1]-
hard [Lin18]. Nevertheless, the running time lower bound known is still not tight:
currently, the best lower bound known for this problem is nΩ(

√
k) both for the exact ver-

sion (under ETH) [Lin18] and its approximate variant (under Gap-ETH) [CCK+17]. It
remains an interesting open question to close the gap between the above lower bounds
and the trivial upper bound of nO(k). Progresses on the one-sided k-biclique problem
could lead to improved lower bounds for k-biclique problem too, although several
additional steps have to be taken care of.
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Chapter 5

Inapproximability of Clustering

In this chapter, we prove improved inapproximability results for clustering problems
associated with finding classifications that optimize the k-means and k-median objec-
tives. The contents of this chapter are based on [CK19].

5.1 Introduction

Clustering is a classic, routinely-used process to solve a large variety of problems faced
when performing unsupervised learning, analysing large amount of data, solving in-
formation retrieval problems, or detecting communities in social networks. Given a
dataset and a metric defined over the data elements, a clustering is a partition of the
data such that similar data elements are in the same part. Hence, a clustering allows
to extract information from the data by identifying data elements that share common
features. Clustering problems have thus become of fundamental importance and have
therefore received a considerable amount of attention through the years.

Arguably, the k-means and k-median objectives are the most successful models for
clustering problems. They have been studied since the 60’s and the most popular algo-
rithms used in practice, such as the famous KMEANS++ algorithm [AV07] or Lloyd’s
method, are designed so as to optimize the classic k-means objective: given a set of
points P in a metric space, find a set of k points, called centers, in the metric space so
as to minimize the sum of squared distances from each point to its closest center (see
Section 5.1.1 for a slightly more formal definition). Similarly, the k-median objective
asks to minimize the sum of distances from each point to its closest center.

Therefore, the question of designing algorithms for optimizing the k-means and
k-median objectives has taken a preponderant role in both theory and practice. From
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a theory perspective, both problems are unfortunately NP-Hard, even when the un-
derlying metric space is the Euclidean plane [MS84] but admits a PTAS when d is a
fixed constant [CAKM16, FRS16, KR07, Coh18, CFS18]. Nonetheless, for several ap-
plications arising in machine learning and data analysis, the dimension of the point set
corresponds to the number of features of the datasets which is large in many datasets.
Thus, researchers have considered the k-median and k-means in Euclidean space of arbi-
trary dimension, in more general metric spaces, or through the lenses of parameterized
complexity. For general metric spaces, both problems are known to be hard to approxi-
mate within respectively a 1+ 2/e and 1+ 4/e factor since the late 90’s [GK99]. After a
long line of work, the best known approximation algorithms for general metric inputs
achieve 2.67- and 9-approximation for k-median and k-means respectively [BPR+15,
ANSW16]. Then it becomes natural and of practical significance to ask whether there
exist better approximation algorithms for Euclidean inputs.

However, our understanding of the Euclidean clustering inputs is pretty lim-
ited. The best known hardness of approximation for O(log n)-dimensional `p met-
rics, where p is finite, is due to the celebrated result of Trevisan [Tre00] and remains
below 1.01. While this result was later extended to `∞ metrics by Guruswami and In-
dyk [GI03] who obtained comparable hardness bounds, little progress has been made
over the last 15 years and the hardness of approximation for these problems remains
below 1.01, even for `∞ metrics34. In fact, showing hardness of approximation in Eu-
clidean space for min-sum objectives is a fundamental challenge. For most of the clas-
sic optimization problems in metric spaces such as the traveling salesman problem
(TSP), Steiner tree (ST), or k-median and k-means, the best known hardness of approx-
imation are also obtained through the work of Trevisan [Tre00] and Guruswami and
Indyk [GI03], and also remains below 1.01. Even after the advances on hardness of
approximation based on the unique games conjecture, no better hardness has been
established for these problems in `p-metrics.

This stands in sharp contrast to the best known approximation ratios for the k-
means and k-median problems and creates a somewhat frustrating situation: for exam-
ple, the current approximation ratio for the k-median in any `p metric is the same than
for general metrics while the hardness of approximation in `p metrics is below 1.01
and 1 + 2/e in general metric spaces, inducing a significantly worse gap for `p met-
rics. A somewhat less frustrating case is the k-means problem, for which Ahmadian
et al. [ANSW16] have recently shown how to use the structure of the `2 metric to ob-
tain an approximation ratio of 6.47 improving upon the approximation ratio of 9 for
general metric space. Yet, the best known hardness of approximation for the k-means

34Note that `∞-metric of large dimension are not of high interest since hardness of approximation for
general metric spaces applies.
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problem in the `2 metric remains below 1.01.

This also stands in contrast with the problem of showing NP-hardness for com-
puting exact solutions to clustering problem in `p-metrics, a question which is much
better understood. For example, when parameterized by the number of centers, k,
both the k-median and k-means problems are known to be W[1]-hard, even in R4 and
to not admit a better than no(k) exact algorithm assuming the exponential time hy-
pothesis [CADMRR18]. However, and perhaps surprisingly, a (1 + ε)-approximation
running in time 2Õ(k/εO(1))nd [dlVKKR03, KSS04] is known for the `2 metric of arbi-
trary dimension d while there is no better than 1 + 2/e-approximation algorithm for
general metrics running in time f (k, ε)no(k) for any arbitrary computable function f ,
assuming the Gap-ETH conjecture.

Yet, in terms of hardness of approximation no significant progress has been made.
Bridging the gap between upper and lower bound on the approximability of the k-
means and k-median problems in Euclidean instances is thus an important open prob-
lem.

“Discrete” vs “Continuous”. Unfortunately, our poor understanding of the k-means
and k-median problems does not stop here. To explain this we need to distinguish be-
tween two variants of the k-median and k-means problems: the discrete and continuous.
In the discrete case, centers have to be chosen from a specific set of so-called candidate
centers that is part of the input, while in the continuous case, centers can be chosen
arbitrarily in the `p metric.

While hardness of approximation for the discrete variant has been known since
the work of Trevisan [Tre00] and Guruswami and Indyk [GI03] as mentioned earlier,
the hardness of the continous version has remained an open problem. Dasgupta first
showed that the problem is NP-Hard in large dimension O(log n) [Das08]. A recent
work of Awasthi et al. [ACKS15] showed the APX-Hardness of problem and the in-
approximability bound was recently improved to 1.0013 by Lee et al. [LSW17] for k-
means. Yet, we do not know of an better approximation algorithm for the continuous
version and so the best known approximation algorithm achieves a 6.47-approximation.

Previous Approaches. One of the main roadblock for obtaining higher hardness of
approximation is perhaps the “degree constraint”. More concretely, the embedding
technique that is used by Trevisan [Tre00] for `p, where p = O(1) and by Guruswami
and Indyk [GI03] for `∞ requires to reduce from a “bounded degree” instance of a
covering problem, such as vertex cover on bounded degree graphs. However, the
hardness of approximation for these problems is very close to 1 and, combined with
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the loss induced by the embedding, this cannot lead to a hardness greater than 1.01.
For example, the recent approach of Awasthi et al. [ACKS15] and Lee et al. [LSW17]
is a reduction from vertex cover on triangle-free graphs which introduces a direct em-
bedding for the k-means problem. Unfortunately, the gap of the reduction is also a
function of the degree of the input graph, and so requires that the instance of vertex
cover has bounded degree. While this approach is, as we will see, more flexible with
respect to the degree, it is tailored to the k-means problem and the `2 metric.

We bypass the above barriers in two ways. We first provide better reductions,
based on the vertex coverage problems, which through a careful analysis lead to a
higher gap. While these reductions are satisfactory for the `2-metric, since they imply
hardness of approximation for the problems in O(log n)-dimensional space using the
Johnson-Lindenstrauss lemma [JL84], they only lead to hardness of approximation for
the problems in `1− and `∞−metrics of dimension Ω(n). We then use a interesting,
and perhaps surprising, blend of communication protocol and embedding techniques
to extend the result to O(log n)-dimensional space. We discuss these ideas further in
Section 5.1.2.

5.1.1 Our Results

Given two sets of points P and C in a metric space, we define the k-means cost of P
for C as the ∑p∈P minc∈C dist(p, c)2 and the k-median cost as the ∑p∈P minc∈C dist(p, c).
Given a set of point P, the k-means (respectively k-median) objective is the minimum
over all C of the k-means (respectively k-median) cost of P for C. Given a point p ∈ P,
the contribution to the k-means (respectively k-median) cost of p is minc∈C dist(p, c)2

(respectively minc∈C dist(p, c)).

For every p ∈ R≥1 ∪ {∞}, we define two quantities ζ1(p) and ζ2(p) (see Sec-
tion 5.2.1 for details). The behavior of these quantities is quite intricate, but for our
purpose it suffices to know their values p = 1, 2, and ∞. We show that ζ1(1) = 1.1138,
ζ2(1) = 1.4552, ζ1(2) ≈ 1.048, ζ2(2) ≈ 1.137, and as p→ ∞, we have ζ1(p)→ ζ1(∞) =

ζ1(1) and ζ2(p)→ ζ2(∞) = ζ2(1).

5.1.1.1 Inapproximability Results with Candidate Centers

We start by presenting our results on the “discrete” k-median and k-means problems. In
these versions, the centers must be chosen from a specific set of points of the metric.
We start with an informal statement.

Theorem 5.1.1 (Informal statement). Assuming the unique games conjecture, given n points
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and poly(n) candidate centers in O(log n)-dimensional space it is NP-hard to approximate

• the k-means objective within a 1.13 factor in `2, and 1.45 factor in `1 and `∞.

• the k-median objective within a 1.048 factor in `2, and 1.11 factor in `1 and `∞.

Our above results generalizes to any `p-metric, with a bound which depends on
the underlying metric and on the problem.

Theorem 5.1.2 (Informal statement of Theorems 5.4.8 and 5.4.9). Let p ∈ R≥1 ∪ {∞}.
Assuming the unique games conjecture, given n points and poly(n) candidate centers in
O(log n) dimensional `p-metric space it is NP-hard to distinguish between the following two
cases:

• Completeness: The k-means objective (resp. k-median objective) is at most β (resp. β′),

• Soundness: The k-means objective (resp. k-median objective) is at least ζ2(p) · β (resp.
ζ1(p) · β′),

where β (resp. β′) is some positive real number depending only on n.

5.1.1.2 Inapproximability Results without Candidate Centers

We then move to the “continuous” version of the problems. Here, centers can be
placed anywhere in the metric space.

Theorem 5.1.3 (k-means in Euclidean metric; Informal statement of Theorem 5.4.11).
Assuming the unique games conjecture, given n points in O(log n) dimensional Euclidean
space it is NP-hard to distinguish between the following two cases:

• Completeness: The k-means objective is at most β,

• Soundness: The k-means objective is at least 1.0569 · β,

where β is some positive real number depending only on n. Moreover, the above hardness holds
even when the n points have all their coordinate entries in {0, 1}.

For the k-median problem without candidate centers, it is in fact more natural to
consider the `1-metric. Indeed, given a set of points in the `2-metric, computing the
median of this set of points is hard, even in the Euclidean plane and no exact algorithm
is known. However, in the case of the `1-metric, it follows easily, it is as simple as
computing the location of the mean of a set of points in `2. We thus show.
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Theorem 5.1.4 (k-median in `1-metric; Informal statement of Theorem 5.4.10). Assuming
the unique games conjecture, given n points in O(log n) dimensional `1-metric space it is NP-
hard to distinguish between the following two cases:

• Completeness: The k-median objective is at most β,

• Soundness: The k-median objective is at least 1.056 · β,

where β is some positive real number depending only on n. Moreover, the above hardness holds
even when the n points have all their coordinate entries in {0, 1}.

This theorem is obtained through an intermediate hardness of approximation
proof in the Hamming metric, and then through a direct argument. The above k-
means theorem can be extended to Hamming metric so as to obtain a slightly higher
inapproximability gap of 1.17.

5.1.2 Proof Overview

We now give an overview of our techniques.

5.1.2.1 Warm up

To better understand the state of the art for the hardness of approximation for clus-
tering problems and the different barriers to obtain hardness of approximation for
k-median and k-means, let us recall the result of Guha and Khuller [GK99] who showed
the 1+2/e hardness of approximation for k-median in general metric spaces.

Given an instance of the set cover problem, where S denote the sets and U denote
the universe, create an instance of the k-median (or k-means) instance by creating a
candidate center cS for each set S ∈ S and a point pu to be clustered for each element
u ∈ U . Then, set the distances from pu to each cS such that u ∈ S to be 1 and from pu

to each cS such that u /∈ S to be 3. Other distances are set so as to satisfy the triangle
inequality. It is then easy to see that the instance generated is a metric. Now, standard
inapproximability result for set cover or for variants such as set coverage imply that it
is hard to distinguish between an instance where there is a set of size k covering the
universe, and an instance where no set of size k covers more than a (1− 1/e) of the
universe. Thus, this implies that it is hard to distinguish between an instance of the
k-median problem where all points are at distance exactly 1 from their center, and so of
cost |U | and an instance where for any set of k centers, the number of points at distance
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1 is at most (1− 1/e)|U | (and the remaining ones are at distance 3). Hence, hard to
distinguish between an instance of cost |U | and an instance of cost (1 + 2/e)|U |.

While this reduction yields high inapproximability results in general metric spaces,
and so in `∞-metrics of dimension Ω(n) through the Fréchet embedding of general
metric spaces to `∞, it seems unrealistic that it can be adapted to `1- or `2-metrics, or
even O(log n)-dimensional `∞-metrics.

This is mainly due to the high degree of the hard set cover instances. Indeed,
let d ∈ N and δ ∈ (0, 1) be such that d > 1

1−δ2 . Then it seems unlikely that we can
embed (in any dimension) every d-regular graph into `2 metric space such that every
pair of vertices which had an edge are at distance δ and every non-adjacent pair are at
distance 1. The intuition for the previous statement stems from Theorem 5 in [Mae91],
which is a special case of the above claim. In other words, the above claim basically
says that the maximum gap one can hope for is poly(1/d). This is a constant only
when d is a constant.

Another argument for this to be an important roadblock is given recent advances
on the parameterized complexity of the problem (parameterized by k), we observe that
high dimensional Euclidean space admits a PTAS for k-median and k-means, while ar-
bitrary metric spaces don’t (assuming Gap-ETH). The proof that general metric spaces
don’t admit a fixed-parameter approximation schemes is very similar and so, having
an embedding to high dimensional Euclidean space of the above type of instances
would contradict Gap-ETH.

5.1.2.2 Inapproximability in High Dimensions

To obtain our hardness results in high dimensions we will start from the α-vertex
coverage problem: given a graph G(V, E) and a parameter k as input, the goal is to
distinguish between the following two cases. The Completeness case: There exists
S := {v1, . . . , vk} ⊆ V such that each edge of E is adjacent to at least one vertex of S,
and the Soundness case: For every S := {v1, . . . , vk} ⊆ V at most an α fraction of the
edges are adjacent to a vertex of S.

This problem will serve for both the discrete and continuous cases (namely the
problem where centers have to be picked at specific location and the problem where
centers can be picked arbitrarily). We have that the (0.9431− ε)-vertex coverage prob-
lem is NP-hard (under unique games conjecture).

Our way of circumventing the problems with embedding the set cover instance
(discussed in previous subsubsection) is to reduce from the maximization variant in-
stead of the covering variant as done in previous works [Tre00, GI03, ACKS15, LSW17].
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The observation is the that a clustering problems are not covering problems therefore
all previous works implicitly paid a factor equal to the degree of the graph in the
approximation factor while moving from the vertex cover problem to the clustering
problem. By directly using results on the vertex coverage problem, we avoid this. It
allows us to look at embeddings where the degree does not inhibit, on the contrary we
use the fact that the degree is large to our benefit in some of of our results.

Also, there was no techniques developed in previous works to address all `p-
metrics for the clustering problems. We make an interesting connection to contact
dimension of a graph, motivated by recent advances in hardness of approximation
in fine-grained complexity [DKL19, KM19]. Elaborating, from the vertex coverage
instance G = (V, E) we create the bipartite graph on partite sets V and E where we
have an edge (i, {j, j′}) ∈ V × E if and only if i = j or i = j′ . Then, we show that
embedding this graph so that adjacent vertices are at distance at most β and non-
adjacent vertices are at distance at least λβ. From there our inapproximability result
follows.

5.1.2.3 Dimension Reduction

Extending our result to O(log n)-dimensional space while preserving the gap is a chal-
lenge for `1- and `∞-metric since dimension reduction is very limited for these metrics.

Before we dive into this, let us make the following observation. For the `2-metric
and the k-means objective, the cost of the k-means objective can be expressed as the
sum over all clusters of the sum of pairwise distances of points in the cluster divided
by the size of the cluster (see Fact 5.3.5). Thus, it has long been known that dimension
reduction using the Johnson-Lindenstrauss lemma preserve the cost of the solutions by
a (1+ ε)2 factor. Hence, we will simply use this to obtain a hardness of approximation
for the Euclidean k-means problem in O(log n) dimension.

Inspired by the recent connections between communication complexity and the
hardness of approximation for (geometric) fine-grained and parameterized problems
[ARW17a, KLM19, Che18a] we develop a O(log n) dimensional embedding technique
for all `p-metrics. An appealing feature of this embedding is that it arises naturally
out of the transcript of a (one-way) communication protocol for two-players, where
one player is given a vertex of the graph and the other player is given an edge in the
graph and the goal is to determine if the vertex covers the edge. We develop non-
trivial randomized protocols using algebraic-geometric codes for the aforementioned
communication problem, and show how to interpret the transcript to obtain an em-
bedding for both inputs (i.e., the vertex and the edge).
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5.1.3 Organization of the Chapter

Section 5.2 shows our result for the “discrete case”, namely when centers have to be
picked from a prescribed set. Our results of this section apply to high dimensional
spaces, namely when the dimension of the input points is Θ(n). Section 5.3 presents
our proofs for the “continuous” versions, where centers can be placed at arbitrary
locations, aslo in the case of high dimensional inputs. Section 5.4 presents our dimen-
sionality reduction framework. Finally, Section 5.5 presents some interesting open
problems and potential follow up.

5.2 Inapproximability of k-means and k-median in High Di-
mensions

In this section, we prove Theorem 5.1.2 but in high dimensions.

5.2.1 Gadget Construction

Let I be an operator on graphs which maps every graph to its incidence graph. More
formally, for any graph G(V, E) we define I(G) to be the bipartite graph on partite
sets V and E where we have an edge (i, {j, j′}) ∈ V × E in I(G) if and only if i = j
or i = j′. For every t ∈ N, consider the incidence bipartite graph of the clique on t
vertices, which we denote by H∗(t) := I(Kt). The vertex set of H∗(t) is the partite
sets A∗(t) := [t] and B∗(t) := ([t]2 ) and (i, {j, j′}) is an edge in H∗ if and only if i = j or
i = j′.

We would like to analyze the embedding of H∗(t) into `p-metric spaces for all
p ∈ R≥1 ∪ {∞}.

Definition 5.2.1 (Gap Realization of a Bipartite graph). Let p ∈ R≥1 ∪ {∞}. For any
bipartite graph G = (A∪̇B, E) and λ ≥ 1, a mapping τ : V → Rd is said to λ-gap-realize
G (in the `p-metric) if for some β > 0, the following holds:

(i) For all (u, v) ∈ E, ‖τ(u)− τ(v)‖p = β.

(ii) For all (u, v) ∈ (A× B) \ E, we have ‖τ(u)− τ(v)‖p ≥ λ · β.

Moreover, we require that τ λ-gap-realize G in the `p-metric efficiently, i.e., there is a polyno-
mial time algorithm (in the size of G) which can compute τ.
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5. INAPPROXIMABILITY OF CLUSTERING

We remark here that the above definition is a variant of the notion gap contact
dimension introduced in [KM19] in the sense that the authors in [KM19] required that
for all distinct u, v both from A or both from B, ‖τ(u) − τ(v)‖p ≥ λ · β and for all
(u, v) ∈ (A× B) \ E, we have ‖τ(u)− τ(v)‖p > β. They were also interested in the
size of the dimension on to which the graph was embedded. Finally, we note that
the notion of contact dimension (i.e., with any gap greater than 1) has been studied in
literature since the early eighties [Pac80, Mae85, FM86, FM88, Mae91, DKL19].

Definition 5.2.2 (Gap number). Let p ∈ R≥1 ∪ {∞}. For any bipartite graph G =

(A∪̇B, E), its gap number in the `p-metric gp(G) is the largest λ for which there exists a
mapping τ that λ-gap-realizes G in a d-dimensional `p-metric space where d ≤ |A|+ |B|.

In this chapter, we are interested in analyzing gp(H∗(t)) for all t ∈ N and p ∈
R≥1 ∪ {∞}. We prove the following upper bound:

Proposition 5.2.3. Let t ≥ 3 and p ∈ R≥1 ∪ {∞}. Then gp(H∗(t)) ≤ 3.

Proof. Let i, j, j′ ∈ [t] be three distinct numbers. Let τ be a λ-gap-realization of H∗(t)
in the `p-metric. Then, we have for some β > 0, that

‖τ(i)− τ({i, j})‖p = ‖τ(j)− τ({i, j})‖p = ‖τ(j)− τ({j′, j})‖p = β.

But we also have have that ‖τ(i) − τ({j′, j})‖p ≥ λβ. From triangle inequality this
implies λ ≤ 3.

Lemma 5.2.4. For all t ≥ 3, we have g1(H∗(t)) = g∞(H∗(t)) = 3.

Proof. For the `1-metric consider the mapping τ : A∗(t) ∪ B∗(t) → {0, 1}t defined as
follows. For every u ∈ A∗(t), τ(u) = eu and for every {u, v} ∈ B∗(t), τ({u, v}) =

eu + ev. It is easy to see that τ, 3-gap-realizes H∗(t) in the `1-metric. The equality on
the gap number follows from Proposition 5.2.3.

For the `∞-metric consider the mapping τ : A∗(t) ∪ B∗(t) → Rt defined as fol-

lows. For every u ∈ A∗(t), τ(u) = eu +
(
~1
2

)
and for every {u, v} ∈ B∗(t), τ({u, v}) =

eu + ev. It is easy to see that τ, 3-gap-realizes H∗(t) in the `∞-metric. The equality on
the gap number follows from Proposition 5.2.3.

Lemma 5.2.5. For all t ≥ 3, we have g2(H∗(t)) ≥ 2√
(
√

2−1)2+1
≈ 1.848.

Proof. Consider the mapping τ : A∗(t)∪ B∗(t)→ {0, 1}t defined as follows. For every
u ∈ A∗(t), τ(u) =

√
2 · eu and for every {u, v} ∈ B∗(t), τ({u, v}) = eu + ev. Let
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5.2 Inapproximability of k-means and k-median in High Dimensions

i, j, j′ ∈ [t] be three distinct numbers. We have

‖τ(i)− τ({i, j})‖2 = ‖ei(
√

2− 1) + ej‖2 =

√
(
√

2− 1)2 + 1, and

‖τ(i)− τ({j′, j})‖2 = ‖
√

2 · ei + ej + ej′‖2 = 2.

This implies τ,
(

2√
(
√

2−1)2+1

)
-gap realizes H∗(t) in the `2-metric.

Lemma 5.2.6. For all t ≥ 3, we have that for every ε > 0 there exists p ∈ N such that
gp(H∗(t)) > 3− ε.

Proof. Fix t ≥ 3 and ε > 0. Let p ∈ N such that t1/p < 1 + ε/3. Consider the mapping

τ : A∗(t) ∪ B∗(t) → Rt defined as follows. For every u ∈ A∗(t), τ(u) = eu +
(
~1
2

)
and

for every {u, v} ∈ B∗(t), τ({u, v}) = eu + ev. Let i, j, j′ ∈ [t] be three distinct numbers.
We have

‖τ(i)− τ({i, j})‖p =

∥∥∥∥∥ej −
(
~1
2

)∥∥∥∥∥
p

=
t1/p

2
, and

‖τ(i)− τ({j′, j})‖p =

∥∥∥∥∥ej + ej′ − ei −
(
~1
2

)∥∥∥∥∥
p

=

(
(t− 1) + 3p

2p

)1/p

> 3/2.

This implies τ,
(

3
t1/p

)
-gap realizes H∗(t) in the `p-metric. Finally note that 3

t1/p >
9

3+ε = 3− 3ε
3+ε > 3− ε.

Definition 5.2.7. For all p ∈ R≥1 ∪ {∞}, we define γp = min
t≥3

gp(H∗(t)).

Proposition 5.2.8. Let G be a graph on t ≥ 3 vertices and let H := I(G). Let τ be a λ-
gap realization of H∗(t) in the `p-metric. Then τ restricted to the vertices of H is a λ-gap
realization of H in the `p-metric. In particular, there exists a mapping τ∗ which is a γp-gap
realization of H in the `p-metric.

5.2.2 Reduction from Gap Vertex Coverage

Let G(V, E) be a graph. Let S ⊆ V. We define the cover of S, denoted by cov(S) as
follows:

cov(S) = {e ∈ E | ∃v ∈ S such that v ∈ e}.

Definition 5.2.9 (α-vertex coverage). In the α-vertex coverage problem, we are given a graph
G(V, E) and a parameter k as input. We would like to distinguish between the following two
cases:
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• Completeness: There exists S := {v1, . . . , vk} ⊆ V such that cov(S) = E.

• Soundness: For every S := {v1, . . . , vk} ⊆ V we have |cov(S)| ≤ α · |E|.

We recall that the minimum degree of a graph is said to be dmin ∈ N if every
vertex in the graph has degree at least dmin.

Theorem 5.2.10 ([AKS11, Man19]). There is some ε > 0 and d0 ∈ N, such that for all
dmin > d0, assuming the unique games conjecture, deciding an instance (G, k) of (0.9431−
ε)-vertex coverage problem on minimum degree dmin graphs is NP-hard.

We remark here that [Man19] computed the inapproximability factor upto 3 dec-
imal places, and the above hardness of approximation factor follows from additional
computation. Also note that in [Man19] the hardness is not shown for minimum de-
gree dmin graphs but if we look at the removal of vertex weights step in Section 4
of [AKS11] then we can take large enough number of copies (> dmin) of each vertex
(proportional to its weight) and this will ensure the theorem as stated above.

Next we define for every p ∈ R≥1 ∪ {∞}, we define ζ1(p) and ζ2(p) as follows:

ζ1(p) := 0.9431 + (γp · 0.0569) and ζ2(p) := 0.9431 + (γ2
p · 0.0569).

Again notice that ζ1(1) = 1.1138, ζ2(1) = 1.4552, ζ1(2) ≈ 1.048, ζ2(2) ≈ 1.137,
and as p→ ∞, we have ζ1(p)→ ζ1(∞) = ζ1(1) and ζ2(p)→ ζ2(∞) = ζ2(1).

Theorem 5.2.11 (k-means with candidate centers in nO(1) dimensional `p-metric space).
Let p ∈ R≥1 ∪ {∞}. Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}m

of size n (and m = poly(n)), a collection C of m candidate centers in Rm, and a parameter k as
input, it is NP-hard to distinguish between the following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ C and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

p ≤ β2n,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ C and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

p ≥ ζ2(p) · β2n,

for some constant β > 0.
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Theorem 5.2.12 (k-median with candidate centers in nO(1) dimensional `p-metric space).
Let p ∈ R≥1 ∪ {∞}. Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}m

of size n (and m = poly(n)), a collection C of m candidate centers in Rm, and a parameter k as
input, it is NP-hard to distinguish between the following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ C and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖p ≤ βn,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ C and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖p ≥ ζ1(p) · βn,

for some constant β > 0.

Proof of Theorems 5.2.11 and 5.2.12 . Starting from an instance of (0.9431− ε)-vertex cov-
erage problem G = (V, E), we create an instance of the k-means, or of the k-median

problem using the embedding given in Proposition 5.2.8 as follows. Let τ be the em-
bedding of G̃ := I(G) prescribed by Proposition 5.2.8. We think of G̃ as G̃(V ∪ B, E)
where V is simply the same set of vertices as the vertex set of vertices of the vertex cov-
erage instance, B is obtained by defining a vertex bi,j for each edge (ui, uj) of the vertex
coverage instance, and E is obtained by defining an edge from each vertex ui ∈ V to
each vertex bi,j ∈ B.

The k-median or k-means instance consists in the candidate center set {τ(u) | u ∈
V} and the set of points to be clustered {τ(v) | v ∈ B}. We now analyse the k-
means and k-median cost of the instance. Consider the completeness case first. In that
scenario, pick a vertex coverage V0 of the instance and focus on the set of centers C0

induced by V0, namely C0 = {τ(ui) | ui ∈ V0}. Since by definition of vertex coverage,
each edge (ui, uj) is adjacent to at least one element of V0 and so for each point τ(bi,j)

we have that minc∈C0 ||τ(bi,j)− c||2p = β2 and minc∈C0 ||τ(bi,j)− c||p = β. The k-means

cost of the overall instance is thus |E|β2, while the k-median cost is |E|β.

Thus, let’s turn to the soundness case. Consider any set of centers C0 = {c1, . . . , ck}
that is optimal for the k-median or k-means objective. Let {v1, . . . , vk} be the set of ver-
tices corresponding to the centers of C0, namely the set of distinct vertices such that
τ(vi) = ci, ∀i. By definition of the soundness case, this set of vertices covers at most
(0.9431− ε)|E| edges. For each such edge, e = (ui, uj), we have that the contribution
of τ(e) to the k-means cost is exactly β2, and to the k-median cost is exactly β. By the
definition of the gadget, we have that for any other edge e = (ui, uj) that is not covered
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by {v1, . . . , vk}, the contribution of τ(e) to the k-median and k-means cost is respectively
γpβ and γ2

pβ2. Therefore, the optimal solution w.r.t. k-median objective has cost at least
ζ1(p) · β|E|, and optimal solution w.r.t. k-means objective has cost at least ζ2(p) · β2|E|,
as claimed.

5.3 Inapproximability of k-median and k-means without Can-
didate Centers in High Dimensions

In this section, we prove Theorems 5.1.3 and 5.1.4 but in high dimensions.

5.3.1 Inapproximability in Hamming metric

Theorem 5.3.1 (k-means without candidate centers in nO(1) dimensional Hamming
metric space). Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}m of
size n (and m = poly(n)) and a parameter k as input, it is NP-hard to distinguish between the
following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ {0, 1}m and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

0 ≤ n,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ {0, 1}m and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

0 ≥ 1.17 · n.

Theorem 5.3.2 (k-median without candidate centers in nO(1) dimensional Hamming
metric space). Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}m of size
n (and m = poly(n)) and a parameter k as input, it is NP-hard to distinguish between the
following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ {0, 1}m and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖0 ≤ n,
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• Soundness: For every C ′ := {c1, . . . , ck} ⊆ {0, 1}m and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖0 ≥ 1.056 · n.

Proof of Theorems 5.3.1 and 5.3.2. Starting from an instance of (0.9431− ε)-vertex cov-
erage problem G = (V, E), we create an instance of the k-means, or of the k-median

problem using the 3-gap realization mapping τ for the `1-metric given in Lemma 5.2.4
as follows. First note that τ maps points to the Boolean hypercube and for a pair of
points on the Boolean hypercube the distances in the Hamming and `1-metric are the
same. Let τ be the embedding of G̃ := I(G) prescribed by Lemma 5.2.4. We think of
G̃ as G̃(V ∪ B, E) where V is simply the same set of vertices as the vertex set of vertices
of the vertex coverage instance, B is obtained by defining a vertex bi,j for each edge
(ui, uj) of the vertex coverage instance, and E is obtained by defining an edge from
each vertex ui ∈ V to each vertex bi,j ∈ B.

The k-median or k-means instance without candidate centers is just the set of points
P := {τ(v) | v ∈ B} that we would like to cluster. In particular notice that for
all v ∈ B we have ‖τ(v)‖0 = 2. We now analyse the k-means and k-median cost of
the instance. Consider the completeness case first. In that scenario, pick a vertex
coverage V∗ of the instance and focus on the set of centers C∗ induced by V∗, namely
C∗ = {τ(ui) | ui ∈ V∗}. Since by definition of vertex coverage, each edge (ui, uj)

is adjacent to at least one element of V∗ and so for each point τ(bi,j) we have that
minc∈C∗ ||τ(bi,j)− c||20 = 1 = minc∈C∗ ||τ(bi,j)− c||0. The k-means and k-median cost of
the overall instance is at most |E|.

Thus, let’s turn to the soundness case. Consider any set of centers C∗ = {c1, . . . , ck} ⊆
{0, 1}|V| that is optimal for the k-median or k-means objective. Fix some arbitrary i ∈ [k].
Note that if ‖ci‖0 ≥ 4 then, ‖ci− τ(u)‖ ≥ 2 for any u ∈ B, and thus we could replace ci
by the all zeroes vector and the cost of k-means or k-median would not increase. There-
fore we assume all the centers have Hamming weight at most 3. We partition C∗ into
C0, C1, C2, and C3 where c ∈ C∗ belongs to partition Cj if the Hamming weight of c is
j. Consider an optimal clustering σ : P → C∗. For every point c ∈ C∗ let Tσ

c ⊆ B be
defined as follows:

Tσ
c = {u ∈ B | σ(τ(u)) = c}.

We claim that given an optimal clustering σ we can construct an optimal cluster-
ing σ∗ (which might be same as σ) such that for any c ∈ C3 we have |Tσ∗

c | ≤ 3 and
|Tσ∗

c | ≤ 1. First we see how this completes the proof. For every c ∈ C1 if its 1 is
on coordinate i we associate it with the vertex i in G. Now we partition Tσ∗

c into Yσ∗
c

and Nσ∗
c where for any u ∈ B such that σ∗(τ(u)) = c we have that u ∈ Yσ∗

c if c ∈ u
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(think of c as the vertex in G) and u ∈ Nσ∗
c otherwise. By definition of the soundness

case, we have that ∑c∈C1
|Yσ∗

c | is at most (0.9431− ε)|E|. Notice that there are at most
3|C3| + |C2| edges which are not assigned to a center in C1 ∪ C0. We upper bound
|C3|, |C2 by |V| and thus we have that there are at most 4|V| edges which are not as-
signed to a center in C1 ∪ C0. If an edge is assigned a center in C0 then its distance
from the center is 2. If an edge is assigned a center in c ∈ C1 and it is contained in Yσ∗

c
then its distance from the center is 1; but if it is contained in Nσ∗

c then its distance from
the center is 3. Therefore we have that there are at least (0.0569 + ε)|E| − 4|V| edges
that are distance at least 2 from their allocated center according to the clustering σ∗.
Notice that in Theorem 5.2.10 we can choose the minimum degree of G to be as large
a constant as we want. We choose it to be greater than 8/ε. In this case we have that
|E| ≥ 4|V|/ε. Therefore, the optimal solution w.r.t. k-median objective has cost at least
(2(0.0569) + 0.9431) · |E| = 1.0569 · |E|, and optimal solution w.r.t. k-means objective
has cost at least (4(0.0569) + 0.9431) · |E| = 1.1707 · |E|, as claimed.

Now we show how to construct σ∗ from σ. Consider c ∈ C3. Let the three coordi-
nates where c is 1 be i, j, j′. We think of i, j, j′ as vertices in G. Let F = {(i, j), (i, j′), (j, j′)}.
For any edge not in F its distance to C3 is 3 from c. If any of the points corresponding
to i, j, j′ under τ was picked in our set of centers then, we could replace c by another
point in τ(i), τ(j), τ(k). If this is not the case then only the edges in E ∩ F would be at
distance 1 from c, and for the rest we could choose some point in C1 or C0. Thus we
would obtain a new optimal clustering in which points assigned to c would be at most
3. Similar (and simpler) argument holds for c ∈ C2 as any two edges under τ are at
distance 2.

5.3.2 Inapproximability in `1-metric

In this subsection, we prove Theorem 5.1.4 but in high dimensions.

Theorem 5.3.3 (k-median without candidate centers in nO(1) dimensional `1-metric space).
Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}m of size n (and m =

poly(n)) and a parameter k as input, it is NP-hard to distinguish between the following two
cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ Rd and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖1 ≤ n,
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• Soundness: For every C ′ := {c1, . . . , ck} ⊆ Rd and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖1 ≥ 1.056 · n.

Proof. The proof follows from a simple observation and mimicking the proof of The-
orem 5.3.2. Recall first that given a set of z integers X = {x1, . . . , xz}, we have that
a median of X is a point x∗ that minimizes ∑z

i=1 |x∗ − xi|. Note that if X contains an
even number of points, then the median is not unique, nonetheless, there is always at
least one point of X minimizing ∑z

i=1 |x∗ − xi|. We refer to these points as the discrete
medians.

Thus, consider a set of points P in a dimensional `1-metric space. The points p∗

that minimizes ∑p∈P ||p − p∗||1 is therefore the point p∗ whose ith coordinate is the
median of the ith coordinates of the points in P.

Hence, consider an instance of the k-median problem in Hamming metric as de-
fined in the proof of Theorem 5.3.2 and apply the same construction to obtain an in-
stance in `1. We have that for this instance all the coordinates of the points to be clus-
tered are in {0, 1}. Thus, for any subset (i.e. cluster) of the points of the instance, an
optimal center of the set is such that its ith coordinate is the median of a set of values in
{0, 1}. From the above discussion, we conclude that assuming that the ith coordinate
is also in {0, 1} is without loss of generality. It follows that for any clustering, we can
assume that the centers induced by the partition have coordinates in {0, 1}.

Therefore, the rest of the proof follows by applying the same reasonning than
in the proof of Theorem 5.3.2 since the instance created behaves in `1 metric like the
instance described in the proof of Theorem 5.3.2 in Hamming metric.

5.3.3 Inapproximability of k-means in Euclidean metric

In this section, we prove Theorem 5.1.3 but in high dimensions.

Theorem 5.3.4 (k-means without candidate centers in nO(1) dimensional `2-metric space).
Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}m of size n (and m =

poly(n)) and a parameter k as input, it is NP-hard to distinguish between the following two
cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ Rd and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

2 ≤ βn,
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• Soundness: For every C ′ := {c1, . . . , ck} ⊆ Rd and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

2 ≥ 1.0569 · βn,

for some constant β > 0.

Proof. Let ε > 0 and (G = (V, E), k) be an instance of the (0.9431− ε)-vertex coverage
problem on graph of minimum degree at least ε−1

0 := 20
ε4 . By Theorem 5.2.10, for some

ε > 0, we have that deciding such an instance is NP-hard, assuming the unique games
conjecture.

We build a set of points P as follows35: for each edge eui,uj , we create a point pi,j
whose ith and jth coordinates are both 1 and whose remaining coordinates are all 0.
We say that pi,j is the point corresponding to edge eui,uj . We thus have the following
fact:

Fact 5.3.5. Consider two edges e, f . If e = (ui, uj) and f = (ui, u`) then ‖pi,j − pi,`‖2
2 = 2.

If e = (ui, uj) and f = (ur, u`), where r, ` /∈ {i, j} then ‖pi,j − pr,`‖2
2 = 4.

We now prove the completeness and soundness cases.

Completeness. In the completeness case, we show that the cost of the optimal solu-
tion is at most |E| − |V|/2. By definition, there exists a vertex cover S of size k = n/2
of the instance. Define a partition of the edge set into k parts by assigning each edge
it to one of its extremity that is in S, let {C1, . . . , Ck} be the partition induced by the
assignment. Note that since there exists such a vertex cover, such a partition is indeed
possible. We now bound the k-means cost of solution {C1, . . . , Ck}. We claim that for
each cluster Ci, cost(Ci) = mi − 1, where mi = |Ci|.

Indeed, let vj be the vertex covering all edges of Ci. Observe first that the jth
coordinate of the centroid of Ci is 1. The remaining coordinates of the centroid of Ci
are 0 except for mi of them which are 1/mi.

Then, for a given edge (vj, v`), the k-means cost of the corresponding point is
(1− 1/mi)

2 + (mi − 1)(1/mi)
2 = 1− 2/mi + m2

i + 1/mi − 1/m2
i which is 1− 1/mi.

Summing up over all the mi edges of Ci yields that cost(Ci) = mi − 1. Therefore, the
total k-means cost of the clustering is m− n/2.

35The construction described here is equivalent to using the 1.848-gap realization mapping τ for the
`2-metric given in Lemma 5.2.5 in the following way. The k-median or k-means instance without candi-
date centers is just the set of points P := {τ(e) | e ∈ E} that we would like to cluster. In particular
notice that for all e ∈ E we have ‖τ(e)‖2

2 = 2.

138
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Soundness In the soundness case, we show that the optimal k-means cost is at least
(1.0569− 2ε)|E| − |V|. We will use the following classic fact about the k-means objec-
tive.

Fact 5.3.6. Given a clustering {C1, . . . , Ck}, the k-means cost is exactly

k

∑
i=1

1
2|Ci| ∑

p∈Ci

∑
q∈Ci

‖p− q‖2
2

Now, consider an optimal clustering {C1, . . . , Ck} of the instance in the soundness
case. For each cluster Ci, we define the graph Gi to be the subgraph of the graph G
induced by the edges whose corresponding points are in Ci. We let ∆i be the maximum
degree in Gi. We have the following claim.

Claim 5.3.7. For any cluster Ci such that |Ci| ≥ 10/ε3, we have cost(Ci) ≥ 2(1− ε)|Ci| −
(1 + ε)∆i.

Assume Claim 5.3.7 is true for a moment. Then, the proof of the lemma can be
completed as follows. First, observe that since the number of clusters is k = n/2
and the graph G has at least 10n/ε4, the total number of edges in clusters Ci such
that |Ci| < 10/ε3 is at most εm/2. Let’s assume the cost for these edges is 0 and
let’s focus on the cost of clusters of size at least 10/ε3, let k′ be the number of such
clusters. Summing up over all such clusters we have that the total k-means cost is at
least ∑k′

i=1 2(1− ε)|Ci| − (1 + ε)∆i ≥ (2− 3ε)m − (1 + ε)∑k′
i=1 ∆i. Then, to provide a

lower bound on ∆i, consider the set S obtained by picking a vertex of degree ∆i from
each Gi. This set has size at most n/2 and so by definition of the soundness case the
sum of the degrees of the vertices in S in G is at most (0.9431− ε)m. It follows that
the cost of the optimal solution is at least 2m− ((1 + ε)0.9431− 4ε)m which is at least
(1.0569−O(ε)) ·m as stated.

We can thus conclude the proof of the above theorem by proving Claim 5.3.7.

Proof of Claim 5.3.7. Consider a cluster Ci such that |Ci| ≥ 10/ε3. Consider an edge
e = (u`, uj) whose corresponding point p is in Ci. By Facts 5.3.6 and 5.3.5 we have that

1
2|Ci| ∑

q∈Ci

‖p− q‖2
2 =

1
2|Ci|

(
2(di,` + di,j − 2) + 4(|Ci| − di,` − di,j + 2)

)
,

where di,`, di,j are the degrees of vertices u`, uj respectively in Gi. Now, summing up
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over all edges in Ci this gives a total cost for the cluster Ci of

|Ci|
2|Ci|

(4|Ci|)−
2

2|Ci| ∑
e=(u`,uj)∈Ci

(di,` + di,j − 2)

which is
2|Ci|+ 2− 1

|Ci|∑uj

d2
i,j.

We now need to provide an upper bound on 1
|Ci| ∑uj

d2
i,j. First, consider the set S

of vertices uj such that di,j < ε|Ci| and let m0
i be the number of edges with at least one

extremity in S. We have that

1
|Ci| ∑

uj∈S
d2

i,j ≤
ε|Ci|
|Ci| ∑

uj∈S
di,j ≤ 2εm0

i . (5.1)

We then bound ∑uj /∈S d2
i,j. Let S′ be the set of vertices with degree larger than ε|Ci|

in Gi. Moreover, let m1
i be the set of edges with both extremities in S′. We start by

arguing that m1
i < εm.

We have that ∑uj∈S′ di,j ≤ m1
i + |Ci| and so, there exists a vertex uj in S′ such

that di,j ≤ (m1
i + |Ci|)/|S′|. Thus, since di,j ∈ S′, we have that di,j > ε|Ci| and so

(m1
i + |Ci|)/|S′| ≥ ε|Ci| ≥ εm1

i . This implies that |S′|m1
i ≤ (m1

i + |Ci|)ε−1. Now,
assume towards contradiction that m1

i > ε|Ci|. Then |S′| < ε−1(ε−1 + 1). Combining
this with the fact that ε|Ci| ≤ (m1

i + |Ci|)/|S′|, we have that |Ci|(|S′| − 1) ≤ m1
i ≤

|S′|(|S′|−1)
2 . Hence, |Ci| ≤ |S′|/2 ≤ ε−1(ε−1 + 1) and so |Ci| ≤ 10ε−3, a contradiction.

Therefore m1
i ≤ ε|Ci|.

We can now bound ∑uj /∈S d2
i,j. We have

∑
uj /∈S

d2
i,j ≤ ∆i ∑

uj /∈S
di,j ≤ ∆i(1 + ε)|Ci|. (5.2)

Finally, combining Equations 5.1 and 5.2 we deduce that 1
|Ci| ∑uj

d2
i,j ≤ 2ε|Ci| +

(1 + ε)∆i. Therefore, cost(Ci) ≥ 2(1− ε)|Ci| − (1 + ε)∆i.
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5.4 Inapproximability of k-median and k-means in O(log n)
dimensions

In this section, we finally prove Theorems 5.1.2, 5.1.3 and 5.1.4. First we give a short
proof for Theorem 5.1.3 when we do not restrict our input point-set to be Boolean
vectors.

5.4.1 k-means in Euclidean Metric over Reals

In this subsection, we prove Theorem 5.1.3 albeit over real vectors.

Theorem 5.4.1 (k-means in Euclidean metric in O(log n) dimensions without Candidate
Centers over Reals). Let ε be an arbitrarily small constant. Assuming the unique games
conjecture, given a point-set P ⊂ Rd of size n (and d = O(log n)) and a parameter k as
input, it is NP-hard to distinguish between the following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ Rd and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

2 ≤ βn,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ Rd and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

2 ≥ (1.0569− ε) · βn,

for some constant β > 0.

Proof. By Theorem 5.3.4, we have that given a set of points P ∈ RO(n), it is hard to
distinguish between the following cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ Rd and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

2 ≤ βn,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ Rd and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

2 ≥ 1.0569 · βn,
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The proof of Theorem 5.4.1 follows from the Johnson-Lindenstrauss lemma and
the following well-known observation. Given a set of n points in Rd, we have that
by Fact 5.3.6 the k-means cost of a given partition {C1, . . . , Ck} can be expressed as
∑k

i=1
1

2|Ci| ∑x,y∈Ci
||x− y||22. Thus, applying the Johnson-Lindenstrauss lemma with tar-

get dimension O(log n/ε5) for small enough ε, yields an instance where the k-means

cost of any clustering C is within a factor (1+ ε) of the k-means cost of C in the original
d-dimensional instance. It follows that the gap is preserved up to a (1 + ε) factor and
the theorem follows.

Note that this can be made deterministic by using, for example, the result of En-
gebretsen et al. [EIO02].

5.4.2 One-Way Communication Model and Protocols

In this subsection, we first introduce a communication model known in literature as
the one-way communication model.

The two-player One-Way Communication (OWC) model was introduced by Yao
[Yao79] and has been extensively studied in literature [KN97].

One-Way Communication Model. Let X and Y be two finite sets. Let f : X × Y →
{0, 1}. In the two-player one-way communication model, we have Alice and Bob each
with an input x ∈ X and y ∈ Y respectively, and the communication task is for Bob
to determine if f (x, y) = 1. In this model, only Alice is allowed to send messages to
Bob. In the randomized setting, we allow the players to jointly toss some random coins
before sending messages, i.e., we allow public randomness. Moreover, we assume that
the sets X ,Y are public knowledge.

Next, we introduce the notion of OWC protocols, which are in a nutshell one-
round randomized protocols where the players are in a computationally bounded set-
ting.

OWC Protocols. Let π be a communication protocol for a problem in the OWC model.
We say that π is a (r, µ, α, s)-OWC protocol if the following holds:

• The protocol is one-round with public randomness, i.e., the following actions
happen sequentially:

1. The players receive their inputs.

2. The players jointly toss r random coins.

3. Alice on seeing the randomness (i.e. results of r coin tosses) deterministi-
cally sends an µ-bit message to Bob.
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5.4 Inapproximability of k-median and k-means in O(log n) dimensions

4. Based on the µ bits sent from Alice and randomness r, Bob outputs accept
or reject.

• The protocol has completeness 1 and soundness s, i.e.,

– If f (x, y) = 1, then Bob always accepts.

– If f (x, y) = 0, then Bob accepts with probability at most s.

• We have that the expected number of distinct messages that Alice could send (on
randomness r) which Bob would accept is α, where the expectation is over the
randomness r.

• The players are computationally bounded, i.e., all of them perform all their com-
putations in poly(|X |+ |Y|)-time.

In a (r, µ, α, s)-OWC protocol, we refer to r as the randomness complexity of the
protocol, µ as the message complexity of the protocol, α as the acceptance complexity
of the protocol, and s as the soundness of the protocol. We note here that while the
randomness complexity and message complexity are standard measures of interest in
literature, the acceptance complexity is non-standard but the measure is important for
our embedding later.

Definition 5.4.2 (c-left bounded functions). Let X and Y be two finite sets and c ∈N. Let
f : X ×Y → {0, 1}. For every y ∈ Y , let Sy = {a ∈ X | f (a, y) = 1}. Then f is said to be
c-left bounded if for every y ∈ Y , we have |Sy| = c.

For every c-left bounded f , there is a trivial (deterministic) (0, log |X |, c, 0)-OWC

protocol. We would like to use randomness to do better on the message complexity.

Theorem 5.4.3. Let X and Y be sets of size m and n respectively. Let f : X × Y →
{0, 1} be a c-left bounded function. For every prime square q � c4, there is a (Oq(1) +
log log m, dlog2 qe, α, c(3/√q))-OWC protocol for f , where

c
(

1−
(

c
2

)(
3
√

q

))
≤ α ≤ c.

Proof. Let C be the code36 guaranteed by Theorem 2.2.4 over alphabet of size q of mes-
36In fact, random codes obtaining weaker parameters than the parameters stated above (see Gilbert-

Varshamov bound [Gil52, Var57]) suffice for us. To be precise, we need for some infinite increasing
sequence (qi)i∈N and some increasing function f : N → N, a code family over alphabet of size qi
of positive constant (depending on q) rate, relative distance at least 1− 1

f (qi)
, and efficient encoding.

However, there is no known explicit efficient construction of such codes to the best of our knowledge.
It may be possible to use concatenated codes (arising from Reed-Solomon codes) which approach the
Gilbert-Varshamov bound in the proofs in this paper instead of the aforementioned algebraic geometric
codes.
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sage length β := logq m, block length ` := Oq(β), and relative distance at least 1− 3/√q.

The protocol. Alice on receiving input x ∈ X and Bob on receiving input y ∈ Y
follow the below protocol.

1. Alice and Bob pick a uniformly random r ∈ [`].

2. Alice sends Bob s := C(x)r, i.e., the rth coordinate of the encoding of x.

3. Bob computes the set of field elements, S := {C(a)r}a∈Sy , i.e., the rth coordinate
of the encoding of all a ∈ Sy.

4. Bob accepts if and only if s ∈ S.

Parameters. It is clear that the above protocol adheres to the structure of an OWC

protocol. We now show the specific parameters of the protocol claimed in the theorem
statement hold. Alice’s message is a field element and thus sends dlog2 qe bits. The
randomness complexity is clearly dlog2 `e = Oq(1) + dlog2 βe. Bob accepts only if
Alice’s message (a field element) is in S, but since f is c-left bounded, we have |Sy| = c
and thus |S| ≤ c. The acceptance complexity of the protocol is clearly the expected
size of S over the randomness. Consider the set Cy = {C(a) | a ∈ Sy}. Since any
two codewords of C agree on at most 3/

√
q fraction of coordinates, we have by union

bound that there are at least 1− (c
2)(3/

√
q) fraction of coordinates of [`] on which all

codewords in Cy are distinct. For such coordinates we have |S| = c. Therefore the
acceptance complexity is at least c(1− (c

2)(3/
√

q)) and at most c.

Completeness. Suppose that f (x, y) = 1 then x ∈ Sy and Bob always accepts.

Soundness. Suppose that f (x, y) = 0. This implies that x /∈ Sy. This implies that
for any a ∈ Sy, we have that C(a) and C(x) agree on at most `(3/

√
q) coordinates. As

before, by taking a union bound we have that there are at most c`(3/
√

q) coordinates
of [`] on which C(x) agrees with C(a) for some a ∈ Sy. Therefore for the remaining
coordinates Bob would reject. This implies that Bob rejects with probability at least
1− c(3/

√
q).

By Theorem 2.2.4, the computation time for Alice and Bob is polynomial time.

Informally, for large enough q the above theorem gives a
(log log m, O(1), c(1 − o(1)), o(1))-OWC protocol for f . This should be com-
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5.4 Inapproximability of k-median and k-means in O(log n) dimensions

pared with the trivial (0, log m, c, 0)-OWC deterministic protocol for f that was
mentioned earlier.

5.4.3 Connecting OWC protocol to Hardness of Approximating k-median

and k-means

Definition 5.4.4 (Membership function). Let X and Y be sets of size m and n respectively,
where each element in X is a subset of Y . Then Memm,n : X ×Y → {0, 1} is defined by

Memm,n(x, y) =

{
1 if y ∈ x,

0 otherwise,
.

We rewrite the vertex coverage problem that we had introduced in Section 5.2 as
max coverage problem. This is done so as to enable the discussion for future work in
Section 5.5.

Definition 5.4.5 ((freq, gap)-max coverage). In the (freq, gap)-max coverage problem, we
are given a universe U of size n, a collection S of m subsets of U where each element in U
appears in exactly freq number of subsets in S , and a parameter k as input. We would like to
distinguish between the following two cases:

• Completeness: There exists S1, . . . , Sk ∈ S such that
⋃

i∈[k]
Si = U .

• Soundness: For every S1, . . . , Sk ∈ S we have

∣∣∣∣∣ ⋃i∈[k]
Si

∣∣∣∣∣ ≤ gap · |U |.

We can now rewrite our Theorem 5.2.10 as follows:

Theorem 5.4.6 ([AKS11, Man19]). There is some ε > 0 and d0 ∈ N, such that for
all dmin > d0, assuming the unique games conjecture, deciding an instance (U ,S , k) of
(2, 0.9431− ε)-max coverage problem where |U | = n and |S| = poly(n), and each set in S is
of cardinality at least dmin is NP-hard.

We are now ready to state our main connection between OWC-protocols and k-
means and k-median inapproximability.

Theorem 5.4.7. Let Π be a (r, µ, α, s)-OWC protocol for Memm,n. There is a polynomial time
(in input size) algorithm A which takes as input an instance (U ,S , k) of the (freq, gap)-max
coverage problem where |U | = n and |S| = m and outputs an instance (P , C, k) of the k-
median problem where we are given a point-set P ⊂ {0, 1}2r+µ

of size n, a collection C of m
candidate centers in {0, 1}2r+µ

such that the following holds:
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• Completeness: If there exists S1, . . . , Sk ∈ S such that
⋃

i∈[k]
Si = U then there exists

C ′ := {c1, . . . , ck} ⊆ C and σ : P → C ′ such that ∑p∈P ‖p− σ(p)‖1 = n · 2r · (α−
1).

• Soundness: If for every S1, . . . , Sk ∈ S we have

∣∣∣∣∣ ⋃i∈[k]
Si

∣∣∣∣∣ ≤ gap · |U | then for every

C ′ := {c1, . . . , ck} ⊆ C and every σ : P → C ′ we have ∑p∈P ‖p− σ(p)‖1 ≥ n · 2r ·
(α + 1− 2 · gap− s).

Proof. We define functions TU : U → {0, 1}2r+µ
and TS : S → {0, 1}2r+µ

below. Given
TU and TS the point-setP is just defined to be {TU (u) | u ∈ U} and the set of candidate
centers C is just {TS(S) | S ∈ S}.

For every γ ∈ {0, 1}r and every q ∈ {0, 1}µ we define TS(S)γ,q = 1 if in the OWC

model where Alice and Bob are trying to compute Memm,n : S × U → {0, 1}, Alice
given input S, following the protocol Π would send q on randomness γ; and 0 other-
wise. Similarly, we define TU (U)γ,q = 1 if Bob given input u, following the protocol Π
would accept the message q sent by Alice on randomness γ; and 0 otherwise. Finally,
for every possible randomness γ ∈ {0, 1}r let cγ be the number of distinct messages
that Bob would accept on input u and randomness γ. Note that E

γ∈{0,1}r
[cγ] = α.

Suppose there exist S1, . . . , Sk ∈ S such that
⋃

i∈[k]
Si = U . Then, we define C ′ =

{TS(Si) | i ∈ [k]}. We define σ : P → C ′ as follows: for every p ∈ P , where p := TU (u)
for some u ∈ U , let σ(p) be equal to TS(Si) such that u ∈ Si (if there is more than
one i ∈ [k] for which Si contains u then we choose one arbitrarily). Fix p := TU (u)
in P . Let c := σ(p) be the image of Si under TS . By definition of σ we have that
u ∈ Si. Therefore, Memm,n(Si, u) = 1, and Bob would accept Alice’s message for every
randomness if both of them follow Π.

Fix the randomness to γ. There exists exactly one q∗ ∈ {0, 1}µ for which TS(S)γ,q∗

is 1 and for every other q ∈ {0, 1}µ we have TS(S)γ,q = 0. Since Memm,n(Si, u) = 1 we
have that TU (u)γ,q∗ = 1 as well. This implies that ∑q∈{0,1}µ |pγ,q − cγ,q| = cγ − 1. This
implies,

‖p− c‖1 = ∑
γ∈{0,1}r

∑
q∈{0,1}µ

|pµ,q − cµ,q|

= ∑
γ∈{0,1}r

(cγ − 1)

= 2r (α− 1) (5.3)
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Therefore, we have

∑
p∈P
‖p− σ(p)‖1 = n · 2r(α− 1).

Suppose for every S1, . . . , Sk ∈ S we have

∣∣∣∣∣ ⋃i∈[k]
Si

∣∣∣∣∣ ≤ gap · |U |. Fix some subset

C ′ ⊆ C of size k. Let σ : P → C ′ be some mapping. Consider the mapping τ : U → S
defined by σ as follows. For every u ∈ U fix some S ∈ S such that TS(S) = σ(TU (u))
(in case there are more than one S satisfying TS(S) = σ(TU (u)), pick one arbitrarily).
Set τ(u) = S. Clearly the range of τ is of size at most k. Let S ′ = {S1, . . . , Sk′} be the
range of τ where k′ ≤ k. We know that there are at least (1− gap) · |U | elements of U
that are not contained in

⋃
i∈[k′]

Si. Let’s call this set U ′. Therefore for any (S, u) ∈ S ′×U ′

we have Memm,n(S, u) = 0 and Bob would accept Alice’s message with probability at
most s over the randomness, if both of them follow Π.

Fix some u ∈ U ′. Let Bad ⊆ {0, 1}r such that for all γ ∈ Bad Bob would reject
Alice’s message, if both of them follow Π. Similarly, let Good ⊆ {0, 1}r such that for
all γ ∈ Good Bob would accept Alice’s message, if both of them follow Π. We have
|Good| ≤ s · 2r and |Bad| ≥ (1− s) · 2r.

Fix γ ∈ Bad. There exists exactly one q∗ ∈ {0, 1}µ for which TS(S)γ,q∗ is 1 and for
every other q ∈ {0, 1}µ we have TS(S)γ,q = 0. Since γ ∈ Bad we have that TU (u)γ,q∗ =

0. This implies that ∑q∈{0,1}µ |pγ,q − cγ,q| = cγ + 1. On the other hand, if we fix γ ∈
Good then we have that TU (u)γ,q∗ = 1 as well, and this implies that ∑q∈{0,1}µ |pγ,q −
cγ,q| = cγ − 1. Collectively, this implies the following:

‖p− c‖1 = ∑
γ∈{0,1}r

∑
q∈{0,1}µ

|pµ,q − cµ,q|

= ∑
γ∈Good

∑
q∈{0,1}µ

|pµ,q − cµ,q|+ ∑
γ∈Bad

∑
q∈{0,1}µ

|pµ,q − cµ,q|

= ∑
γ∈Good

(cγ − 1) + ∑
γ∈Bad

(cγ + 1)

= ∑
γ∈{0,1}r

(cγ) + ∑
γ∈Good

(−1) + ∑
γ∈Bad

(1)

≥ 2r (α + 1− 2s)

On the other hand, if we fix some u ∈ U \ U ′ then, we have that (5.3) holds.
Therefore, we have:

∑
p∈P
‖p− σ(p)‖1 = ∑

u∈U
‖TU (u)− σ(TU (u))‖1
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= ∑
u∈U ′
‖TU (u)− σ(TU (u))‖1 + ∑

u∈U\U ′
‖TU (u)− σ(TU (u))‖1

≥ ∑
u∈U ′

2r (α + 1− 2s) + ∑
u∈U\U ′

2r (α− 1) (5.4)

= 2r ·

αn + ∑
u∈U ′

(1− 2s) + ∑
u∈U\U ′

(−1)


≥ 2r · n (α + 1 + s · gap− 2 · gap− s)

≥ n · 2r (α + 1− 2 · gap− s)

Finally, it is easy to see that TU and TS can be computed in polynomial time as Π
is a OWC protocol where the players are bounded to run in poly(|U |, |S|) time.

5.4.4 k-means and k-median in `p-metric with Candidate Centers

In this subsection, we prove Theorem 5.1.2.

Theorem 5.4.8 (k-means with candidate centers in O(log n) dimensional `p-metric space).
Let p ∈ R≥1∪{∞}. Assuming the unique games conjecture, given a point-setP ⊂ {0, 1}d of
size n (and d = O(log n)), a collection C of m candidate centers in Rd (where m = poly(n)),
and a parameter k as input, it is NP-hard to distinguish between the following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ C and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

p ≤ βn · (log n)2,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ C and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

p ≥ ζ2(p) · βn · (log n)2,

for some constant β > 0.

Theorem 5.4.9 (k-median with candidate centers in O(log n) dimensional `p-metric
space). Let p ∈ R≥1 ∪ {∞}. Assuming the unique games conjecture, given a point-set
P ⊂ {0, 1}d of size n (and d = O(log n)), a collection C of m candidate centers in Rd (where
m = poly(n)), and a parameter k as input, it is NP-hard to distinguish between the following
two cases:
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• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ C and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖p ≤ βn log n,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ C and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖p ≥ ζ1(p) · βn log n,

for some constant β > 0.

Proof of Theorems 5.4.8 and 5.4.9. At a high level, we use the embedding developed in
Proposition 5.2.8 on the instances built in Theorem 5.4.7 with the protocol of Theo-
rem 5.4.3 (setting q to be a super large constant and noting freq to be 2), and then
finally use the inapproximability given in Theorem 5.4.6 to prove the theorems. We
provide some additional details below.

Consider the (r, µ, α, s) protocol given in Theorem 5.4.3. Fix some δ > 0 and c = 2.
For large enough q we have that s < δ and α ∈ (2− δ, 2]. It is clear that the point-sets P
and candidate centers C are in dimension 2Oq(1)+log log m = Oq(1) · log m = Oq(log n).

Plugging these into Theorem 5.4.7, for some fixed constant β > 0 we have that in
the completeness case that the k-median cost in `1-metric is at most β · n log n (and the
k-means cost in `1-metric would be at most nβ2 log2 n). In the soundness case we have
that the k-median cost in `1-metric is at least βn log n(3− 2δ− 2gap) ≥ βn log n(1.1138−
2δ) = ζ1(1)βn log n (and similarly from a simple computation of the k-means cost in
(5.4) we have the k-means cost in `1-metric would be at least β2n log2 n(α2 + 2α + 1−
4αgap− 4δ) ≥ β2n log2 n(9− 8gap− 10δ) ≥ β2n log2 n(1.4552− 10δ)). Note that we
can choose δ to be as small as we want.

The proof scales easily to other `p-metrics – to see this notice that after fixing the
randomness, the problem on most blocks looks exactly like the instances considered
in Theorems 5.2.12 and 5.2.11. Therefore by simply applying Proposition 5.2.8 on each
block, the proof follows.

5.4.5 k-median in `1-metric without Candidate Centers

In this subsection, we prove Theorem 5.1.4. We also show Theorem 5.1.3 (now over
Boolean vectors).
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Theorem 5.4.10 (k-median in `1-metric in O(log n) dimensions without Candidate Cen-
ters). Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}d of size n (and
d = O(log n)) and a parameter k as input, it is NP-hard to distinguish between the following
two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ Rd and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

2 ≤ βn,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ Rd and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

2 ≥ 1.11 · βn,

for some constant β > 0.

Proof. Simply note that after fixing the randomness, the problem on most blocks looks
exactly like the instances considered in Theorem 5.3.2, so the same arguments go
through with arbitrarily small loss in approximation factor, in case we restricted our
centers to be Boolean valued. Then notice that the translation of the hardness from
Hamming metric to `1-metric as in Theorem 5.3.3 also holds here.

Theorem 5.4.11 (k-means in Euclidean metric in O(log n) dimensions without Candi-
date Centers). Assuming the unique games conjecture, given a point-set P ⊂ {0, 1}d of size
n (and d = O(log n)) and a parameter k as input, it is NP-hard to distinguish between the
following two cases:

• Completeness: There exists C ′ := {c1, . . . , ck} ⊆ Rd and σ : P → C ′ such that

∑
a∈P
‖a− σ(a)‖2

2 ≤ βn,

• Soundness: For every C ′ := {c1, . . . , ck} ⊆ Rd and every σ : P → C ′ we have:

∑
a∈P
‖a− σ(a)‖2

2 ≥ 1.0569 · βn,

for some constant β > 0.

Proof. Simply note that after fixing the randomness, the problem on most blocks looks
exactly like the instances considered in Theorem 5.3.4, so the same arguments go
through with arbitrarily small loss in approximation factor.
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5.5 Discussion and Open Problems

From the exciting progress on the unique games conjecture, [KMS17, DKK+18b,
DKK+18a, BKS19, KMS18, BK19] we can get the following unconditional NP-hardness
for approximate vertex coverage problem.

Theorem 5.5.1 (Essentially [BK19]). There is some ε > 0 and d0 ∈ N, such that for all
dmin > d0, deciding an instance (G, k) of (0.9687− ε)-vertex coverage problem on minimum
degree dmin graphs is NP-hard.

Now if we define for every p ∈ R≥1 ∪ {∞}, ζ ′1(p) and ζ ′2(p) as follows:

ζ ′1(p) := 0.9687 + (γp · 0.0313) and ζ ′2(p) := 0.9687 + (γ2
p · 0.0313).

Again notice that ζ ′1(1) = 1.0626, ζ ′2(1) = 1.2504, ζ ′1(2) ≈ 1.026, ζ ′2(2) ≈ 1.075,
and as p → ∞, we have ζ ′1(p) → ζ ′1(∞) = ζ ′1(1) and ζ ′2(p) → ζ ′2(∞) = ζ ′2(1). The
reader may now interpret the results in this chapter by using the ζ ′1(p), ζ ′2(p) instead
of ζ1(p), ζ2(p).

Next, we would like to provide a strategy to obtain better inapprxomiability re-
sults for k-means and k-median clustering objectives. Consider the following conjecture
that we propose.

Conjecture 5.5.2 (Hypergraph Coverage Inapproximability). For every δ > 0 there is
some h ∈ N such that deciding an instance of (1 − 1/e − ε)-hypergraph vertex coverage
problem on h-uniform hypergraphs is NP-hard (under unique games conjecture).

The state-of-the-art results on hardness of approximation on hypergraph vertex
covering problem [BK09, GS11, BK10] are indicating that the above conjecture might
be true. If the above conjecture is true and we can design suitable OWC-protcols (for
example with acceptance complexity close to 2, arbitrarily small constant soundness,
and not too high randomness) for the appropriate membership function then Theo-
rem 5.4.7 would enable us to prove close to (1 + 8/e) ≈ 3.94 inapproximability for
k-means in `1 metric37 and roughly 1.88 inapproximability for k-means in Euclidean
metric.

Another interesting open question is to prove any kind of inapproximability for
clustering objectives in the `∞-metric without candidate centers (even in high dimen-
sions).

37In fact, we can allow soundness of the protocol to be 1− o(1) and still get 3.94 inapproximability of
k-means in `∞-metric.
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Chapter 6

Communication Complexity of Finding
Approximate Fixed Points

In this chapter, we show communication complexity lower bounds for finding an ap-
proximate fixed point in a Brouwer function and for finding an approximate correlated
equilibrium. The contents of this chapter are based on [GK18a, GKP19].

6.1 Introduction

Fixed point theorems hold a very special place in Mathematics. In particular, Brouwer’s
fixed point theorem [Bro12] is one of the most celebrated fixed point results in alge-
braic topology with applications to various areas. For instance, it was famously used
by Nash [Nas51] to prove the existence of a mixed equilibrium in every finite game.
Brouwer’s fixed point theorem asserts that every continuous function from a compact
convex space to itself has a fixed point. This result gives rise to a natural computa-
tional question – given a continuous function find a fixed point (in a specified model
of computation). This problem has been well-studied in various models of computa-
tion.

Roughgarden and Weinstein [RW16] initiated the study of distributed computa-
tion of approximate fixed points in the `∞ norm. They studied the following task for
two players: player A gets a function fA : [0, 1]nα → [0, 1]mα and player B gets a function
fB : [0, 1]mα → [0, 1]nα, where α is a discretization parameter38 and m = O(n). Their
goal is to find an ε-approximate fixed point of the composition of the two functions

38The discretization parameter determines the input size for each player; Player A gets
(

1
α + 1

)n
·m ·

log
(

1 + 1
α

)
bits as input and Player B gets

(
1
α + 1

)m
· n · log

(
1 + 1

α

)
bits as input.

153



6. COMMUNICATION COMPLEXITY OF FINDING APPROXIMATE FIXED
POINTS

fComp := fB ◦ fA, if one exists, i.e., to find an x ∈ [0, 1]nα such that ‖ fB( fA(x))− x‖∞ ≤ ε

(if one exists). In this chapter we refer to the aforementioned problem, more generally
for all `p norms, as the Composition Brouwer problem in the `p-norm and denote it by
Compp,n,ε,λ,α, where λ is the Lipschitz constant of fComp.

In the communication model, there are multiple ways to capture a computational
problem. In this regard, our first contribution is to introduce two other natural realiza-
tions of fixed point computation of a Brouwer function in the communication model,
and show that they are all essentially equivalent.

One may see the Composition Brouwer problem arising naturally from the math-
ematical fact that the composition of two continuous functions is a continuous func-
tion. In the same spirit, we note that the interpolation of two continuous functions is
a continuous function, and introduce the Interpolation Brouwer problem in the `p norm
(denoted by Interp,n,ε,λ,α), where player A gets a function fA : [0, 1]nα → [0, 1]nα, player
B gets a function fB : [0, 1]nα → [0, 1]nα, and their goal is to find an ε-approximate fixed
point (if one exists) of the interpolation of the two functions fInter := fA+ fB

2 , which is
λ-Lipschitz.

Another natural way to partition the input function between the players in the
communication model is to give each player part of the description of the input func-
tion. We introduce the Concatenation Brouwer problem in the `p norm (denoted by
Concatp,n,ε,λ,α), where player A gets a function fA : [0, 1]nα → [0, 1]n/2

α , player B gets
a function fB : [0, 1]nα → [0, 1]n/2

α , and their goal is to find an ε-approximate fixed point
(if one exists) of the concatenation of the two functions fConcat := ( fA, fB), which is
λ-Lipschitz.

Our first result states that the above described Brouwer function problems are all
equivalent upto polynomial factors. Throughout this chapter we denote by CC the
randomized communication complexity of a problem.

Theorem 6.1.1. Let n ∈ N be an even integer, p ∈ R≥1 ∪ {∞}, λ ≥ 0, α ∈ (0, 1], and
ε ≥ 0. Then the following inequalities hold:

1. CC(Concatp,n,ε,λ,α) ≤ CC(Interp,n,ε/2,(λ+1)/2,α).

2. CC(Interp,n,ε,λ,α) ≤ CC(Compp,n,ε,O(λ),α/4).

Moreover, If the Lipschitz constants of the functions given to the players in the composition
Brouwer problem are each O(λ), then

CC(Compp,n,ε,λ,α) ≤ CC(Concatp,2n,ε/O(λ),O(λ),α).
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Finally, notice that all three aforementioned problems are total for a particular
setting of parameters (i.e., an ε-approximate fixed point is guaranteed to exist), as con-
tinuity is preserved under composition, concatenation, and interpolation.

6.1.1 Lower Bounds in the Total Regime

Roughgarden and Weinstein [RW16] showed a lower bound of 2Ω(n) on the determin-
istic communication complexity of Comp∞,n,ε,λ,α in the `∞ norm for a certain setting
of parameters ε, α, and λ. Their proof strategy was to lift the query complexity lower
bounds for finding a fixed point of a Brouwer function into the communication model.
However, for the setting of parameters for which their lower bound was shown, they
could not guarantee the existence of an ε-approximate fixed point. They left it as an
open problem if one could extend their lower bound to a regime of parameters where
one could guarantee an ε-approximate fixed point (hereafter referred to as the total
regime).

Babichenko and Rubinstein [BR17] showed an exponential lower bound in the to-
tal regime, for a version of the Brouwer problem in the communication model, build-
ing on the techniques of [RW16]. In this chapter, we introduce the Local Brouwer prob-
lem that captures the problem for which [BR17] showed their lower bound. We reduce
the Local Brouwer problem to the Composition Brouwer problem and thus resolve the
open problem of [RW16].

Theorem 6.1.2. For p ∈ {2, ∞} and a setting of parameters ε, α and λ where an ε-approximate
fixed point is guaranteed to exist, we show that

CC(Compp,n,ε,λ,α) = 2Ω(n).

Moreover, the Lipschitz constants of the functions given to the players in the composition
Brouwer problem are each O(λ).

We remark that ε, α, and λ in the above theorem are constants independent of n.
This implies that the input size of each player is 2O(n) bits. Therefore, the above lower
bound is tight up to constant factors in the exponent.

The proof of the above theorem crucially uses the work of Göös and Rubinstein
[GR18b], who recently showed how to use the constant gadget size lifting theorem of
Göös and Pitassi [GP14b] to obtain randomized communication lower bounds for the
Local Brouwer problem.

Also note that we can guarantee the existence of an approximate fixed point only
in the Euclidean norm and the max norm due to known barriers on extension theorems
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for other norms [Nao01]. We elaborate on this in Section 6.5.

Finally, the following is a simple corollary of Theorems 6.1.1 and 6.1.2

Corollary 6.1.3. For p ∈ {2, ∞} and a setting of parameters ε, α and λ where an ε-approximate
fixed point is guaranteed to exist, we have

1. CC(Interp,n,ε,λ,α) = 2Ω(n).

2. CC(Concatp,n,ε,λ,α) = 2Ω(n).

6.1.2 Nash Equilibrium

The main result of [BR17] is that the randomized communication complexity of find-
ing an ε-Nash equilibrium in two-player N × N games requires NΩ(1) bits of com-
munication39. Their result has received significant attention [Kla17, Rou17, Sav18], as
it demonstrated a communication bottleneck for convergence to approximate Nash
equilibrium via randomized uncoupled dynamics. The result of [GR18b] strength-
ens this result further and rules out N2−o(1) randomized communication protocols for
finding an ε-Nash equilibrium in two-player N × N games.

Utilizing Theorem 6.1.2, we provide below a modular (and relatively simpler)
proof of the result of [BR17]. Moreover, this affirms the original proof framework
envisioned in [RW16].

1. We show an Ω̃(N) lower bound on the critical block sensitivity40 of the End of a
Line (EoL) problem defined on the clique host graph on N vertices. We replace
the vertices in the clique with binary trees to obtain a lower bound of Ω̃(

√
N) for

EoL on a host graph on N vertices of constant degree.

2. Next, we apply the simulation theorem of [GP14b] on a constant sized gadget, to
obtain a lower bound of Ω̃(

√
N) for EoL in the communication model.

3. Then, we embed the input graph of EoL problem into a Brouwer function in
O(log N) dimensions in the Euclidean space using the embedding given in [BR17]
(which essentially follows from the one in [Rub16]). This gives us a lower bound
of Ω̃(

√
N) on the randomized communication complexity of the Local Brouwer

problem in O(log N) dimensions.

39They also showed that the randomized communication complexity of finding an ε-Nash equilib-
rium in N-player binary action games requires 2Ω(N) bits of communication.

40See [GR18b] for definitions and a simple proof of the lower bound given in Step 1.
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4. Now we apply the reduction in the proof of Theorem 6.1.2, to obtain a lower
bound of Ω̃(

√
N) on CC

(
Comp2,O(log N),ε,λ,α

)
in the total regime, for some con-

stants α, ε, and λ.

5. Finally, we use the imitation gadget given in [RW16] to reduce Comp2,O(log N),ε,λ,α

to that of finding an εO(1)-approximate Nash equilibrium in two-player N′ × N′

game, where N′ = NO(1). This gives us the lower bound of [BR17].

First, we remark that the above proof strategy can only give us NΩ(1) lower bounds
and thus cannot be used to obtain the lower bound given by [GR18b]. Second, we note
that none of the non-trivial techniques developed in [GR18b] (i.e., proving Ω̃(N) lower
bound on the critical block sensitivity of EoL on host graphs on N vertices of constant
degree, and the ‘doubly-local’ embedding of EoL into a Brouwer function) are used
in the above proof. We merely use the very nice idea of applying the simulation the-
orem of [GP14b] to obtain randomized communication complexity lower bounds for
EoL problem. Third, we remark that in the proofs of both [BR17] and [GR18b], steps
3-5 in the above proof strategy are delicately intertwined and thus the above proof is
arguably easier to follow. Finally, we note that from the lower bound on Composition
Brouwer in Step 4, we can also obtain the same lower bound as [BR17] for the random-
ized communication complexity of finding an ε-Nash equilibrium in N-player binary
action games as well (see [RW16] for details).

It remains an interesting open question to find a more straightforward proof for
the lower bound on the communication complexity of finding an ε-Nash equilibrium
(ideally with no simulation theorems involved). A more important open question is to
understand the communication complexity of the problem of finding an approximate
correlated equilibrium in two-player games. We take a small step on addressing both
these questions in the next subsection.

6.1.3 Correlated Equilibrium

An important generalization of Nash equilibrium is correlated equilibrium [Aum74,
Aum87]. Whereas in a Nash equilibrium the players choose their strategies indepen-
dently, in a correlated equilibrium the players can coordinate their decisions, choosing
a joint strategy. There are two notions of correlated equilibrium which we call cor-
related equilibrium (CE) and rule correlated equilibrium (RCE)41. In a CE no player can
benefit from replacing one action with another, whereas in a RCE no player can bene-
fit from simultaneously replacing every action with another action (using a switching

41In most literature, both notions of correlated equilibrium are referred to by the same name. In this
chapter, we choose to distinguish between them.
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rule). While the above two notions are equivalent, approximate CE and approximate
RCE are not equivalent, but are closely related.

The communication task of finding an approximate (rule) correlated equilibrium
is as follows. The actions sets and the approximation value are known to both players.
Each player gets a utility function that specify her payoffs for every pair of actions
(given as a truth table). At the end of the communication both players should know the
same correlated mixed strategy which is an approximate (rule) correlated equilibrium.

In the multi-party setting, [HM10, PR08, JL15] showed protocols for finding an ex-
act CE of N-player binary action games with poly(N) bits of communication (note that
the input size per player is 2N). In the two-player setting, every N×N game has a triv-
ial 1/N-approximate CE (the uniform distribution over all pairs of actions, which can
be found with zero communication). However, there is no trivial approximate RCE,
even for constant approximation values. Babichenko and Rubinstein [BR17] raised the
following questions:

Does a polylog(N) communication protocol for finding an approximate RCE of
two-player N × N games exist? Is there a poly(N) communication complexity
lower bound?

We show a communication complexity lower bound for finding a 1/poly(N)-
approximate CE of a two-player N × N game that we call the 2-cycle game. Since
every approximate RCE is an approximate CE, the same lower bound holds for RCE.

Theorem 6.1.4. Let n ≥ 3 be an odd integer, let N = 2n and ε ≤ 1
4N3 . Then, every random-

ized communication protocol for finding an ε-approximate correlated equilibrium of the 2-cycle
N × N game, with error probability at most 1

3 , has communication complexity at least Ω(N).

As far as we know, there were no communication complexity lower bounds for
(exact) CE or RCE of two-player games prior to this. Note that Theorem 6.1.4 implies
a lower bound of Ω(N) on the number of queries to the utility functions, for any
randomized query algorithm that finds a 1/poly(N)-approximate CE (or RCE) of the 2-
cycle N × N game, with probability at least 2/3.

After the first version of the contents of a part of this chapter was published on-
line, two similar results were proved by others. Babichenko [Bab17] showed that any
1/poly(N)-approximate RCE in the generalized matching-pennies game reveals the en-
tire input of one of the players, thus proved the same lower bound as in Theorem 6.1.4.
Ko and Schvartzman [KS17b] independently showed that for any Ω(1/N) < ε < 1/10,
the communication complexity of finding an ε-approximate RCE is Ω(ε−1/2 log N). In
our opinion, the main difference between our lower bound and the above results is

158



6.1 Introduction

that their games have no approximate RCE with succinct representation, while our
game has a unique pure Nash equilibrium (which is also a RCE with one pair of ac-
tions in its support). We will elaborate on the importance of proving lower bounds for
equilibria with succinct representations later in this section.

It remains a very interesting open problem to determine the communication com-
plexity of finding a constant-approximate RCE of two-player games. Currently, there
is an exponential gap between the best known lower and upper bounds on the com-
munication complexity of finding a constant-approximate RCE of two-player N × N
games, where the best known lower bound is logarithmic in N [KS17b].

Additionally, Theorem 6.1.4 implies a randomized communication complexity
lower bound of Ω(N) for finding a 1/poly(N)-approximate Nash equilibrium of the 2-
cycle game42. This is a slightly stronger lower bound than the one obtained in [BR17]
(and weaker than the one obtained in [GR18b]) but for much smaller approximation
values. Our proof is more simple and straightforward, as it does not go through sev-
eral intermediate problems.

The 2-cycle game is a very simple game, in the sense that it is a win-lose, sparse
game, in which each player has a unique best response to every action. For the class of
win-lose, sparse games, our lower bound is tight up to logarithmic factors, as a player
can send his entire utility matrix using O(N log N) bits of communication. However,
our lower bound does not hold for much larger approximation values, since there
are examples of approximate equilibria of the 2-cycle game for larger approximation
values, that can be found with small amount of communication (see Appendix 6.8.4
for details).

Correlated Equilibrium with Succinct Representation

In the communication model, for a problem to be meaningful, we would like the out-
put size to be much smaller than the number of bits needed to solve it. Specifically, for
the problem of finding an approximate RCE (or CE) in N×N games, we would like the
output to have a succinct representation of size polylog(N) bits. A natural notion of
succinct representation is the support size of an equilibrium, thus we could define the
communication problem associated with finding a RCE to be finding an approximate
RCE of polylog(N) support size.

For 1/poly(N) approximation values, there are two-player N × N games for which
every approximate RCE is of poly(N) support size. In contrast, Babichenko, Barman

42We are able to improve the approximation parameter from 1/4N3 in Theorem 6.1.4 above to 1/16N2

in the case of approximate Nash equilibrium.
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and Peretz [BBP17] showed that every two-player game has a constant-approximate
RCE of support size O (log N). Therefore, finding an approximate RCE of polylog(N)

support size is a total search problem (i.e., a solution always exists) for constant ap-
proximation values43, but is not total for 1/poly(N) approximation values.

As a step before understanding the total problem of finding a constant-approximate
RCE, we consider promise problems, where we are guaranteed to have a RCE with a
small support. Our lower bound for finding an approximate RCE implies that even
for games in which we are promised to have a RCE with a small support, finding an
approximate RCE remains hard.

Sampling from a Correlated Equilibrium

We introduce another natural communication task in the context of joint strategies,
which is the task of sampling from a CE. Intuitively, in the task of sampling from a
CE (or RCE)44, the players are required to output each pair of actions with probability
that is close to the probability of this pair of actions under some CE. More formally,
at the end of the communication, each player outputs a single action, such that the
distribution of the protocol on pairs of actions is close (say, ∆-close in `1 distance, for
some small ∆) to some joint distribution which is a CE of the game. The above problem
was suggested by Moni Naor [Nao17].

The problem of finding a CE in the communication model requires that both play-
ers know at the end of the communication the entire joint strategy, which might be
large. We believe that the easier task of sampling from a CE is interesting in real-life
scenarios, since by sampling from an equilibrium of the game the players can act ac-
cording to that equilibrium. Sampling communication tasks were studied in many
different variants in different contexts, such as compression of randomized protocols,
simulation of randomized protocols, agreement distillation, sketching algorithms, ap-
proximation algorithms based on rounding linear programming relaxations, the study
of parallel repetition and cryptography.

When a game has a CE with a small support size, by sampling from this equilib-
rium the players can recover (learn) the equilibrium with high probability. However,
it might be the case that the game has an approximate RCE with a large support from
which sampling is easy, while finding (even approximately) the entire joint strategy is
hard. In particular, a poly-logarithmic number of samples might not be enough to re-
cover the equilibrium. For example, if one of the players knows a CE of the game, she
can sample a pair of actions according to the equilibrium and send the other player his

43In fact, [BBP17] showed that the problem is total for 1/polylog(N) approximation values.
44This problem can be naturally extended to sampling from an approximate correlated equilibrium.
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action. However, if the equilibrium she knows has no succinct representation, com-
municating it might be hard.

The 2-cycle game has a unique exact CE which is the pure Nash equilibrium of
the game, and every 1/poly(N)-approximate CE of the game is concentrated on the pure
Nash equilibrium. Thus, by sampling a pair of actions from a 1/poly(N)-approximate
CE, the players can recover the pure Nash equilibrium with high probability. That is,
not only finding a 1/poly(N)-approximate CE of the game is hard, but sampling from
such an equilibrium is also hard. Since every approximate RCE is an approximate CE,
the following lower bound holds also for RCE.

Theorem 6.1.5. Let n ≥ 3 be an odd integer, let N = 2n, ∆ ∈ [0, 2/3) and ε ≤ 1/4N3(2/3−
∆). Let µ be an ε-approximate correlated equilibrium of the 2-cycle N × N game. Then, every
randomized communication protocol for sampling from a distribution that is ∆-close in `1

distance to µ, with error probability at most 1
3 , has communication complexity at least Ω(N).

It remains a very interesting open problem to determine the communication com-
plexity of sampling from a constant-approximate RCE of two-player games.

6.1.4 Sperner Problem

We also initiate the study of the computational problem associated with Sperner’s
lemma in the communication model. Let T be a triangulation of the unit d-simplex
∆ := conv(v0, . . . , vd). A coloring c : T → {0, . . . , d} is said to be a Sperner-coloring if
c(vi) = i for all i ∈ {0, . . . , d} and every x ∈ T gets the color of one of the vertices of
the smallest face of ∆ that contains x. Sperner’s lemma asserts that in every Sperner-
coloring of a triangulation of ∆, there exists a panchromatic d-simplex. The natural
computational problem that is associated with Sperner’s lemma is as follows: Given a
coloring of a fixed triangulation of ∆, find a panchromatic d-simplex (or a point in T
that violates Sperner-coloring). This problem has previously been studied in the query
model [CS98, Dan06, FISV09] and the Turing machine model [Pap94, Gri01, CD09].

We introduce the Concatenation Sperner problem (denoted by Spt
d,n) in the two-

player communication model, where a triangulation T (of n points) of the unit d-
simplex is publicly known, player A is given a set SA ⊂ T and a coloring function
cA : SA → {0, . . . , t− 1}, and player B is given a set SB ⊂ T and a coloring function
cB : SB → {t, . . . , d}. Their goal is to find a panchromatic d-simplex in the triangula-
tion or a point x ∈ T that violates the assumption that SA∪̇SB = T. Note that with two
bits of communication the players can verify if the coloring of T given together by cA
and cB is a Sperner-coloring.

Our first result on this problem is on the positive side:
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Theorem 6.1.6. Let d ≤ 4. For all t ∈ {0, . . . , 4}, there is a deterministic protocol for Spt
d,n

with O(log2 n) bits of communication.

The proof of the above theorem can be modified to give an O(log2 n) communica-
tion deterministic protocol for the following three-player problem: A triangulation (of
size n) of the unit 2-simplex (a planar triangle) is publicly known, each player is given
a subset of the triangulation points corresponding to one of the three color classes, and
their goal is to find a panchromatic triangle (see Corollary 6.7.8 for a formal statement).
Such an efficient protocol is in stark contrast to the query model and the Turing ma-
chine model where the equivalent Sperner problem is known to be hard (see [CS98]
and [CD09] respectively). We highlight that the protocol critically uses the perks of
the communication model, that each player has unlimited computation power (which
is not allowed in the Turing machine model), and that each player knows part of the
total input (which does not hold in the query model).

However, the Concatenation Sperner problem admits no efficient protocol for
large d as we show below.

Theorem 6.1.7. For large enough d, we have Spd/2
d,n = nΩ(1).

The proof of the above theorem follows by a reduction from the Composition
Brouwer problem to the Concatenation Sperner problem, and then applying the lower
bound from Theorem 6.1.2.

6.1.5 Related Works

In this subsection, we survey related works on computation of fixed points and corre-
lated equilibrium.

Fixed Point Problem

We already discussed the known results on the fixed point problem in the commu-
nication complexity model. Next we briefly mention the literature on the fixed point
problem in other models of computation.

Query Complexity. In the query model, the task is to find a fixed-point of a func-
tion f : [0, 1]n → [0, 1]n, where a query algorithm can only obtain information about
f by queries to the value of f at points in [0, 1]n. The general research issue is to
identify bounds on the number of queries needed to find a fixed-point, subject to the
assumption that f belongs to some given class of functions (for instance, piecewise
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linear functions). The query complexity of computing a constant approximate fixed
point in the max norm was studied by Hirsch et al. [HPV89] in the deterministic set-
ting. Recently, Babichenko [Bab16] extended their lower bounds to the randomized
setting. Rubinstein [Rub16] extended this to the case of constant approximate fixed
point computation in the Euclidean norm. Finally, note that tight randomized query
lower bounds have been obtained by Chen and Teng [CT07] for the fixed point com-
putation of Brouwer’s functions in fixed dimension.

Computational Complexity. In this model of computation, an arithmetic circuit rep-
resenting the function (can be seen as succinct encoding of the truth table) is provided
to a Turing machine as input and the complexity measure is the number of steps the
machine should run in order to find the fixed point of the function. The computational
complexity of computing an approximate fixed point in the max norm was shown to
be PPAD-complete for exponentially small approximation parameters by Papadim-
itriou [Pap94]. A decade later, Chen et al. [CDT09] showed that computing an approx-
imate fixed point in the max norm was PPAD-complete for polynomial approxima-
tion parameter. This was recently improved to constant approximation by Rubinstein
[Rub15]. Finally, Rubinstein [Rub16] showed that computing a constant approximate
fixed point in the Euclidean norm is PPAD-complete. The computational complexity
of computing a near fixed point in the max norm was shown to be FIXP-complete by
Etessami and Yannakakis [EY10].

Correlated Equilibrium

Next, we overview previous works related to the computation of correlated equilibria
of two-player N × N games.

Computational complexity An exact correlated equilibrium can be computed for
two-player games in polynomial time by a linear program [HS89]. Additionally, the
decision version of finding correlated equilibria with particular properties have also
been considered in literature (for examples see [GZ89, BL15]).

Query complexity Fearnley et al. [FGGS15] showed a deterministic query algo-
rithm that finds a 1/2-approximate Nash equilibrium by making O(N) queries and
Fearnley and Savani [FS16] showed a randomized query algorithm that finds a 0.382-
approximate Nash equilibrium by making O(N log N) queries. For coarse correlated
equilibrium, Goldberg and Roth [GR14] provided a randomized query algorithm that
finds a constant approximate coarse correlated equilibrium by making O(N log N)

queries.
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Communication complexity Goldberg and Pastink [GP14a] showed a communi-
cation protocol that finds a 0.438-approximate Nash equilibrium by exchanging
polylog(N) bits of communication, and Czumaj et al. [CDF+16] showed a commu-
nication protocol that finds a 0.382-approximate Nash equilibrium with similar com-
munication.

6.1.6 Organization of the Chapter

In Section 6.2 we define some notions and introduce notations that will be used through-
out the chapter. In Section 6.3, we formally introduce the Brouwer problems that we
study in this chapter and in Section 6.4 we prove Theorem 6.1.1. In Section 6.5 we
compute the setting of parameters wherein the Brouwer problems are total and in Sec-
tion 6.6 we show Theorem 6.1.2. In Section 6.7 we introduce the Sperner problem that
we study in this chapter and prove Theorems 6.1.6 and 6.1.7. Finally, in Section 6.8, we
show our lower bound on finding an approximate correlated equilibrium by showing
Theorems 6.1.4 and 6.1.5

6.2 Preliminaries

6.2.1 General Notation

For n ∈N, we denote by [n] the set {0, 1, . . . , n− 1}. For two bit strings x, y ∈ {0, 1}∗,
let xy be the concatenation of x and y. For a bit string x ∈ {0, 1}n and an index i ∈ [n],
xi is the ith + 1 bit in x and x̄ is the negated bit string, that is x̄i is the negation of xi.
For a function µ : Ω→ [0, 1], where Ω is some finite set, and a subset S ⊆ Ω, let

µ(S) = ∑
z∈S

µ(z).

Define µ(∅) = 0 and maxz∈∅ µ(z) = 0. For u ∈ Ω we say that µ is concentrated on u if

µ(u) > µ(v) ∀ v ∈ Ω \ {u}.

For a function µ : U × V → [0, 1], where U ,V are some finite sets, a subset S ⊆ U and
v ∈ V , let

µ(S, v) = ∑
u∈S

µ(u, v).

Similarly, for a subset S ⊆ V and u ∈ U let µ(u, S) = ∑v∈S µ(u, v). Define µ(∅, v) =

µ(u, ∅) = 0.
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6.2.2 Approximate Correlated Equilibrium

A win-lose, finite game for two players A and B is given by two utility functions uA :
U × V → {0, 1} and uB : U × V → {0, 1}, where U and V are finite sets of actions. We
say that the game is an N × N game, where N = max{|U |, |V|}. A mixed strategy for
player A is a distribution over U and a mixed strategy for player B is a distribution
over V . A mixed strategy is called pure if it has only one action in its support. A
correlated mixed strategy is a distribution over U × V . A switching rule for player A is a
mapping from U to U and a switching rule for player B is a mapping from V to V .

Definition 6.2.1 (Approximate Correlated Equilibrium). Let ε ∈ [0, 1). An ε-approximate
correlated equilibrium of a two-player game is a correlated mixed strategy µ such that the
following two conditions hold:

1. For all actions u, u′ ∈ U ,

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
≤ ε.

2. For all actions v, v′ ∈ V ,

∑
u∈U

µ(u, v) ·
(
uB(u, v′)− uB(u, v)

)
≤ ε.

Definition 6.2.2 (Approximate Rule Correlated Equilibrium). Let ε ∈ [0, 1). An ε-
approximate rule correlated equilibrium of a two-player game is a correlated mixed strategy
µ such that the following two conditions hold:

1. For every switching rule f for player A,

E(u,v)∼µ [uA( f (u), v)− uA(u, v)] ≤ ε.

2. For every switching rule f for player B,

E(u,v)∼µ [uB(u, f (v))− uB(u, v)] ≤ ε.

When the approximation value is zero the two notions above coincide. In general,
every approximate rule correlated equilibrium is an approximate correlated equilib-
rium.

Proposition 6.2.3. Fix an N action two-player game and let ε ∈ [0, 1). Then, every ε-
approximate rule correlated equilibrium of the game is an ε-approximate correlated equilibrium
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of the game. In the other direction, every ε-approximate correlated equilibrium of the game is
an (ε · N)-approximate rule correlated equilibrium of the game.

The communication task of finding an ε-approximate (rule) correlated equilibrium
is as follows. Consider a win-lose, finite game for two players A and B, given by two
utility functions uA : U × V → {0, 1} and uB : U × V → {0, 1}.
Inputs: The actions sets U ,V and the approximation value ε are known to both play-
ers. Player A gets the utility function uA and player B gets the utility function uB. The
utility functions are given as truth tables of size |U | × |V| each.
At the end of the communication: Both players know the same correlated mixed
strategy µ over U × V , such that µ is an ε-approximate (rule) correlated equilibrium.

Remark 6.2.4. Note that the communication complexity of a communication protocol for find-
ing an ε-approximate (rule) correlated equilibrium is the total number of bits exchanged be-
tween the two players, which might be smaller than the number of bits required to describe the
correlated mixed strategy µ to an observer with no prior information.

6.3 Brouwer Fixed Point Communication Problems

In this section, we study how fixed point computation can be realized in the com-
munication model. To this effect we revisit the problem of finding a fixed point in
the composition of two Brouwer functions introduced by Roughgarden and Weinstein
[RW16], and additionally introduce two new fixed point communication problems.

6.3.1 Fixed Points of Composition of Brouwer Functions

The composition of two continuous functions is a continuous function. Based on this funda-
mental mathematical statement, Roughgarden and Weinstein [RW16] introduced the
following definition of the distributed version of finding an approximate fixed point
of composed functions for the two-player case45. We denote the randomized commu-
nication complexity of this problem by CC(Compp,n,ε,λ,α).

Definition 6.3.1 (Composition Brouwer Problem [RW16]). Let p ∈ R≥1 ∪ {∞}, n, m ∈
N, where m = O(n), α ∈ (0, 1], λ ≥ 0 and ε ≥ 0. The Composition Brouwer Problem
for two players A and B is as follows. Let p, n, m, α, λ and ε be publicly known parameters.
Player A gets the truth table of a function fA : [0, 1]nα → [0, 1]mα . Player B gets the truth table

45The problem was introduced for the `∞-metric in [RW16], but we address the problem in this chap-
ter for all `p-metrics.
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of a function fB : [0, 1]mα → [0, 1]nα. Let fComp : [0, 1]nα → [0, 1]nα be defined as follows: for all
x ∈ [0, 1]nα, fComp(x) = fB( fA(x)). Their goal is to output x ∈ [0, 1]nα such that

‖ fComp(x)− x‖p ≤ ε,

if one exists, or to output x, y ∈ [0, 1]nα such that

‖ fComp(x)− fComp(y)‖p > λ · ‖x− y‖p,

if one exists.

We would like to remark here that [RW16] parameterize the above problem using
the Lipschitz constants of fA and fB (unlike above, where it is parameterized by the
Lipschitz constant of fComp). However, we only care about cases where both λA and
λB are constants, and in these cases, because of the relation between λA, λB and λ, for
the sake of brevity, it is enough to state λ.

Proposition 6.3.2 (Roughgarden and Weinstein46 [RW16]). Let fA, fB, and fComp be as in
Definition 6.3.1. Let λA, λB, and λComp be their respective Lipschitz constants. Then we have
λComp ≤ λA · λB.

6.3.2 Fixed Points of Concatenation of Functions

The concatenation of two continuous functions is a continuous function. Based on this ba-
sic mathematical statement, we introduce a new fixed point problem that comes up
naturally in the context of communication complexity. We call this problem the Con-
catenation Brouwer Problem and denote its randomized communication complexity
by CC(Concatp,n,ε,λ,α).

Definition 6.3.3 (Concatenation Brouwer Problem). Let p ∈ R≥1 ∪ {∞}, n ∈ N, an
even number, α ∈ (0, 1], λ ≥ 0 and ε ≥ 0. The Concatenation Brouwer Problem for two
players A and B is as follows. Let p, n, α, λ and ε be publicly known parameters. Player A gets
the truth table of a function fA : [0, 1]nα → [0, 1]n/2

α . Player B gets the truth table of a function
fB : [0, 1]nα → [0, 1]n/2

α . Let fConcat : [0, 1]nα → [0, 1]nα be defined as follows: for all x ∈ [0, 1]nα,
fConcat(x) = ( fA(x), fB(x)). Their goal is to output x ∈ [0, 1]nα such that

‖ fConcat(x)− x‖p ≤ ε,

46They state the proposition for `∞ norm, but the same proof works for all `p norms.
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if one exists, or to output x, y ∈ [0, 1]nα such that

‖ fConcat(x)− fConcat(y)‖p > λ · ‖x− y‖p,

if one exists.

We have a proposition below for Concatenation of functions, similar to Proposi-
tion 6.3.2.

Proposition 6.3.4. Let fA, fB, and fConcat be as in Definition 6.3.3. Let λA, λB, and λConcat

be their respective Lipschitz constants. Then we have λConcat ≤ ‖λA,B‖p, where λA,B =

(λA, λB).

Proof. Fix distinct x, y ∈ [0, 1]nα such that ‖ fConcat(x)− fConcat(y)‖p = λConcat · ‖x− y‖p.
We have:

λConcat · ‖x− y‖p = ‖ fConcat(x)− fConcat(y)‖p =
(
‖ fA(x)− fA(y)‖

p
p + ‖ fB(x)− fB(y)‖

p
p
)1/p

≤
(
(λ

p
A + λ

p
B) · ‖x− y‖p

p
)1/p

= ‖λA,B‖p · ‖x− y‖p

6.3.3 Fixed Points of Interpolation of Brouwer Functions

The interpolation of two continuous functions is a continuous function. Based on this fun-
damental mathematical statement about functions over vector spaces47, we introduce
the following fixed point problem which captures geometric smoothening of the inter-
polation operator. We call this problem the Interpolation Brouwer problem and denote
its randomized communication complexity CC(Interp,n,ε,λ,α).

Definition 6.3.5 (Interpolation Brouwer Problem). Let p ∈ R≥1 ∪ {∞}, n ∈ N, α ∈
(0, 1], λ ≥ 0 and ε ≥ 0. The Interpolation Brouwer Problem for two players A and B is
as follows. Let p, n, α, λ and ε be publicly known parameters. Player A gets the truth table of
a function fA : [0, 1]nα → [0, 1]nα. Player B gets the truth table of a function fB : [0, 1]nα →
[0, 1]nα. Let fInter : [0, 1]nα → [0, 1]nα/2 be defined as follows: for all x ∈ [0, 1]nα and i ∈ [n],

fInter(x)i =
fA(x)i+ fB(x)i

2 . Their goal is to output x ∈ [0, 1]nα such that

‖ fInter(x)− x‖p ≤ ε,

47To be precise, the statement is true is for functions over any vector space where scaling and addition
are continuous on the corresponding topology.
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if one exists, or to output x, y ∈ [0, 1]nα such that

‖ fInter(x)− fInter(y)‖p > λ · ‖x− y‖p,

if one exists.

We remark here that in the above definition we could define fInter in a more gen-
eral way: for every integers p ≥ 0, q > 0 such that p ≤ q, let f p/q

Inter : [0, 1]nα → [0, 1]nα/q

be defined as follows: for all x ∈ [0, 1]nα and i ∈ [n], f p/q
Inter(x)i =

p
q · fA(x)i +

(
1− p

q

)
·

fB(x)i. The results in this chapter could be extended to this more general definition,
but we skip doing so, for the sake of brevity.

Finally, we have a proposition below for Interpolation of functions, similar to
Propositions 6.3.2 and 6.3.4.

Proposition 6.3.6. Let fA, fB, and fInter be as in Definition 6.3.5. Let λA, λB, and λInter be
their respective Lipschitz constants. Then we have λInter ≤ λA+λB

2 .

Proof. Fix distinct x, y ∈ [0, 1]nα such that ‖ fInter(x)− fInter(y)‖p = λInter · ‖x− y‖p. We
have:

λInter · ‖x− y‖p = ‖ fInter(x)− fInter(y)‖p ≤
1
2
·
(
‖ fA(x)− fA(y)‖p + ‖ fB(x)− fB(y)‖p

)
≤ λA + λB

2
· ‖x− y‖p

6.4 Equivalence of Composition, Concatenation, and In-
terpolation Brouwer Problems

In this section, we prove the equivalence between the three Brouwer problems (upto
polynomial factors) that we introduced in Section 6.3.

The communication complexities of the three Brouwer problems described in Sec-
tion 6.3 are closely related. In this section, we omit p from the notations, as all the
results hold for any fixed value p ∈ R≥1 ∪ {∞}. The proof of Theorem 6.1.1 follows
from the next three lemmas.

Lemma 6.4.1. Let n ∈N be an even integer, λ ≥ 0, α ∈ (0, 1] and ε ≥ 0. It holds that

CC(Concatn,2ε,λ,α) ≤ CC(Intern,ε,(λ+1)/2,α).
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Proof. Player A gets fA : [0, 1]nα → [0, 1]n/2
α . Player B gets fB : [0, 1]nα → [0, 1]n/2

α . Define
gA, gB : [0, 1]nα → [0, 1]nα for every x = (x1, x2) ∈ [0, 1]nα as

gA(x) = ( fA(x), x2) and gB(x) = (x1, fB(x)) .

We now show that if the Lipschitz constant of fConcat is λ then gInter is at most
(λ + 1)/2-Lipschitz.

‖gInter(x)− gInter(y)‖ =
1
2
· ‖( fA(x) + x1 − fA(y)− y1, fB(x) + x2 − fB(y)− y2)‖

≤ 1
2
· (‖ fConcat(x)− fConcat(y)‖+ ‖x− y‖)

≤ λ + 1
2
· ‖x− y‖

Let gInter(x) = (y1, y2) where y1, y2 ∈ [0, 1]n/2
α . Then, we have ‖y1 − x1‖ = 1/2 ·

‖ fA(x) − x1‖ and ‖y2 − x2‖ = 1/2 · ‖ fB(x) − x2‖. Hence if ‖gInter(x) − x‖ ≤ ε then
‖ fConcat(x)− x‖ ≤ 2ε.

Lemma 6.4.2. Let n ∈N, λ ≥ 0 , α ∈ (0, 1] and ε ≥ 0. It holds that

CC(Intern,ε,λ,α) ≤ CC(Compn,ε,O(λ),α/4).

Proof. Player A gets fA : [0, 1]nα → [0, 1]nα. Player B gets fB : [0, 1]nα → [0, 1]nα. Define
g̃A : [0, 1]nα → [0, 1]2n

α/2 for every x ∈ [0, 1]nα as

g̃A(x) =
(

1
2
· fA(x), x

)
,

and define g̃B : [0, 1]2n
α/2 → [0, 1]nα/4 for every x, y ∈ [0, 1]nα/2 as

g̃B(x, y) = x +
1
2
· fB(y∗),

where y∗ ∈ [0, 1]nα is the closest point (arbitrarily picked in case of ties) to y. Finally
define gA : [0, 1]nα/4 → [0, 1]2n

α/4 by rounding down every coordinate in [0, 1]nα/4 to [0, 1]nα
and applying g̃A. Similarly, define gB : [0, 1]2n

α/4 → [0, 1]nα/4 by rounding down every
coordinate in [0, 1]nα/4 to [0, 1]nα/2 and applying g̃B. Note that this does not increase the
Lipschitz constant by more than a constant factor. Notice that for every x ∈ [0, 1]nα we
have fInter(x) = gComp(x), and the lemma follows.

Lemma 6.4.3. Let n ∈ N, α ∈ (0, 1], λ ≥ 0 and ε ≥ 0. If the Lipschitz constants of the
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functions given to the players in the composition Brouwer problem are each O(λ), then

CC(Compn,O(λε),λ,α) ≤ CC(Concat2n,ε,O(λ),α).

Proof. Player A gets fA : [0, 1]nα → [0, 1]mα and player B gets fB : [0, 1]mα → [0, 1]nα,
where m = O(n). Define gA, gB : [0, 1]2(n+m)

α → [0, 1]n+m
α for every a, x1 ∈ [0, 1]nα and

b, x2 ∈ [0, 1]mα as

gA(a, x1, b, x2) = (a, fA(x2)) and gB(a, x1, b, x2) = (b, fB(x1)).

Let ax, x1, ay, y1 ∈ [0, 1]nα and bx, x2, by, y2 ∈ [0, 1]mα and denote x = (ax, x1, bx, x2),
y = (ay, y1, by, y2). First, we check the Lipschitz constant of gConcat: Let λA, λB ≥ 0
such that fA is λA-Lipschitz and fB is λB-Lipschitz.

‖gConcat(x)− gConcat(y)‖ = ‖(ax, fA(x2))− (ay, fA(y2)), (bx, fB(x1))− (by, fB(y1))‖
≤ ‖ax − ay‖+ λA‖x2 − y2‖+ ‖bx − by‖+ λB‖x1 − y1‖
≤ O(λ)‖x− y‖,

where the last inequality follows from Proposition 2.1.3.

Next, we check the approximation factor we get for fComp: Let c be a constant
larger than m/n. Assume ‖gConcat(x)− x‖ ≤ ε. Then

‖gA(x)− (ax, x1)‖ = ‖(a, fA(x2))− (ax, x1)‖ ≤ 2ε

and
‖ fA(x2)− x1‖ ≤ 2ε · n + m

m
≤ 4ε.

Similarly, ‖gB(x)− (bx, x2)‖ ≤ 2ε.

‖gB(x)− (bx, x2)‖ = ‖(b, fB(x1))− (bx, x2)‖ ≤ 2ε

and
‖ fB(x1)− x2‖ ≤ 2ε · n + m

n
≤ 2ε(1 + c).

We get that

‖ fB( fA(x2))− x2‖ ≤ ‖ fB( fA(x2))− fB(x1)‖+ ‖ fB(x1)− x2‖
≤ ‖ fB( fA(x2))− fB(x1)‖+ 2ε(1 + c)

≤ λB‖ fA(x2)− x1‖+ 2ε(1 + c)

≤ 4λBε + 2ε ≤ O(λε).
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6.5 Total Regime

In this section, we discuss for what range of parameters ε, λ, and α, are we in the total
regime, i.e., we can guarantee an ε-approximate fixed point for a Brouwer problem.
This was explored for the `∞ norm by [RW16], and in this section we explore this
question for every `p norm. To begin with, we need the following extension theorems.

For the max norm, Roughgarden and Weinstein [RW16] provided a straightfor-
ward generalization of Whitney’s extension theorem to higher dimensions as follows.

Lemma 6.5.1 ([Whi34, RW16]). Let λ ≥ 0 and α ∈ (0, 1]. Let n ∈ N. For every λ-
Lipschitz function f : [0, 1]nα → [0, 1]nα in the `∞ normed space, there exists a λ-Lipschitz
function f̃ : [0, 1]n → [0, 1]n in the `∞ normed space, such that for all x ∈ [0, 1]nα we have
f (x) = f̃ (x).

Next, we adapt Kirszbraun’s extension theorem [Kir34] for the Euclidean norm
over [0, 1]nα.

Lemma 6.5.2. Let λ ≥ 0 and α ∈ (0, 1]. Let n ∈ N. For every λ-Lipschitz function
f : [0, 1]nα → [0, 1]nα in the Euclidean space, there exists a λ-Lipschitz function f̃ : [0, 1]n →
[0, 1]n in the Euclidean space, such that for all x ∈ [0, 1]nα we have f (x) = f̃ (x).

Proof. Let g : Rn → Rn be a λ-Lipschitz function which is also an extension of f
guaranteed by the Kirszbraun’s extension theorem. Define f̃ : [0, 1]n → [0, 1]n as
follows:

∀x ∈ [0, 1]n and i ∈ [n], f̃ (x)i =


g(x)i if g(x)i ∈ [0, 1],

0 if g(x)i < 0,

1 if g(x)i > 1.

It is easy to see that f̃ is also λ-Lipschitz.

Now, we use the aforementioned extension theorems, to determine the total regime
in the Euclidean and max norms.

Theorem 6.5.3. Let p ∈ {2, ∞}. Let ε, λ ≥ 0, and α ∈ (0, 1]. Let n ∈ N and f : [0, 1]nα →
[0, 1]nα be a λ-Lipschitz function in the `p normed space. If (λ + 1) · α ≤ 2ε then, f has an
ε-approximate fixed point.

Proof. Let f̃ : [0, 1]n → [0, 1]n be the extension of f guaranteed by Lemma 6.5.2 if p = 2
or by Lemma 6.5.1 if p = ∞. By Brouwer’s fixed point theorem, there exists x ∈ [0, 1]n
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such that f̃ (x) = x. Let y be an element in [0, 1]nα that minimizes ‖x− y‖p (if there are
more than one, pick arbitrarily). Note that ‖x− y‖p ≤ α/2. Since f̃ is λ-Lipschitz,

‖ f (y)− y‖p ≤ ‖ f (y)− f̃ (x)‖p + ‖ f̃ (x)− y‖p

= ‖ f̃ (y)− f̃ (x)‖p + ‖x− y‖p

≤ (λ + 1) · ‖x− y‖p

≤ (λ + 1) · α

2
≤ ε.

We conclude this section with a short discussion on determining the total regime
for other `p norms. Fix a finite p ∈ R≥1 \ {2}. If there was an extension theorem for
the `p norm (similar to Lemmas 6.5.1 and 6.5.2) then the same proof of Theorem 6.5.3
would give us conditions for the total regime in the `p norm. However it is well known
[WW75] that such an extension theorem cannot exist for every finite sized domain in
the `p norm48. Thus, if such an extension theorem existed for functions over the [0, 1]nα
domain then, they need to make use of the structure of the point-set [0, 1]nα. Thus, we
leave open the following question.

Open Question 6.5.4. For any finite p ∈ R≥1 \ {2}, is there any non-trivial setting of
parameters ε, λ, and α for which we can guarantee the existence of an ε-approximate fixed
point in any of the Brouwer problems discussed in this thesis?

6.6 Lower Bound on Brouwer Problems

In this section, we show an exponential lower bound in the dimension on the three
Brouwer problems introduced in Section 6.3 (i.e., a polynomial lower bound in the size
of the inputs ). We begin by introducing the Local Brouwer problem, and then recall
the lower bound of [BR17] for Local Brouwer problem, and finally prove Theorem 6.1.2
(and consequently Corollary 6.1.3).

Let n, r, N ∈ N and α ∈ (0, 1]. Let P(N, r) denote the set of all subsets of size r
over the universe [N]. Assume that every (x, y) ∈ {0, 1}N × {0, 1}N defines a function
fx,y : [0, 1]nα → [0, 1]nα. We say that a function fx,y is r-local with respect to functions

48In fact, strengthenings of this result are known; Naor [Nao01] showed that even a non-isometric
extension theorem cannot exist that holds for every finite sized domain in the `p norm when p > 1, and
Makarychev and Makarychev [MM16] showed the same for p = 1.
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Loc : [0, 1]nα → P(N, r) and f ′ : {0, 1}2r × [0, 1]nα → [0, 1]nα if for all z ∈ [0, 1]nα, we have:

fx,y(z) = f ′(x|Loc(z), y|Loc(z), z). (6.1)

The following is the formal definition of the Local Brouwer problem for two play-
ers. We denote its randomized communication complexity CC(Localp,n,ε,λ,α,r).

Definition 6.6.1 (Local Brouwer Problem). Let p ∈ R≥1 ∪ {∞}, n, r, N ∈ N such that
n = Θ(log N), α ∈ (0, 1], λ ≥ 0, ε ≥ 0. Let Loc : [0, 1]nα → P(N, r) and f ′ : {0, 1}2r ×
[0, 1]nα → [0, 1]nα. The Local Brouwer problem for two players A and B is as follows. Let
p, n, r, N, α, λ, ε ≥ 0 and Loc, f ′ be publicly known parameters. Player A is given x as input,
and y is given to player B as input, such that fx,y : [0, 1]nα → [0, 1]nα is a λ-Lipschitz and r-local
with respect to Loc and f ′. Their goal is to output z ∈ [0, 1]nα such that ‖ fx,y(z)− z‖p ≤ ε, if
one exists.

In the case of the reductions in [BR17] and [GR18b], r is the size of the inputs of
each player to the gadgets used in the simulation theorem. We are interested in the
constant gadget size simulation theorem of [GP14b] used in [GR18b], but the embed-
ding in the Euclidean norm described in [BR17] (which is essentially the embedding
given in [Rub16]) suffices for us. We note here that for the max norm, we can use the
embedding given in [HPV89] (simplified in [Bab16, Rub15]). Thus we have,

Theorem 6.6.2 ([HPV89, Rub16, BR17, GR18b]). Let p ∈ {2, ∞} and n, N ∈ N such that
n = Θ(log N). There exist constants ε0 > 0, λ0 > 1, r0 > 0, α0 ∈ (0, 1] and Loc : [0, 1]nα →
P(N, r) and f ′ : {0, 1}2r × [0, 1]nα → [0, 1]nα such that for all α ≤ α0, the following holds

CC(Localp,n,ε0,λ0,α,r0) = 2Ω(n).

The proof of Theorem 6.1.2 follows from Theorem 6.6.2 above and the following
theorem, by taking α to be a small enough constant (i.e. α ≤ 2ε0/(λ0+1), see Theo-
rem 6.5.3, to ensure the lower bound holds in the total regime). Now we state and
prove the main result of this chapter.

Theorem 6.6.3. Let p ∈ {2, ∞}, n, N, r ∈ N such that n = Θ(log N), α ∈ (0, 1], λ ≥ 1,
ε ≥ 0, let Loc : [0, 1]nα → P(N, r) and f ′ : {0, 1}2r × [0, 1]nα → [0, 1]nα . Then

CC(Localp,n,ε,λ,α,r) ≤ CC(Compp,n,ε,λ,α).

Moreover, the above lower bound on CC(Compp,n,ε,λ,α) holds for inputs where fA and fB are
Or(λ)-Lipschitz.
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Proof. Let p, n, r, α, λ, Loc, f ′, and ε ≥ 0 be publicly known parameters. Player A gets x
and player B gets y. Given x, player A defines the function fA : [0, 1]nα → [0, 1]n(2

r+1)
α

for every z ∈ [0, 1]nα as

fA(z) =
(

f ′(x|Loc(z), β1, z), f ′(x|Loc(z), β2, z), . . . , f ′(x|Loc(z), β2r , z), z
)

,

where β1, β2, . . . , β2r is the enumeration of the elements of {0, 1}r in some canonical
ordering.

Given y, player B defines the function fB : [0, 1]n(2
r+1)

α → [0, 1]nα. Before describing
fB, we define Ct ⊆ [0, 1]n(2

r+1)
α for every t ∈ {0, 1}r as

Ct =
{(

f ′(t|Loc(z), β1, z), f ′(t|Loc(z), β2, z), . . . , f ′(t|Loc(z), β2r , z), z
)
| z ∈ [0, 1]nα

}
.

Define C ⊆ [0, 1]n(2
r+1)

α as
C =

⋃
t∈{0,1}N

Ct.

Player B first defines a function gB : C → [0, 1]nα as follows. For every
(w1, w2, . . . , w2r , z) ∈ C define gB((w1, w2, . . . , w2r , z)) = wi, where i is the index (ac-
cording to the fixed ordering of elements of {0, 1}r) such that βi = y|Loc(z). Now we
define f̃B : [0, 1]n(2

r+1) → [0, 1]n using Lemmas 6.5.1 and 6.5.2 as an extension of gB.
Finally we define fB : [0, 1]n(2

r+1)
α → [0, 1]nα as the restriction of the domain of f̃B to

[0, 1]n(2
r+1)

α , and by rounding the image of f̃B to [0, 1]nα. Note that this rounding does
not increase the Lipschitz constant by more than a constant factor.

Notice that the range of fA is contained in C (in fact in Cx), and therefore fB ◦ fA =

gB ◦ fA. Then for every z ∈ [0, 1]nα,

fB( fA(z)) = gB( fA(z))

= gB

(
f ′(x|Loc(z), β1, z), f ′(x|Loc(z), β2, z), . . . , f ′(x|Loc(z), β2r , z), z

)
= f ′(x|Loc(z), y|Loc(z), z) = fx,y(z).

Hence the composed function fB( fA(·)) and fx,y have the same Lipschitz constant and
the same approximate fixed points over [0, 1]nα.

All that is left to prove are bounds on the Lipschitz constants of fA and fB. Below
we show that fA is λ-Lipschitz.∥∥ fA(z)− fA(z′)

∥∥p
p
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=
∥∥∥( f ′(x|Loc(z), β1, z), f ′(x|Loc(z), β2, z), . . . , f ′(x|Loc(z), β2r , z), z

)
−
(

f ′(x|Loc(z′), β1, z′), f ′(x|Loc(z′), β2, z′), . . . , f ′(x|Loc(z′), β2r , z′), z′
)∥∥∥p

p

=
∥∥∥( f ′(x|Loc(z), β1, z)− f ′(x|Loc(z′), β1, z′), f ′(x|Loc(z), β2, z)

− f ′(x|Loc(z′), β2, z′), . . . , f ′(x|Loc(z), β2r , z)− f ′(x|Loc(z′), β2r , z′), z− z′
)∥∥∥p

p

=
1

2r + 1
·
(
‖ f ′(x|Loc(z), β1, z)− f ′(x|Loc(z′), β1, z′)‖p

p

+‖ f ′(x|Loc(z), β2, z)− f ′(x|Loc(z′), β2, z′)‖p
p + · · ·

· · ·+ ‖ f ′(x|Loc(z), β2r , z)− f ′(x|Loc(z′), β2r , z′)‖p
p + ‖z− z′‖p

p

)
≤ 2rλp + 1

2r + 1
· ‖z− z′‖p

p

≤ λp · ‖z− z′‖p
p.

Finally, we show below that gB is Or(λ)-Lipschitz. This implies that fB is Or(λ)-
Lipschitz.

‖gB

(
f ′(t|Loc(z), β1, z), f ′(t|Loc(z), β2, z), . . . , f ′(t|Loc(z), β2r , z), z

)
− gB

(
f ′(t′|Loc(z′), β1, z′), f ′(t′|Loc(z′), β2, z′), . . . , f ′(t′|Loc(z′), β2r , z′), z′

)
‖p

=
∥∥∥ f ′(t|Loc(z), y|Loc(z), z)− f ′(t′|Loc(z′), y|Loc(z′), z′)

∥∥∥
p

≤
∥∥∥ f ′(t|Loc(z), y|Loc(z), z)− f ′(t′|Loc(z), y|Loc(z), z)

∥∥∥
p

+
∥∥∥ f ′(t′|Loc(z), y|Loc(z), z)− f ′(t′|Loc(z′), y|Loc(z′), z′)

∥∥∥
p

≤
∥∥∥ f ′(t|Loc(z), βi, z)− f ′(t′|Loc(z), βi, z)

∥∥∥
p
+ λ

∥∥z− z′
∥∥

p (where βi := y|Loc(z))

≤ (2r + 1)1/p · (λ + 1) · ‖
(

f ′(t|Loc(z), β1, z), f ′(t|Loc(z), β2, z), . . . , f ′(t|Loc(z), β2r , z), z
)

−
(

f ′(t′|Loc(z′), β1, z′), f ′(t′|Loc(z′), β2, z′), . . . , f ′(t′|Loc(z′), β2r , z′), z′
)
‖p,

where the last inequality follows from Proposition 2.1.3.

Corollary 6.1.3 follows from Theorems 6.1.1 and 6.1.2, as the Lipschitz constants
of fA and fB in the proof above are O(λ). Finally, we note that it might be possible to
extend the embedding given in [Rub16] to all `p-norms (in a straightforward manner),
in which case if we have extension theorem for the domain C in the above proof for
other `p-norms (see related discussion in Section 6.5) then we would obtain the lower
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bound in Theorem 6.1.2 for all `p norms.

An interesting open problem is to extend our lower bounds to the multiparty
communication model. More formally, consider the k-party Composition Brouwer
problem (denoted by k− Compp,n,ε,λ,α), where for every i ∈ [k], Player i gets the truth
table of a function fi : [0, 1]nα → [0, 1]nα, and their goal is to output x ∈ [0, 1]nα such that
‖ fk( fk−1(· · · f1(x) · · · ))− x‖p ≤ ε, if one exists. Following the proof of Theorem 6.1.2
it is easy to show that CC(k− Compp,n,ε,λ,α) ≥ 2Ω(n) + k. Can we obtain stronger lower
bounds for this problem?

Open Question 6.6.4. What is the randomized communication complexity of k−Compp,n,ε,λ,α?

6.7 Concatenation Sperner Problem

We begin the section by formalizing the notion of a Sperner-coloring.

Definition 6.7.1 (Sperner-coloring). A (d + 1)-coloring c of a triangulated, d-dimensional
simplex ∆ = conv(v0, . . . , vd) is a Sperner-coloring if c(vi) = i and every vertex x gets the
color of one of the vertices of the smallest face of ∆ that contains x.

We say that a full dimensional face of the triangulation (which is a small simplex)
is panchromatic if all its vertices have a different color, i.e., all the d + 1 colors appear.
Sperner’s Lemma asserts that in every Sperner-coloring there are an odd number of
panchromatic simplices. For every color i, its color class is the set of all points in the
triangulation that are colored i by the Sperner-coloring.

The natural Sperner problem we associate with Sperner’s Lemma is given a Sperner-
coloring of a fixed triangulation of ∆, find a panchromatic simplex. There are many
interesting realizations of this Sperner problem in the communication model. In this
chapter, we consider the following two-player communication problem.

Definition 6.7.2 (Concatenation Sperner Problem (Spt
d,n)). Let n, d, t ∈ N such that t ≤

d < n. The Concatenation Sperner problem for two players A and B is as follows. Let n, d,
and a triangulation of n points of the d-simplex labeled by [n] be publicly known parameters.
Player A gets t disjoint subsets C0, . . . , Ct−1 ⊂ [n] corresponding to the color classes of the
first t colors of the Sperner-coloring. Player B gets d− t + 1 disjoint subsets Ct, . . . , Cd ⊂ [n]
corresponding to the color class of the last d− t + 1 colors of the Sperner-coloring. Their goal
is to output an x ∈ C0 × · · · × Cd that is a simplex in the triangulation (or show that any of
the above conditions are not satisfied).

We denote the randomized (resp. deterministic) communication complexity of
this problem by CC(Spt

d,n) (resp. CCdet(Sp
t
d,n)) for an n vertex triangulation of a d-
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dimensional simplex where Player A gets t color classes and Player B gets the remain-
ing color classes. An easy observation when one of the players gets a single color class
is stated below.

Remark 6.7.3. CCdet(Sp
d
d,n) = O(log n)

The above remark follows from the observation that if Player A has all but one
color, she knows that every vertex at Player B has color d + 1, thus she can alone
output a panchromatic simplex. We prove that the problem can be solved efficiently
even if A has all but two colors.

Theorem 6.7.4. CCdet(Sp
d−1
d,n ) = O(log2 n).

The above result is more interesting for small d.

Corollary 6.7.5 (Restating Theorem 6.1.6). For all t ∈ {1, . . . , d}, we have CCdet(Sp
t
d,n) =

O(log2 n) when d ≤ 4.

The proof of the above corollary follows from Theorem 6.7.4 and Remark 6.7.3 as
Spt

d,n = Spd+1−t
d,n . The heart of the proof of Theorem 6.7.4 is the following variant of

Sperner’s Lemma.

Definition 6.7.6 (Surplus Sperner-coloring). A d-coloring c of a triangulated, d-dimensional
simplex ∆ = conv(v0, . . . , vd) is a surplus Sperner-coloring if c(vi) = i for i < d and
c(vd) = 0, and every vertex x gets the color of one of the vertices of the smallest face of ∆ that
contains x.

Define a graph G whose vertices are the full dimensional faces (small simplices)
of a surplus Sperner-colored triangulated d-simplex ∆, and two vertices are connected
by an edge if they share a panchromatic facet, i.e., a facet whose d vertices contain all
d colors. Denote the facet of ∆ avoiding vd by F0, and the facet avoiding v0 by Fd. Add
two more vertices to the graph, f0 and fd, such that f0 (resp. fd) is connected to all
small simplices with a panchromatic facet on F0 (resp. Fd). By applying the (d − 1)-
dimensional Sperner’s Lemma to F0 (resp. Fd), we can conclude that there are an odd
number of small simplices with a panchromatic facet on F0 (resp. Fd), thus the degrees
of f0 and fd are both odd. But since G consists of disjont paths and cycles, this implies
that there is a path between f0 and fd (see Figure 6.1). Therefore we have proved the
following.

Lemma 6.7.7 (Surplus Sperner Lemma). There is a chain of small panchromatic simplices
between F0 and Fd in any surplus Sperner-colored d-simplex, such that the neighboring sim-
plices in the chain always share a panchromatic facet, and the two facets that fall on F0 and Fd
are also panchromatic.
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Figure 6.1: Depiction of a surplus Sperner-coloring of a triangle (i.e., d = 2), where black
stands for color 1 and red for color 0. The blue polygonal line marks a chain of trian-
gles between two sides, as guaranteed to exist by the Surplus Sperner Lemma. The green
polygonal lines show other paths constructed in the proof.

Now it is easy to establish the proof of Theorem 6.7.4.

Proof of Theorem 6.7.4. The players follow the below protocol. With a relabeling, sup-
pose that the two colors missing from A are 0 and d. Define the surplus Sperner-
coloring c′ as c′ = c mod d, i.e., for all i ∈ [n], we have c′(i) = c(i), except when
c(i) = d, in which case we set c′(i) = 0.

1. Player A builds the graph G described above (with zero bits of communication).

2. Let P = p1 · · · pr be the path in G guaranteed by the Surplus Sperner Lemma.
Player A would like to label an edge in P by 0 (resp. d) if the common facet
between the two vertices in the path has color 0 (resp. d). Player A labels the
outgoing edge of p1 in P by 0 and the outgoing edge of pr in P by d with no
communication.
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3. The players communicate by a binary search method until they find a vertex
whose two outgoing edges are both labeled and have different labels. Such a
vertex corresponds to a panchromatic simplex in the triangulation.

It is clear that there are log r = O(log n) rounds of communication and in each
round there are O(log n) bits of communication.

We can adopt the protocol from the proof of Theorem 6.7.4 to obtain the following
slightly stronger result.

Corollary 6.7.8. Let n ∈ N. Consider the three-party communication problem in the broad-
cast model of finding a panchromatic triangle of a concatenation Sperner-coloring for
three players 1, 2, and 3. Let n, and a triangulation of n points of the triangle labeled by
[n] be publicly known parameters. For all i ∈ [3], Player i gets a subset Ci−1 ⊂ [n] corre-
sponding to the color class of color i− 1 of the Sperner-coloring. Their goal is to output an
x ∈ C0 × C1 × C2 that is a triangle in the triangulation (or show that their sets are not mu-
tually disjoint and exhaustive). Then there is a deterministic protocol for this problem with
O(log2 n) bits of communication.

The above result should be compared with its counterpart in the query model
[CS98] and Turing machine model [CD09] which are both intractable even for the pla-
nar case. We would like to highlight that the construction of the graph G is not feasible
in the query model as it requires a large number of queries and is not feasible in the
Turing machine model as it requires exponential time.

Next we show that in higher dimensions the Concatenation Sperner problem is
at least as hard as the Composition Brouwer problem. The proof of Theorem 6.1.7
follows from the lower bound in Theorem 6.6.3 obtained via Theorem 6.6.2.

Theorem 6.7.9. CC
(
Spd/2

d+1,(ε/λ)2d

)
= Ω(CC(Comp2,(d−1)/2,ε,λ,ε/λ)).

Before we prove Theorem 6.7.9, we sketch how the reduction in the other way
would go (for a special instance of Sperner, described below). We do this to give some
intuition which will be helpful later in understanding the proof.

Let a ≤ d. Suppose that player A holds the first a+ 1 color classes, which belong to
v0, . . . , va and player B holds the remaining b + 1 := d− a color classes, which belong
to va+1, . . . , vd. We denote the convex hulls of these vertices by ∆a and ∆b, respectively.
Consider the cross-section of ∆d by a hyperplane H that separates ∆a from ∆b; see
Figure 6.2. (We suppose that no vertex of the triangulation falls on H.) Denote the
halfspace that contains ∆a as HA and the halfspace that contains ∆b as HB. We suppose
that all vertices of the triangulation in HA are colored with the first a + 1 colors, and
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∆a

∆b

H ∆a ×∆b

Figure 6.2: ∆a × ∆b as H ∩ ∆a+b+1 for a = b = 1.

all vertices in HB are colored with the remaining b + 1 colors. This implies that every
panchromatic simplex is intersected by H. We say that a simplex is A-panchromatic,
if it contains all of the first a + 1 colors, and that a simplex is B-panchromatic, if it
contains all of the remaining b + 1 colors. Thus, a simplex is panchromatic if its both
A-panchromatic and B-panchromatic; this can only happen for simplices that intersect
H. The points of the cross-section ∆d ∩ H are in a natural bijection with the points of
∆a × ∆b, so from now on we will refer to each as a point (p, q) ∈ ∆a × ∆b.

Now we show how they could solve this special case (i.e., when their colors are
separated by H) using a protocol for the Composition Brouwer problem. We extend
the coloring from the vertices of the triangulation to all the points by coloring any point
p ∈ ∆d with a color of the vertices of the smallest face of the triangulation containing p
(keeping the rule that in HA everything is colored with A’s colors and in HB everything
is colored with B’s colors).

For any point q ∈ ∆b, define a refinement of our given triangulation T by adding
the intersection of the faces of T and the subspaces through q and some of the ver-
tices of ∆a to the triangulation to obtain T (q). Notice that the conditions of Sperner’s
Lemma hold for T (q), thus player A knows an fA(q) ∈ ∆a for which ( fA(q), q) ∈
∆a × ∆b is contained in an A-panchromatic simplex of T (q), and thus also in an A-
panchromatic simplex of the original triangulation T . Similarly, for every p ∈ ∆a, B
knows a fB(p) ∈ ∆b for which (p, fB(p)) ∈ ∆a × ∆b is contained in a B-panchromatic
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simplex. Therefore, the players hold two continuous functions, fA : ∆b → ∆a and
fB : ∆a → ∆b, respectively, with the above properties. If these functions were con-
tinuous49, then using the protocol for Composition Brouwer problem, they could find
a fixed point q ∈ ∆b of fB ◦ fA. But then the simplex that contains ( fA(q), q) is both
A-panchromatic and B-panchromatic, thus panchromatic.

To prove Theorem 6.7.9, we need the opposite of this argument, thus instead of
simulating colorings by functions, we need to simulate functions by colorings. This is
captured by the following lemma.

Lemma 6.7.10. For any λ-Lipschitz function fA : ∆b
α → ∆a

α in the Euclidean norm, there is a
coloring of HA ⊂ ∆d as above such that if (p, q) ∈ ∆a × ∆b is in an A-panchromatic simplex,
then p is in a small neighborhood of fA(q).

Proof. It is clearly enough to define our coloring on the vertices of the simplices that
intersect H; the remaining vertices can be colored arbitrarily (respecting the boundary
conditions required by the Sperner-coloring).

First, we define an (a + 1)-coloring cH on ∆a × ∆b. The color of a point (p, q) ∈
∆a×∆b is defined as follows. Express fA(q)− p as a conical combination of the vertices
of ∆a, i.e., fA(q) − p = ∑a

i=0 µi(vi − oA), where µi ≥ 0 and oA denotes the center of
∆a. Note that in such a combination some µi = 0. Color (p, q) with one such color, i.e.,
to a color i whose coefficient µi = 0; in case of ( fA(q), q), color it arbitrarily (always
respecting the boundary conditions required by the Sperner-coloring).

Suppose that all a + 1 colors occur in an ε-neighborhood of some (p, q). Let j =
arg max µi. Since (p, q)’s color is not j, there is a (p′, q′) for which in fA(q′) − p′ =
∑a

i=0 µ′i(vi − oA) we have µ′j = 0. We have ‖( fA(q′)− p′)− ( fA(q)− p)‖2 ≥ ‖ fA(q′)−
fA(q)‖2 − ‖p′ − p‖2 ≥ µj/d− ε, since p′ is in an ε-neighborhood of p. But using that
fA is λ-Lipschitz, we should have ‖ fA(q′)− fA(q)‖ ≤ λ‖q′ − q‖ ≤ λε, since q′ is in an
ε-neighborhood of q. Putting these together, µj is small, thus fA(q)− p is small, thus p
is in a small neighborhood of fA(q).

From cH we obtain a coloring cA of the vertices of the simplices that intersect
H. Simply color each vertex to any color that occurs in its simplex in cH (respect-
ing the boundary conditions required by the Sperner-coloring). If a simplex is A-
panchromatic, then all a + 1 colors occur in it, thus for one of its points (p, q), p is
in a small neighborhood of fA(q).

49These functions are not always continuous, partly because we did not insist on extending the color-
ing in a nice way, but more importantly because there inherently might be multiple solutions, i.e., fA(q)
can take several values from ∆a. If we replaced continuity by demanding the graph of the relation fA to
be a b-manifold in ∆a × ∆b, then we could achieve the reverse direction of the reduction, but since we
do not need this claim, we will not elaborate further.
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Proof of Theorem 6.7.9. Starting from two functions fA : ∆b → ∆a and fB : ∆a → ∆b

(where now a = b = (d − 1)/2), we create a Sperner-coloring of ∆d. It will have a
hyperplane H separating the colors of A and B, as described above. Using Lemma
6.7.10, we convert our continuous functionss fA : ∆b → ∆a and fB : ∆a → ∆b into
Sperner-colorings. Therefore, any protocol for the Concatenation Sperner problem
for such special instances will also solve the Composition Brouwer problem. Finally
note that we can easily extend the domain of a function from [0, 1](d−1)/2

α to ∆(d+1)/2
α

by taking a small simplex encapsulating the hypercube and defining the function on
the region in the simplex outside the hypercube to stay within the hypercube, and
therefore not creating any new fixed points, preserving the Lipschitz continuity, and
decreasing the lower bound only by a polynomial factor.

Finally, we remark that it would be another, quite natural version of Sperner to
study the following problem. We are given two colorings, cA and cB, of the vertices of
a triangulation of ∆a × ∆b = conv(vi | i ∈ {0, . . . , a})× conv(vi | i ∈ {a + 1, . . . , a + b +
1}). Player A holds cA, which is an (a + 1)-coloring such that if p ∈ conv(vi | i ∈ I ⊂
{0, . . . , a}), then cA(p, q) ∈ I. Player B holds cB, which is a (b + 1)-coloring such that
if q ∈ conv(vi | i ∈ I ⊂ {a + 1, . . . , a + b + 1}), then cB(p, q) ∈ I. Their goal is to output
a simplex that contains all a + b + 2 colors. It can be easily seen from our proofs that
our bounds also apply for this problem.

6.8 Approximate Correlated Equilibrium

In this section, we first introduce the 2-cycle game and then prove our lower bounds
for the 2-cycle game (i.e., Theorems 6.1.4 and 6.1.5).

6.8.1 The 2-Cycle Game

Let n ≥ 3 be an odd integer. The 2-cycle game is a win-lose, N × N game, where
N = 2n. It is constructed from two n-bit strings x, y ∈ {0, 1}n for which there exists
exactly one index i ∈ [n], such that xi > yi. Throughout the paper, all operations
(adding and subtracting) are done modulo n.

The graphs Given a string x ∈ {0, 1}n, player A computes the graph GA on the set
of vertices V = [n]× {0, 1} with the following set of directed edges (an edge (u, v) is
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directed from u into v):

EA =
{
((i, 1), (i + 1, xi+1)) : i ∈ [n]

}
∪
{
((i, 0), (i + 1, xi+1)) : i ∈ [n], xi = 0

}
∪
{
((i, 0), (i− 1, xi−1)) : i ∈ [n], xi = 1

}
.

See an example of such a graph in Figure 6.3.

(0,1)

(0,0)

(1,1)

(1,0)

(2,1)

(2,0)

(3,1)

(3,0)

(4,1)

(4,0)

Figure 6.3: The graph GA built from the 5 bit string 11001. The thick edges are the edges
going back (of the form ((i, 0), (i− 1, xi−1))).

Given a string y ∈ {0, 1}n, player B computes the graph GB on the same set of
vertices V with the following set of directed edges:

EB =
{
((i, z), (i + 1, yi+1)) : i ∈ [n], z ∈ {0, 1}

}
.

See an example of such a graph in Figure 6.4.

The actions and utility functions The sets of actions are U = V = V. Intuitively,
each player wants to play the unique out-neighbor (according to his graph) of the
vertex played by the other player. For example, if player B plays vertex v then player
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(0,1)

(0,0)

(1,1)

(1,0)

(2,1)

(2,0)

(3,1)

(3,0)

(4,1)

(4,0)

Figure 6.4: The graph GB built from the 5 bit string 10011.

A wants to play the vertex u such that (v, u) ∈ EA. Formally, the utility function
uA : V2 → {0, 1} of player A is defined for every pair of actions (u, v) ∈ V2 as

uA(u, v) =

{
1 if (v, u) ∈ EA

0 otherwise
.

The utility function uB : V2 → {0, 1} of player B is defined for every pair of actions
(u, v) ∈ V2 as

uB(u, v) =

{
1 if (u, v) ∈ EB

0 otherwise
.

Notations and basic properties For two vertices u, v ∈ V, (u, v) is a 2-cycle if (v, u) ∈
EA and (u, v) ∈ EB. For a vertex u ∈ V, define

NA(u) = {v ∈ V : (v, u) ∈ EA}
NB(u) = {v ∈ V : (v, u) ∈ EB}.

That is, NA(u) is the set of incoming neighbors to u in EA, and NB(u) is the set of
incoming neighbors to u in EB. Let dA(u) = |NA(u)| and dB(u) = |NB(u)|. For a
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subset S ⊆ V, define

NA(S) = ∪v∈SNA(v)

NB(S) = ∪v∈SNB(v).

Edges in EA of the form ((i, 0), (i − 1, xi−1)) for i ∈ [n] are called back-edges. Let x, y
be the strings from which the game was constructed. Note that uA determines x, and
uB determines y. For an index i ∈ [n] we say that i is disputed if xi > yi. Otherwise,
we say that i is undisputed. Define i∗ to be the unique disputed index. We denote the
following key vertices:

u∗ = (i∗ − 1, xi∗−1)

v∗ = (i∗, 0) = (i∗, yi∗).

To simplify notations, for a function f taking inputs from the set V and a vertex v =

(i, z) ∈ V, we write f (i, z) instead of f ((i, z)).

The following are some useful, basic properties of the 2-cycle game.

Proposition 6.8.1 (Out-degree). For every v ∈ V, there exists exactly one u ∈ V such
that uA(u, v) = 1. Similarly, for every u ∈ V, there exists exactly one v ∈ V such that
uB(u, v) = 1.

Proposition 6.8.2 (Max in-degree). For every v ∈ V, it holds that dA(v) ≤ 3 and dB(v) ≤
2.

To understand how the equilibria of the game look like, we will examine the union
of the graphs GA and GB. The union of the graphs contains a unique 2-cycle, with
one edge from GA and one from GB. We will see that this 2-cycle corresponds to a
pure Nash equilibrium of the game. The 2-cycle in the union of the graphs GA from
Figure 6.3 and GB from Figure 6.4 appears in Figure 6.5.

Proposition 6.8.3 (A 2-cycle). Let (v, u) ∈ EA be a back-edge. If v 6= v∗ then dB(v) = 0.
Otherwise, u = u∗ and (u∗, v∗) is a 2-cycle.

Proof. Let u = (i, zA) ∈ V, for some zA ∈ {0, 1} and assume there exits v = (i +
1, zB) ∈ NA(u), for some zB ∈ {0, 1}. By the definition of EA,

zA = xi, xi+1 = 1 and zB = 0.

If v 6= v∗, then yi+1 = 1 and by the definition of EB, dB(v) = 0. Otherwise v = v∗ and
xi∗ > yi∗ . Since v = v∗ it holds that u = u∗. Since xi∗ > yi∗ it holds that yi+1 = 0 and
by the definition of EB, (u, v) ∈ EB.
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(0,1)

(0,0)

(1,1)

(1,0)

(2,1)

(2,0)

(3,1)

(3,0)

(4,1)

(4,0)

Figure 6.5: The 2-cycle in the union of the graphs GA from Figure 6.3 and GB from Fig-
ure 6.4.

6.8.2 Pure Nash Equilibrium

By Claim 6.8.4 below, the 2-cycle game has a unique pure Nash equilibrium. Together
with Proposition 6.8.3, the pure Nash equilibrium of the game corresponds to the 2-
cycle in the union of the two graphs.

Claim 6.8.4. The 2-cycle game has exactly one pure Nash equilibrium (u∗, v∗).

Proof. By Proposition 6.8.3, (u∗, v∗) is a 2-cycle. That is, uA(u∗, v∗) = 1 and uB(u∗, v∗) =
1. Since the maximum payoff for either player for any pair of actions is at most 1, it is
easy to see that (u∗, v∗) is a pure Nash equilibrium of the game.

Let u, v ∈ V such that u 6= u∗ or v 6= v∗. Let a′ be the mixed strategy for player A in
which she always plays u, and b′ be the mixed strategy for player B in which he always
plays v. By Proposition 6.8.3, either (v, u) /∈ EA or (u, v) /∈ EB. By proposition 6.8.1,
there exist u′, v′ ∈ V such that (v, u′) ∈ EA and (u, v′) ∈ EB. If (v, u) /∈ EA then let a be
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the mixed strategy for player A in which she always plays u′. We get that

Eu′′∼a,v′′∼b′ [uA(u′′, v′′)] = uA(u′, v) = 1 and Eu′′∼a′,v′′∼b′ [uA(u′′, v′′)] = uA(u, v) = 0.

Otherwise (u, v) /∈ EB, then let b be the mixed strategy for player B in which he always
plays v′. We get that

Eu′′∼a′,v′′∼b[uB(u′′, v′′)] = uB(u, v′) = 1 and Eu′′∼a′,v′′∼b′ [uB(u′′, v′′)] = uB(u, v) = 0.

Therefore, (u, v) is not a pure Nash equilibrium.

The following theorem states that finding the pure Nash equilibrium (equiva-
lently, the 2-cycle) of the 2-cycle game is hard. The proof is by a reduction from the fol-
lowing search variant of unique set disjointness: Player A gets a bit string x ∈ {0, 1}n

and player B gets a bit string y ∈ {0, 1}n. They are promised that there exists exactly
one index i∗ ∈ [n] such that xi∗ > yi∗ . Their goal is to find the index i∗. It is well
known that the randomized communication complexity of solving this problem with
constant error probability is Ω(n) [BFS86, KS92, Raz92]. This problem is called the uni-
versal monotone relation. For more details on the universal monotone relation and its
connection to unique set disjointness see [KN97]. Note that a lower bound for finding
a pure Nash equilibrium of a different game is already known due to [CS04].

Theorem 6.8.5. Every randomized communication protocol for finding the pure Nash equi-
librium of the 2-cycle N × N game, with error probability at most 1

3 , has communication
complexity at least Ω(N).

Proof. Let x, y ∈ {0, 1}n be the inputs to the search variant of unique set disjointness
described above. Consider the 2-cycle N × N game which is constructed from these
inputs, given by the utility functions uA, uB. Assume towards a contradiction that
there exists a communication protocol π for finding the pure Nash equilibrium of the
2-cycle game with error probability at most 1/3 and communication complexity o(N).
The players run π on uA, uB and with probability at least 2/3, at the end of the com-
munication, player A knows u and player B knows v, such that (u, v) is the pure Nash
equilibrium of the game. By Claim 6.8.4, u = u∗ and v = v∗. Given u∗, v∗ to the players
A and B respectively, both players know the index i∗, which is a contradiction.

6.8.3 From Approximate Equilibrium to the Pure Nash

In this section we prove Theorem 6.1.4. Let n ≥ 3 be an odd integer, let N = 2n
and ε ≤ 1/4N3. Let µ be an ε-approximate correlated equilibrium of the 2-cycle N × N
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game, and let x, y be the strings from which the game was constructed. Recall that
the pure Nash equilibrium of the game is denoted (u∗, v∗), where u∗ = (i∗ − 1, xi∗−1)

and v∗ = (i∗, 0) = (i∗, yi∗) (see Claim 6.8.4). The following theorem implies that µ is
concentrated on (u∗, v∗), that is µ(u∗, v∗) > µ(u, v) for every u, v ∈ V such that u 6= u∗

or v 6= v∗. Therefore given µ, the players know the pure Nash equilibrium with no
communication, and Theorem 6.1.4 follows from Theorem 6.8.5.

Theorem 6.8.6. µ(u, v) ≤ (3N + 1)ε < 1/N2 for every u, v ∈ V such that u 6= u∗ or v 6= v∗.

Next we prove Theorem 6.8.6. Let u, v ∈ V and denote a(u) = µ(u, NA(u)),
b(v) = µ(NB(v), v). By Proposition 6.8.1, there exists v′ ∈ V such that u ∈ NB(v′),
therefore

µ(u, v) ≤ µ(NB(v′), v) ≤ b(v) + ε, (6.2)

where the second step follows from the definition of approximate correlated equilib-
rium (see Definition 6.2.1). Similarly it holds that µ(u, v) ≤ a(u) + ε. For every i ∈ [n],
it holds that NA(i, x̄i) = ∅ and NB(i, ȳi) = ∅, therefore a(i, x̄i) = b(i, ȳi) = 0. We will
bound a(i, xi) for every i ∈ [n] \ {i∗ − 1} and b(i, yi) for every i ∈ [n] \ {i∗}.

Claim 6.8.7. For every i ∈ [n] \ {i∗ − 1}, if (i, yi−1) ∈ NA(i, xi) then

a(i, xi) ≤ b(i− 1, yi−1) + 3ε,

otherwise, a(i, xi) ≤ 3ε. For every i ∈ [n] \ {i∗},

b(i, yi) ≤ a(i− 1, xi−1) + 2ε.

Proof. Let i ∈ [n] \ {i∗− 1}. By Equation (6.2), for every v ∈ V it holds that µ((i, xi), v) ≤
b(v) + ε. Summing for every v ∈ NA(i, xi) we get that a(i, xi) ≤ b(NA(i, xi)) + 3ε,
where we bounded the right-hand side using a bound on the maximum in-degree, see
Proposition 6.8.2. If there exists a back-edge (v, (i, xi)) ∈ EA than by Proposition 6.8.3,
dB(v) = 0 (that is NB(v) = ∅), and b(v) = 0. Therefore back-edges do not contribute
to the bound on a(i, xi). It remains to consider edges from (i− 1, yi−1) and (i− 1, ȳi−1).
If (i, yi−1) ∈ NA(i, xi) then

a(i, xi) ≤ b(i− 1, yi−1) + b(i− 1, ȳi−1) + 3ε = b(i− 1, yi−1) + 3ε,
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otherwise, a(i, xi) ≤ b(i− 1, ȳi−1) + 3ε = 3ε. Similarly for every i ∈ [n] \ {i∗},

b(i, yi) ≤ a(NB(i, yi)) + 2ε

= a(i− 1, xi−1) + a(i− 1, x̄i−1) + 2ε

= a(i− 1, xi−1) + 2ε.

Using Claim 6.8.7 we can bound a(i, xi) for every i ∈ [n] \ {i∗ − 1} and b(i, yi) for
every i ∈ [n] \ {i∗} as follows. Let δ = 3ε. We start with (i∗ + 1, xi∗+1). Since xi∗ = 1
and yi∗ = 0, it holds that (i∗, yi∗) /∈ NA(i∗ + 1, xi∗+1). Therefore by Claim 6.8.7,

a(i∗ + 1, xi∗+1) ≤ δ.

Once we bound a(v) (or b(v)) for some vertex v, we can apply Claim 6.8.7 again to
bound the value of b (respectively a) on a neighbor of v. We get that

b(i∗ + 2, yi∗+2) ≤ a(i∗ + 1, xi∗+1) + δ ≤ 2δ,

then
a(i∗ + 3, xi∗+3) ≤ b(i∗ + 2, yi∗+2) + δ ≤ 3δ

and so on. After we apply Claim 6.8.7 n times, since n is odd, we get that a(i∗, xi∗) ≤
nδ. We apply Claim 6.8.7 (n− 2) more times, until get that

b(i∗ − 2, yi∗−2) ≤ nδ + (n− 2)δ ≤ 2nδ.

This concludes the proof as we showed that every a(i, xi) for i ∈ [n] \ {i∗ − 1} and
every b(i, yi) for i ∈ [n] \ {i∗} is at most 2nδ = 3Nε.

Sampling from a Correlated Equilibrium

Theorem 6.1.5 immediately follows from the fact that the correlated equilibria are con-
centrated on the pure Nash equilibrium: Let n ≥ 3 be an odd integer, let N = 2n,
∆ ∈ [0, 2/3) and ε ≤ 1/4N3(2/3− ∆). Let µ be an ε-approximate correlated equilibrium
of the 2-cycle N × N game, and let x, y be the strings from which the game was con-
structed. Recall that the pure Nash equilibrium of the game is denoted (u∗, v∗), where
u∗ = (i∗ − 1, xi∗−1) and v∗ = (i∗, 0) = (i∗, yi∗) (see Claim 6.8.4). By Theorem 6.8.6
above, µ(u, v) ≤ (3N + 1)ε for every u, v ∈ V such that u 6= u∗ or v 6= v∗. Thus,

µ(u∗, v∗) ≥ 1− (N2 − 1)(3N + 1)ε > 1− 4N3ε ≥ 1
3
+ ∆.
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If the players can sample from a distribution that is ∆-close in `1 distance to µ, using
o(N) communication bits, then they can find (u∗, v∗) after O(1) attempts with high
probability, using o(N) communication bits, in contradiction to Theorem 6.8.5.

6.8.4 Trivial Approximate Equilibria of The 2-Cycle Game

In this section, we provide trivial approximate correlated equilibrium of the 2-cycle
game from which it is not possible to recover the disputed index.

Let us suppose that for all i ∈
[n

2 + 3
]
, we have xi = yi = 0.

We define a joint distribution µ as follows

µ((i, zA), (j, zB)) =



16α
n2 if zA, zB = 0 and n

4 + 4 ≤ i, j ≤ n
2 + 2,

16α
n2 if zA, zB = 0, n

4 + 2 ≤ j ≤ n
2 + 2 and i = n

4 + 3,
16α
n2 if zA, zB = 0, n

4 + 2 ≤ i ≤ n
2 + 2 and j = n

4 + 3,
16α
n2 −

64α·(n/4−i+3)
n3 if zA, zB = 0, 2 ≤ i, j ≤ n

4 + 2 and i− j = 1,
16α
n2 −

64α·(n/4−j+3)
n3 if zA, zB = 0, 2 ≤ i, j ≤ n

4 + 2 and j− i = 1,

0 otherwise,

where α is some normalizing constant less than 2 such that ∑(u,v)∈V2 µ(u, v) = 1.

Let ε = 64α/n3. For every action u = (i, zA) of Alice such that zA 6= 0, we have
that µ(u, v) = 0 for all v ∈ V. Similarly for every action v = (j, zB) of Bob such that
zB 6= 0, we have that µ(u, v) = 0 for all u ∈ V. Also, for every action u = (i, zA) of
Alice such that i ∈ {n/2+ 3, . . . , n} ∪ {1}, we have that µ(u, v) = 0 for all v ∈ V. And,
similarly for every action v = (j, zB) of Bob such that j ∈ {n/2 + 3, . . . , n} ∪ {1}, we
have that µ(u, v) = 0 for all u ∈ V. Since µ is symmetric50, it follows that in order
to show that µ is an ε-approximate correlated equilibrium we only need to consider a
vertex u = (i, 0) when i ∈

[n
2 + 2

]
.

First, we consider when i ≤ n
4 + 2. Let u′ ∈ V. We have

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
= µ(u, NA(u′))− µ(u, NA(u))

= µ(u, NA(u′))−
16α

n2 +
64α · (n/4− i + 3)

n3 .

Now if v = (j, zB) ∈ NA(u′) and |j − i| 6= 1 then, we have µ(u, v) = 0. Thus, we

50i.e., µ(u, v) = µ(v, u) for all u, v ∈ V.
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assume j− i = 1, as we suppose u 6= u′. Then, we have

µ(u, NA(u′)) ≤
16α

n2 −
64α · (n/4− i− 1 + 3)

n3

=
16α

n2 −
64α · (n/4− i + 3)

n3 +
64α

n3 .

This implies,

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
≤ 64α

n3 = ε.

Next, we consider when n
4 + 4 ≤ i ≤ n

2 + 2. Let u′ ∈ V. We have

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
= µ(u, NA(u′))− µ(u, NA(u))

= µ(u, NA(u′))−
16α

n2 .

Now if v = (j, zB) ∈ NA(u′) and j ≥ n
2 + 3 then, we have µ(u, v) = 0. Also if j ≤ n

4 + 2
then, we have µ(u, v) = 0. Thus, we assume j ∈ [n/4 + 3, n/4 + 2] and β = 0. Then,
we have

µ(u, NA(u′)) ≤
16α

n2 .

This implies,

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
≤ 0.

Finally, we consider when i = n
4 + 3. Let u′ = (i′, z′A) ∈ V. We have

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
= µ(u, NA(u′))−

16α

n2 +
64α

n3 .

Now if v = (j, zB) ∈ NA(u′) and j ≥ n
2 + 3 then, we have µ(u, v) = 0. Also

if j ≤ n
4 + 2 and |j − i| 6= 1 then, we have µ(u, v) = 0. Since u 6= u′ we have that

j ∈ [n/4 + 3, n/4 + 2] and β = 0. Then we have

µ(u, NA(u′)) ≤
16α

n2 .
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This implies,

∑
v∈V

µ(u, v) ·
(
uA(u′, v)− uA(u, v)

)
≤ 64α

n3 = ε.

Thus, µ is an ε-approximate correlated equilibrium and an (ε · N)-approximate
rule correlated equilibrium.
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Chapter 7

Equivalence of Ham Sandwich and
Borsuk-Ulam Theorems

In this chapter, we show the equivalence of the Ham Sandwich and Borsuk-Ulam the-
orems, and consequently show the first lower bound for a (natural) computational
problem that is associated with the Ham Sandwich theorem. The contents of this chap-
ter are based on [KS17a].

7.1 Introduction

The Borsuk-Ulam theorem states that every continuous function from an n-sphere into
Euclidean n-space maps some pair of antipodal points to the same point [Bor33]. This
result has countless applications in Mathematics [Mat07]. In particular it implies the
Brouwer’s Fixed Point Theorem [Bro12, Had10] which is the basis of several impor-
tant results in Economics [Bor89], for example Nash’s theorem [Nas51]. Soon after
the Borsuk-Ulam theorem was established, the Ham Sandwich theorem was proven
using it [Ste38, ST42]. The Ham Sandwich theorem states that the volumes of any n
compact sets in Rn can always be simultaneously bisected by an (n− 1)-dimensional
hyperplane. However, as far as we know, there is no result in previous literature estab-
lishing the equivalence of the Borsuk-Ulam theorem and the Ham Sandwich theorem.

From a computational perspective, the computation of Brouwer fixed points
has been studied extensively in various models of computations such as the
Time/Computational complexity model [Pap94, DGP09, CDT09, CD09, Rub15,
Rub16], the Query complexity model [HPV89, CD08, CT07, Bab16, Rub16], and the
Communication model [RW16, BR17]. From these results one may obtain a reason-
able understanding of the problem of computing equally valued antipodal points in a
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Borsuk-Ulam function by utilizing the constructive reduction from the Brouwer fixed
point computation problem [Su97, Vol06]. However, computational aspects of the
Ham Sandwich theorem have been poorly understood. In particular, no hardness re-
sult or non-trivial lower bounds in any model of computation are known in literature
for the Ham Sandwich problem.

In this chapter, we prove that the Borsuk-Ulam theorem and the Ham Sandwich
theorem are indeed equivalent! Moreover, we use this equivalence to prove a query
complexity lower bound on the Ham Sandwich problem.

7.1.1 Our Results

Our main result is a constructive reduction from the Borsuk-Ulam theorem to the Ham
Sandwich theorem. A key result in establishing the above reduction is that of estab-
lishing the equivalence between the two theorems for polynomial functions:

Proposition 7.1.1. For every polynomial f : Sn → Rn restricted to the hypersphere, there
exist n compact sets A1, . . . , An ⊆ Rn+1, such that for every x ∈ Sn and i ∈ [n], we have the
following:

fi(x)− fi(−x) = vol(Ai ∩ H+)− vol(Ai ∩ H−),

where fi(x) is the projection of f (x) to the ith coordinate, and H is the oriented hyperplane
containing the origin with ~x as the normal.

After establishing the above result, we use the Stone-Weierstrass theorem to note
that any continuous function can be arbitrarily well approximated by polynomial
functions, and prove the Borsuk-Ulam theorem for all continuous functions.

Next, we consider the Ham Sandwich problem in the query model: the input to
the problem is n compact sets A1, . . . , An ⊆

[
−nk, nk]n

, for some constant k > 0, and
each query is an oriented hyperplane H and the answer is vol(Ai ∩ H+) − vol(Ai ∩
H−), for all i ∈ [n]. The goal is to find a (n − 1)−dimensional hyperplane H such
that each set is ε-bisected by H, i.e., for all i ∈ [n], we have |vol(Ai ∩ H+)− vol(Ai ∩
H−)| ≤ ε. We show the following lower bound for the Ham Sandwich problem:

Theorem 7.1.2. There exist constants n0, ε0 > 0 such that for any n ≥ n0, ε ≤ ε0/
√

48n,
p = 2−Ω(n), and k ≥ 4.51 the following holds: any query algorithm to find an ε-bisecting
(n− 1)-dimensional hyperplane of n compact sets in

[
−nk, nk]n, even with success probability

p, requires 2Ω(n) queries.

By assuming a notion of Lipschitz continuity, we can show that the number of
queries needed to compute an ε−bisecting hyperplane is 2O(n log n) by querying trans-
lations of hyperplanes over

[
−nk, nk]n

whose normals form an O(ε)-net over Sn. Thus,

196



7.1 Introduction

the above lower bound is tight up to logarithmic multiplicative factor in the exponent.
Furthermore, we remark here that Theorem 7.1.2 is the first nontrivial lower bound for
the Ham Sandwich problem in any model of computation.

7.1.2 Our Techniques and Proof Overview

We provide below a proof-sketch of the reduction from the Borsuk-Ulam theorem to
the Ham Sandwich theorem. The basic idea is to find for a given continuous odd func-
tion on Sn taking values in R, a compact measurable set in Rn+1, such that the given
function is the difference of volumes of the set on the positive and negative side of an
oriented hyperplane through the origin. This makes sense as the oriented hyperplanes
through the origin are parametrised by Sn on which its positive unit normal takes val-
ues, so we actually get a continuous odd function on Sn. Then an oriented hyperplane
bisects the set if and only if the given odd function vanishes at the point on Sn corre-
sponding to the positive unit normal of the hyperplane. In particular, if we have have
an odd continuous function from Sn to Rn, we can make the above argument for every
component. Then an oriented hyperplane bisects the sets if and only if the given odd
function taking values in Rn vanishes at the point on Sn corresponding to the positive
unit normal of the hyperplane.

A compact measurable set may be constructed by starting with a solid (n + 1)-
dimensional ball of unit radius centred at the origin and then radially scaling it by a
continuous function on Sn taking values in R that is positive everywhere. Then the
volume contained in a solid angle sector would be given by integrating an expression
proportional to the (n + 1)-th power of the scaling function over the region on Sn

corresponding to the solid angle sector. Thus the difference of volumes on either side
of a hyperplane is related to the (n + 1)-th power of the scaling function by a linear
integral transform. It turns out that this linear map becomes diagonal in the basis of
hyperspherical harmonics and in order to invert this integral transform we work in
this basis.

Since the basis is infinite-dimensional, there may be issues with convergence. We
tackle this by first constructing the inverse transform for functions that are restrictions
of polynomial functions on Rn+1 to Sn (see Proposition 7.1.1), since in these cases, only
finitely many elements in the basis suffice. This means that the reduction of Borsuk-
Ulam theorem to the Ham Sandwich theorem holds for all functions that are restric-
tions of polynomial functions on Rn+1 to Sn. And then we use the Stone-Weierstrass
theorem, which states that any continuous function on [−1, 1]n+1 may be uniformly
approximated using polynomial functions, to extend the reduction to all continuous
functions on Sn.
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In order to prove Theorem 7.1.2, we start from the randomized query complex-
ity lower bound recently obtained by Rubinstein [Rub16] (building on the works of
Hirsch et al. [HPV89] and Babichenko [Bab16]) for the computation of approximate
fixed points in a Brouwer function in the Euclidean norm. We then show that com-
puting approximately equal-valued antipodal points in the query model is as hard as
computing approximate fixed points in a Brouwer function by using Su’s construc-
tive proof of the Brouwer fixed point theorem from the Borsuk-Ulam theorem [Su97].
Finally, we use multivariate Bernstein polynomials to approximate the Borsuk-Ulam
function and construct an input of the Ham Sandwich problem from Proposition 7.1.1
to obtain the randomized query complexity lower bound for the Ham-Sandwich prob-
lem.

7.1.3 Related Works

Papadimitriou considered the Ham Sandwich problem in the computational complex-
ity model: given 2n2 points in general position in Rn, separated into n groups with
2n points each, find a hyperplane which divides all groups in half. Papadimitriou
showed that this search problem is in the complexity class PPA [Pap94, ABB15]. On
the other hand, there are many algorithms proposed in literature to solve this problem
[EW86, LMS94, Yu07]. In particular, the best known algorithm for finding a hyper-
plane simultaneously bisecting n point-sets A1, . . . , An in Rd, is O

(
|A|d−1) [LMS94],

where A =
⋃

i∈[n]
Ai. However, no hardness result were known for this problem un-

til recently [FG18] showed that the problem is PPA-hard. We would like to note here
that while [FG18]’s hardness result establishes the computational equivalence between
(discrete) Ham Sandwich problem and the Borsuk-Ulam problem, their proof does not
imply the mathematical equivalence between the two problems. It remains an inter-
esting open problem, if one could prove the equivalence between the two theorem by
non-analytic methods.

A variant of the Ham-Sandwich problem was considered by Knauer et al.: Given
d+ 1 point-sets in Rd, is there a hyperplane which simultaneously bisects all the point-
sets? They showed that this decision problem is NP-hard and W [1]-hard (with respect
to d) [KTW11], even when one of the point-sets is just a single point. However, it is
not easy to construct a meaningful decision version of the Ham Sandwich problem
because of its totality.
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7.1.4 Organization of the Chapter

This chapter is organized as follows. In Section 7.2, we introduce the notations used
in the rest of the chapter, provide some key results about hyperspherical harmonics,
and formally describe the query model of computation. In Section 7.3, we provide the
complete reduction from the Borsuk-Ulam theorem to the Ham Sandwich theorem.
In Section 7.4, we prove the randomized query complexity lower bound for the Ham
Sandwich problem. Finally, in Section 7.5, we conclude by highlighting some open
directions for future research.

7.2 Preliminaries

We formally state the two theorems of interest to this chapter.

Theorem 7.2.1 (Borsuk-Ulam Theorem, [Bor33]). Let Sn denote the set of all points on the
unit n-dimensional sphere. If n ≥ 0 then for any continuous mapping f : Sn → Rn there is a
point x ∈ Sn for which f (x) = f (−x).

Theorem 7.2.2 (Ham Sandwich Theorem, [Ste38, ST42]). Given n compact sets in Rn

there is a (n− 1)-dimensional hyperplane which bisects each set into two sets of equal measure.

Below, we list some notations and standard definitions that are used through out
the chapter.

7.2.1 Notations

We define Sn = {x ∈ Rn+1 | ‖x‖2 = 1}, Sn
∞ = {x ∈ Rn+1 | ‖x‖∞ = 1}, and

Bn = {x ∈ Rn | ‖x‖2 ≤ 1}.
A hyperplane in Rn+1 is the set of solutions of an equation of the form

a0 +
n+1

∑
i=1

aixi = 0.

The unit normals of the hyperplane are the vectors±(a1, a2, . . . , an+1). A choice of one
of the two possible unit normals is said to be an orientation on the hyperplane which
is referred to as being oriented and the chosen unit normal as the positive unit normal
(the other one is said to be the negative unit normal).

The volume of a compact set, assumed to be measurable, is simply its measure.
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7.2.2 Hyperspherical Harmonics

We gather together some definitions and results we need regarding hyperspherical
harmonics.

Definition 7.2.3. A polynomial H`(x1, x2, . . . , xn+1) is homogeneous of degree ` in the
n + 1 variables x1, x2, ..., xn+1 provided H`(tx1, tx2, ..., txn+1) = t`H`(x1, x2, ..., xn+1) . The
Laplace operator in Rn+1 is given by ∆n+1 := ∑n+1

i=1
∂2

∂x2
i
. H`(x1, x2, . . . , xn+1) is called har-

monic if ∆n+1H`(x1, x2, . . . , xn+1) = 0. A hyperspherical harmonic of degree `, denoted
Y(n+1)
` (ξ), is a harmonic homogeneous polynomial of degree ` in n + 1 variables restricted to

Sn.

Claim 7.2.4. The dimension of the vector space of hyperspherical harmonics of degree ` on Sn

is M(n, `) where,

M(n, `) =

{
1 if ` = 0,
2`+n−1

` (`+n−2
`−1 ) if ` > 0.

Proof. See Theorem 4.4 in [EF14].

Definition 7.2.5. Let Vn+1 be the set of all n + 1-variate polynomials over R restricted to Sn.

Claim 7.2.6. Vn+1 is an inner product space, with addition and scaling defined for any two
polynomials f , g : Sn → R which are restricted to the n-sphere as follows:

( f + g)(x) = f (x) + g(x),

∀α ∈ R, (α · f )(x) = α · f (x),

〈 f , g〉 =
∫

x∈Sn
f (x) · g(x) dx.

Proof. A linear combination of two polynomials is another polynomial. Furthermore,
from the definition of the inner product, it is clear that 〈 f , g〉 is symmetric under in-
terchange of f and g and bilinear. To prove nondegenerateness, we shall show that
〈 f , f 〉 > 0 whenever f is not identically zero. Assume that f is not identically zero.
Then there must be point x′ ∈ Sn such that f (x) 6= 0. Because f is continuous there
must be an open neighbourhood around this point such that f 2 is positive at all points
in the neighbourhood. The integral of f 2 over this neighbourhood is therefore positive
and since the integral of f 2 ≥ 0 over the rest of the sphere has to be at least zero, it
follows 〈 f , f 〉 > 0. This completes the proof.
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Definition 7.2.7. For n ≥ 2 and each degree `, the set
{

Y(n+1)
`,m

∣∣∣∣m ∈ [M(n, `)]
}

is a fixed

orthonormal basis for the vector space of hyperspherical harmonics of degree ` on Sn.

Claim 7.2.8. For every n ≥ 2, and d ∈ Z≥0, the set
{

Y(n+1)
`,m

∣∣∣∣` ∈ Z≥0, ` ≤ d, m ∈ [M(n, `)]
}

is an orthonormal set spanning all f ∈ Vn+1 of total degree d.

Proof. Since every polynomial can be written as a finite sum of homogeneous poly-
nomials of various degrees, it suffices to prove the above for the case where f is the
restriction of a homogeneous polynomial f̃ of degree d to Sn. By Theorem 2.18 in
[AH12], we note that there is a unique decomposition as follows,

f̃ (x1, . . . , xn+1) =
bd/2c

∑
i=0

Hd−2i(x1, . . . , xn+1)

(
n+1

∑
j=1

x2
j

)i

,

where H` is a harmonic homogeneous polynomial of degree `. Restricting to Sn gives
the following:

f =
bd/2c

∑
i=0

Hd−2i|Sn .

The restriction H`|Sn is a hyperspherical harmonic of degree ` and so is a (finite) linear
combination of the functions Y(n+1)

`,m where m varies over [M(n, `)]. It follows that f is
a (finite) linear combination of hyperspherical harmonics of degree at most d. Finally,
orthonormality follows from Definition 7.2.7 above and Theorem 4.6 in [EF14].

Lemma 7.2.9. For every n ≥ 2, and for any odd function f in Vn+1, let it be written as
follows:

f = ∑
`∈Z≥0

M(n,`)

∑
m=1

α`,m ·Y
(n+1)
`,m .

Then, for every even integer `, we have that α`,m = 0.

Proof. Since f is assumed to be odd, we have that f (x) + f (−x) = 0 for all x ∈ Sn.
Since the sum in the hyperspherical harmonic decomposition of f is finite, we may
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rearrange the terms to have

0 = ∑
`∈Zeven

≥0

M(n,`)

∑
m=1

α`,m · (Y
(n+1)
`,m (x) + Y(n+1)

`,m (−x))

+ ∑
`∈Zodd

≥0

M(n,`)

∑
m=1

α`,m · (Y
(n+1)
`,m (x) + Y(n+1)

`,m (−x))

= 2 ∑
`∈Zeven

≥0

M(n,`)

∑
m=1

α`,m ·Y
(n+1)
`,m (x)

Now, for any `′ ∈ Zeven
≥0 , we may multiply the above equation by Y(n+1)

`′,m (x) on both
sides and integrate over Sn so that, by virtue of Claim 7.2.8 we have 0 = 2α`′,m. Since
`′ ∈ Zeven

≥0 was arbitrary , the result to be proved follows.

Definition 7.2.10. Let the sign function sgn on the interval [−1, 1] be defined as follows.

∀ξ ∈ [−1, 1], sgn(ξ) =


−1 if ξ < 0,

0 if ξ = 0,

1 if ξ > 0.

Definition 7.2.11. For every ` ∈ Z≥0, n ≥ 2, and ξ ∈ [−1, 1], P(n+1)
` (ξ) is the `th-

Gegenbauer polynomial in n + 1 dimensions defined as follows:

P(n+1)
` (ξ) =

(−1)`

2` ·
`−1

Π
i=0

(`+ (n− 2)/2− i)

(1− ξ2)(2−n)/2
(

d
dξ

)`

(1− ξ2)`+(n−2)/2.

Theorem 7.2.12 (Funk-Hecke theorem, [Fun16, Hec17]). Let x ∈ Sn, f : [−1, 1] → R a
bounded measurable function, and Y(n+1)

` a hyperspherical harmonic polynomial of degree `.
Then,∫

y∈Sn
f (〈x, y〉)Y(n+1)

` (y) dy = sn−1Y(n+1)
` (x) ·

∫ 1

−1
f (t)P(n+1)

` (t)(1− t2)(n−2)/2 dt,

where sn−1 is the volume of the (n− 1)-sphere, i.e., Sn−1.

Proof. See Theorem 4.24 in [EF14]51.
51There is a typographical error in the statement of Theorem 4.24 in [EF14]. The theorem statement

given here is obtained by following the proof of Theorem 4.24 in [EF14].
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Lemma 7.2.13. Let x ∈ Sn and Y(n+1)
` be a hyperspherical harmonic polynomial of odd degree

`. Then,

Y(n+1)
` (x) =

n
2sn−1

·

(`−1)/2

Π
i=1

(`− 2i + n + 1)

(`−1)/2

Π
i=1

(`− 2i)

∫
y∈Sn

sgn(〈x, y〉) ·Y(n+1)
` (y) dy.

Proof. Plugging in the sign function in Theorem 7.2.12, gives us:

∫
y∈Sn

sgn(〈x, y〉)Y(n+1)
` (y) dy = sn−1Y(n+1)

` (x) ·
∫ 1

−1
sgn(t)P(n+1)

` (t)(1− t2)(n−2)/2 dt.

So it remains to evaluate the following when ` is odd:

∫ 1

−1
sgn(t)P(n+1)

` (t)(1− t2)(n−2)/2 dt.

We plug in Definition 7.2.11 into the above

∫ 1

−1

sgn(t)(−1)`

2` ·
`−1

Π
i=0

(`+ (n− 2)/2− i)

(
d
dt

)`

(1− t2)`+(n−2)/2dt.

When ` is odd, the function under the integral is even, so we have:

∫ 1

−1

sgn(t)(−1)`

2` ·
`−1

Π
i=0

(`+ (n− 2)/2− i)

(
d
dt

)`

(1− t2)`+(n−2)/2dt

= 2
∫ 1

0

sgn(t)(−1)`

2` ·
`−1

Π
i=0

(`+ (n− 2)/2− i)

(
d
dt

)`

(1− t2)`+(n−2)/2dt

=
∫ 1

0

(−1)`

2`−1 ·
`−1

Π
i=0

(`+ (n− 2)/2− i)

(
d
dt

)`

(1− t2)`+(n−2)/2dt.
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The term under the integral is a total derivative, so the integral may be simplified to (−1)`

2`−1 ·
`−1

Π
i=0

(`+ (n− 2)/2− i)

(
d
dt

)`−1

(1− t2)`+(n−2)/2


t=1

t=0

.

Note that ` + (n − 2)/2 = (` − 1) + (n + 2− 2)/2, so we may again use Definition
7.2.11 to write the above as[

− 1
n/2
· (1− t2)n/2 · P(n+3)

`−1 (t)
]t=1

t=0
.

When t = 1, the expression inside the square brackets vanishes. So all we are left with
is (2/n) · P(n+3)

`−1 (0). The recurrence relation from Proposition 4.21 in [EF14] tells us
that for all ` ≥ 1 we have

(`− 1 + n) · P(n+3)
`−1 (0) + (`− 2) · P(n+3)

`−3 (0) = 0.

This, along with the observation that P(n+3)
0 (0) = 1 may be used to determine P(n+3)

`−1 (0)
to be

P(n+3)
`−1 (0) =

(`−1)/2

Π
i=1

(`− 2i)

(`−1)/2

Π
i=1

(`− 2i + n + 1)

.

This completes the proof.

In the next subsection, we provide an intuitive explanation of the proof of
Lemma 7.2.13 without using Gegenbauer polynomials (Definition 7.2.11) and Funk-
Hecke theorem (Theorem 7.2.12), but only by using the definition of hyperspherical
harmonics.

7.2.3 An Intuitive Expalanation of Lemma 7.2.13

Lemma 7.2.14. Let x ∈ Sn, and Y(n+1)
` be a hyperspherical harmonic of odd degree `. Then,

Y(n+1)
` (x) = λn,` ·

∫
y∈Sn

sgn(〈x, y〉) ·Y(n+1)
` (y) dy,

where λn,` is a constant depending only on n and `.
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Proof. Notations. Let y := (y1, . . . , yn+1) ∈ Rn+1 and we denote by y\1 :=
(y2, . . . , yn+1) ∈ Rn. Let ∆n+1 be the Laplace operator in Rn+1 and ∆\1 be the Laplace
operator in the Rn parametrised by y\1. Let p be the harmonic homogeneous polyno-

mial of odd degree ` = 2m + 1 such that its restriction to Sn is the polynomial Y(n+1)
` .

A concrete goal. First note that harmonicity is spherically symmetric. This follows
from the Laplacian operator being rotationally invariant which can be verified by di-
rect computation or see Proposition 2.1 in [EF14] for a proof. Next, note that homo-
geneity is also spherically symmetric because rotation is a full rank linear transforma-
tion. Therefore, without loss of generality, we can assume that x = (1, 0, 0, . . . , 0). So,
putting the above assumption with the fact that Y(n+1)

` is odd, all we have to show is
that:

p(1, 0, 0, . . . , 0) = λn,` ·
∫

y∈Sn
sgn(y1) ·Y

(n+1)
` (y) dy = λn,` · 2

∫
y∈H+∩Sn

Y(n+1)
` (y) dy,

(7.1)

where H+ is the half-space given by y1 > 0.

Exploring p. We may write p in the following form,

p(y) =
`

∑
j=0

yj
1 · c`−j(y\1), (7.2)

where c`−j is a homogeneous polynomial of degree `− j. By Equation 4.6 in [EF14],
we have the following recurrence relation for every j ∈ {0, . . . , `}:

(j + 2)(j + 1)c`−j−2 = −∆\1c`−j, (7.3)

For every j as above, we may define a function ĉ`−j on Sn−1 such that the following
holds for all y\1 ∈ Rn,

c`−j(y\1) = ‖y\1‖`−j · ĉ`−j(y\1/‖y\1‖).

The existence of ĉ`−j can be seen by noting that c`−j is homogeneous.

Idea. At this point, we would like to point out why we are working with p and not
Y(n+1)
` . This is because, we would like to relate the integral in (7.1) with the integral I

below:
I :=

∫
y∈H+

e−‖y‖
2
p(y) dy.
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The connection follows from homogeneity of p, as we can write I as follows:

I =
∫

r∈R+
e−r2

rn+` dr ·
∫

y∈Sn∩H+
Y(n+1)
` (y) dy, (7.4)

where
∫

r∈R+ e−r2
rn+` dr is some constant depending on ` and n.

On the other hand, we can use (7.2), to write I as follows:

I =
`

∑
j=0

I(y1)
j I

(y\1)
`−j ,

where I(y1)
j and I

(y\1)
`−j are given by,

I(y1)
j :=

∫
y1∈R+

e−y2
1yj

1 dy1,

I
(y\1)
`−j :=

∫
y\1∈Rn

e−‖y\1‖
2
c`−j(y\1) dy\1.

(7.5)

Again note that I(y1)
j is some constant depending on j. Therefore, from (7.4) and (7.5),

we have that in order to prove (7.1), all we need to show is that I
(y\1)
`−j is p(1, 0, . . . , 0)

times some constant (depending on n, j, and `).

The Finishing Calculation. Now, I
(y\1)
`−j may be further rewritten as

I
(y\1)
`−j = Î`−jĈ`−j,

where Î`−j and Ĉ`−j are given by,

Î`−j :=
∫
‖y\1‖∈R+

e−‖y\1‖
2
‖y\1‖n+`−j d‖y\1‖,

Ĉ`−j :=
∫

z∈Sn−1
ĉ`−j dz

Again note that Î`−j is some constant depending on `, n, and j. Thus, it suffices to
show that Ĉ`−j is p(1, 0, . . . , 0) times some constant (depending on n, j, and `).
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We multiply (7.3) by e−‖y\1‖
2

and integrate over
∫

Rn to obtain the following:

(j + 2)(j + 1)I
(y\1)
`−j−2 = −

∫
y\1∈Rn

e−‖y\1‖
2
∆\1c`−j dy\1

= −
∫

y\1∈Rn
c`−j∆\1e−‖y\1‖

2
dy\1

= −
∫

y\1∈Rn
c`−j(4‖y\1‖2 − 2)e−‖y\1‖

2
dy\1

= −Ĉ`−j

∫
‖y\1‖∈R+

‖y\1‖`−j(4‖y\1‖2 − 2)e−‖y\1‖
2

d‖y\1‖,

where again
∫
‖y\1‖∈R+ ‖y\1‖`−j(4‖y\1‖2 − 2)e−‖y\1‖

2
dy\1 is some constant depending

on j and `.

The above computation yields us a recurrence between C`−j−2 and C`−j of the
following form:

Ĉ`−j = α(`, j) · Ĉ`−j−2

Additionally, if α(`, j) is explicitly computed, one may note that whenever `− j is
odd, Ĉ`−j vanishes. Thus, knowing Ĉ0 fixes all the other Ĉ`−j as fixed constants times
Ĉ0. But Ĉ0 is the integral of the constant coefficient c0 = p(1, 0, . . . , 0) over Sn−1, i.e.
Ĉ0 = vol(Sn−1) · c0. This concludes the proof.

7.2.4 Multivariate Bernstein Polynomials

First, we introduce the multivariate Bernstein polynomials as follows:

Definition 7.2.15. The multivariate Bernstein polynomials are given by

B f ;d1,...,dn+1(x) :=
d1

∑
k1=0

· · ·
dn+1

∑
kn+1=0

f
(

k1

d1
, . . . ,

kn+1

dn+1

) n+1

∏
j=1

((
dj

k j

)
x

kj
j (1− xj)

dj−kj

)
.

For convenience we abbreviate k := (k1/d1, . . . , kn+1/dn+1) and b(k)j := (
dj
kj
)x

kj
j (1− xj)

dj−kj ,

so we can use the following shorthand:

B f ;d1,...,dn+1(x) := ∑
k

f (k)b(k)1 · · · b
(k)
n+1.

Claim 7.2.16. Fix j ∈ [n + 1]. Let b(k)j be as defined above. Then, we have the following
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identity:
dj

∑
kj=0

(
xj −

k j

dj

)2

b(k)j =
xj(1− xj)

dj
.

Proof. Consider the binomial identity,

dj

∑
kj=0

(
dj

k j

)
x

kj
j y

dj−kj
j = (xj + yj)

dj . (7.6)

Substituting yj = 1− xj in (7.6) yields,

dj

∑
kj=0

b(k)j = 1. (7.7)

Letting xj · d/dxj act on both sides of (7.6) and then substituting yj = 1− xj yields,

dj

∑
kj=0

k jb
(k)
j = djxj. (7.8)

Letting (xj · d/dxj)
2 act on both sides of (7.6) and then substituting yj = 1− xj yields,

dj

∑
kj=0

k2
j b(k)j = djxj(1 + (dj − 1)xj). (7.9)

Now we may use (7.7), (7.8), and (7.9) to see that:

dj

∑
kj=0

(
xj −

k j

dj

)2

b(k)j =

 dj

∑
kj=0

x2
j b(k)j

−
 dj

∑
kj=0

2xj

(
k j

dj

)
b(k)j

+

 dj

∑
kj=0

(
k j

dj

)2

b(k)j


= x2

j − 2xj

(
djxj

dj

)
+

djxj(1 + (dj − 1)xj)

d2
j

=
xj(1− xj)

dj
.

Theorem 7.2.17 (Folklore). Let f : [−1, 1]n+1 → R be a λ-Lipschitz continuous function.
For every ε > 0, there exists a Bernstein polynomial of total degree at most

⌈
λ2

4ε2 · (n + 1)2
⌉
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such that for all x ∈ [−1, 1]n+1 we have:

| f (x)− B f ;d1,...,dn+1(x)| < ε.

Proof. Fix ε > 0. We set di =
⌈
(n + 1)λ2/4ε2⌉. Now we have the following chain of

inequalities:

| f (x)− B f ;d1,...,dn+1(x)| =
∣∣∣∣∣∑k

f (x)b(k)1 · · · b
(k)
n+1 −∑

k
f (k)b(k)1 · · · b

(k)
n+1

∣∣∣∣∣ (7.10)

≤
∣∣∣∣∣∑k
| f (x)− f (k)|b(k)1 · · · b

(k)
n+1

∣∣∣∣∣
<

∣∣∣∣∣∑k
λ‖x− k‖b(k)1 · · · b

(k)
n+1

∣∣∣∣∣
≤ λ

√√√√∣∣∣∣∣∑k
‖x− k‖2b(k)1 · · · b

(k)
n+1

∣∣∣∣∣
√√√√∣∣∣∣∣∑k′ b(k

′)
1 · · · b(k

′)
n+1

∣∣∣∣∣ (7.11)

= λ

√√√√∣∣∣∣∣∑k
‖x− k‖2b(k)1 · · · b

(k)
n+1

∣∣∣∣∣ (7.12)

= λ

√√√√n+1

∑
j=1

xj(1− xj)

dj
(7.13)

≤ λ

2

√√√√n+1

∑
i=1

1
di

≤ λ

2

√√√√n+1

∑
i=1

1
d(n + 1)λ2/4ε2e

≤ λ

2

√√√√n+1

∑
i=1

1
(n + 1)λ2/4ε2 = ε.

Here, (7.10) and (7.12) follow from (7.7), (7.11) follows from the Cauchy-Schwarz in-
equality, and (7.13) follows from Claim 7.2.16.

The proof is completed by noting that the total degree of B f ;d1,...,dn+1 is ∑n+1
i=1 di.
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7.2.5 Query Model

In this chapter, we refer to the query model as described in [Bab16]: every problem is
specified by the allowed possible inputs, the desired outputs, and the queries which
are specified types of questions that can be asked and by the answers that are pro-
vided. A query algorithm, is a procedure that asks queries in an adaptive manner and
generates an output for every input. For this chapter, a highly relevant remark is that
there is no computational constraints on the way the query algorithm generates the
next query or the output, given the previous answers.

For randomized query algorithms, errors are allowed in the output. To be precise,
we require that for all inputs, the answer is correct only with probability p < 1. The
randomized query complexity of a problem is the minimal number t such that given
an input there exists a randomized query algorithm that makes at most t queries and
outputs the correct answer with probability p. We denote the randomized query com-
plexity of a problem Π by QCp(Π). As noted by Babichenko [Bab16] this measure
of randomized query complexity is closely related to another measure: the expected
number of queries for outputting the correct answer with probability p. Therefore, any
lower bounds on QCp(Π) can be easily translated to lower bounds on the expected
number of queries.

7.3 Equivalence of Ham Sandwich and Borsuk-Ulam The-
orems

In this section, we give reduce the Borsuk-Ulam theorem to the Ham Sandwich theo-
rem. First, we prove the Borsuk-Ulam theorem for polynomials restricted to the hy-
persphere.

Proposition 7.3.1 (Proposition 7.1.1 Restated). For every polynomial f : Sn → Rn re-
stricted to the hypersphere, there exist n compact sets A1, . . . , An ⊆ Rn+1, such that for every
x ∈ Sn and i ∈ [n], we have the following:

fi(x)− fi(−x) = vol(Ai ∩ H+)− vol(Ai ∩ H−),

where fi(x) is the projection of f (x) to the ith coordinate, and H is the oriented hyperplane
containing the origin with ~x as the normal.

Proof. We consider n projection functions of f : f1, . . . , fn : Sn → R. Let di be the total
degree of fi. For every i ∈ [n] we define gi(x) = fi(x)− fi(−x). Note that the gis are
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odd functions. We define below n new functions h1, . . . , hn : Sn → R from the gis. For
every i ∈ [n], from hi, we construct Ai as follows:

Ai =
{

k · (hi(x1, . . . , xn+1) · x1, . . . , hi(x1, . . . , xn+1) · xn+1)
∣∣∣(x1, . . . , xn+1) ∈ Sn, 0 ≤ k ≤ 1

}
.

Note that we can define the volume of Ai as follows:

vol(Ai) =
∫

y∈Sn
(hi(y))n+1/(n + 1) dy. (7.14)

We will now define the his. We fix i ∈ [n]. From Claim 7.2.8, we have that gi can be
written as a linear combination of the hyperspherical harmonics.

gi = ∑
`≤di,

`∈Zodd
≥0 .

M(n,`)

∑
m=1

α`,m ·Y
(n+1)
`,m (7.15)

Note that in the above decomposition of gi into hyperspherical harmonics, we have
that only the odd spherical harmonics appear in the support (from Lemma 7.2.9). Next,
we define a couple of constants (depending on ` and m). For every ` ∈ Zodd

≥0 , where
` ≤ di, we have,

γ` =
n

2sn−1
·

(`−1)/2

Π
i=1

(`− 2i + n + 1)

(`−1)/2

Π
i=1

(`− 2i)

,

β`,m = α`,m · γ` · (n + 1), (7.16)

where sn is the volume of the n-sphere Sn. Let Γi : Sn → R be a function defined as
follows:

Γi = ∑
`≤di,

`∈Zodd
≥0 .

M(n,`)

∑
m=1

β`,m ·Y
(n+1)
`,m (7.17)

Note that Γi is well defined because f is a polynomial function, which implies gi is a
polynomial function. We have the following bound on Γi:
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Claim 7.3.2. Let ψi = max
x∈Sn
|Γi(x)|. Then,

ψi < (n + 1)(n+7)/2 · (di + 1)3/2 ·
(

1 +
di

n

)n
·max

x∈Sn
|gi(x)|.

Finally, we define hi as follows:

hi =
n+1
√
(Γi + ψi + 1), (7.18)

This completes the construction of the n compact sets A1, . . . , An. Fix i ∈ [n]. Let H
be some n-dimensional (oriented) hyperplane containing the origin and let xH be the
unit normal of H.

vol(Ai ∩ H+)− vol(Ai ∩ H−) =
1

(n + 1)
·
∫

y∈Sn
sgn(〈xH, y〉) · (hi(y))n+1 dy

(From Eq. 7.14)

=
1

(n + 1)
·
∫

y∈Sn
sgn(〈xH, y〉) · (Γi(y) + ψi + 1) dy

(From Eq. 7.18)

=
1

(n + 1)
·
∫

y∈Sn
sgn(〈xH, y〉) · Γi(y) dy

=
1

(n + 1)
·
∫

y∈Sn
sgn(〈xH, y〉) ·

 ∑
`≤di,

`∈Zodd
≥0 .

M(n,`)

∑
m=1

β`,m ·Y
(n+1)
`,m (y)

 dy

(From Eq. 7.17)

= ∑
`≤di,

`∈Zodd
≥0 .

M(n,`)

∑
m=1

β`,m ·
1

(n + 1)
·
∫

y∈Sn
sgn(〈xH, y〉) ·Y(n+1)

`,m (y) dy

= ∑
`≤di,

`∈Zodd
≥0 .

M(n,`)

∑
m=1

β`,m/γ` ·
1

(n + 1)
·Y(n+1)

`,m (xH)

(From Lemma 7.2.13)
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= ∑
`≤di,

`∈Zodd
≥0 .

M(n,`)

∑
m=1

α`,m ·Y
(n+1)
`,m (xH) (From Eq. 7.16)

= gi(xH) = fi(xH)− fi(−xH) (From Eq. 7.15)

This completes the proof.

Proof of Claim 7.3.2. Fix x ∈ Sn and i ∈ [n]. We will use the following shorthands:

∑
`

= ∑
`≤di,

`∈Zodd
≥0 .

,

∑
m

=
M(n,`)

∑
m=1

,

max
`

= max
`≤di,

`∈Zodd
≥0 .

.

For every ` ∈ Zodd
≥0 with ` ≤ di, and every m1, m2 ∈ [M(n, `)] such that m1 6= m2,

we have from Definition 7.2.7 the following:〈
Y(n+1)
`,m1

, Y(n+1)
`,m2

〉
=
∫

x∈Sn
Y(n+1)
`,m1

(x) ·Y(n+1)
`,m2

(x) dx = 0,

〈
Y(n+1)
`,m1

, Y(n+1)
`,m1

〉
=
〈

Y(n+1)
`,m2

, Y(n+1)
`,m2

〉
= 1.

Also, from Claim 7.2.8 we have that for every `1, `2 ∈ Zodd
≥0 with `1, `2 ≤ di and

`1 6= `2, and any m1 ∈ [M(n, `1)] and m2 ∈ [M(n, `2)] the following:〈
Y(n+1)
`1,m1

, Y(n+1)
`2,m2

〉
=
∫

x∈Sn
Y(n+1)
`1,m1

(x) ·Y(n+1)
`2,m2

(x) dx = 0.

Now using the above, we prove a bound that resembles the Parseval’s identity.

∫
x∈Sn

(gi(x))2 dx =
∫

x∈Sn

(
∑
`

∑
m

α`,m ·Y
(n+1)
`,m (x)

)2

dx

=
∫

x∈Sn

(
∑
`

∑
m
(α`,m ·Y

(n+1)
`,m (x))2

)
dx
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= ∑
`

∑
m

α2
`,m ·

(〈
Y(n+1)
`,m1

, Y(n+1)
`,m1

〉)2

= ∑
`

∑
m

α2
`,m

However, we can note that
∫

x∈Sn(gi(x))2 dx ≤ sn ·max
x∈Sn

(gi(x))2. This implies that,

∑
`

∑
m

α2
`,m ≤ sn ·max

x∈Sn
(gi(x))2 .

We use the above inequality to conclude with the following bound on Γi(x):

|Γi(x)| =
∣∣∣∣∣∑
`

∑
m
(n + 1) · γ` · α`,m ·Y

(n+1)
`,m (x)

∣∣∣∣∣
= (n + 1) ·

∣∣∣∣∣∑
`

∑
m

α`,m ·
(

γ` ·Y
(n+1)
`,m (x)

)∣∣∣∣∣
≤ (n + 1) ·

√√√√(∑
`

∑
m

α2
`,m

)
·
(

∑
`

∑
m

(
γ` ·Y

(n+1)
`,m (x)

)2
)

(7.19)

≤ (n + 1) ·
√

sn ·max
x∈Sn
|gi(x)| ·

√
∑
`

γ2
` ·∑

m

(
Y(n+1)
`,m (x)

)2

≤ (n + 1) ·
√

sn ·max
x∈Sn
|gi(x)| · 4

√√√√(∑
`

γ4
`

)
·∑

`

(
∑

m=1

(
Y(n+1)
`,m (x)

)2
)2

(7.20)

= (n + 1) ·
√

sn ·max
x∈Sn
|gi(x)| · 4

√
∑
`

γ4
` ·

4

√√√√∑
`

(
M(n, `)

sn

)2

(7.21)

= (n + 1) ·max
x∈Sn
|gi(x)| · 4

√
∑
`

γ4
` · 4

√
∑
`

(M(n, `))2

≤ (n + 1) ·max
x∈Sn
|gi(x)| ·

(
∑
`

γ`

)
·
(

∑
`

M(n, `)

)1/2

≤ (n + 1) ·max
x∈Sn
|gi(x)| · (di + 1)3/2

2
√

2
·
(

max
`

γ`

)
·
(

max
`

M(n, `)
)1/2
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≤ (n + 1) ·max
x∈Sn
|gi(x)| · (di + 1)3/2

2
√

2
·

max
`

n
2sn−1

·

(`−1)/2

Π
i=1

(`− 2i + n + 1)

(`−1)/2

Π
i=1

(`− 2i)


·
(

max
`

2`+ n− 1
`

(
`+ n− 2
`− 1

))1/2

<
(n + 1)2.5

sn−1
·max

x∈Sn
|gi(x)| · (di + 1)3/2

4
√

2
·

max
`

(`−1)/2

Π
i=1

(`− 2i + n + 1)

(`−1)/2

Π
i=1

(`− 2i)


·
(

max
`

(
`+ n− 2
`− 1

))1/2

<
(n + 1)3

sn−1
·max

x∈Sn
|gi(x)| · (di + 1)3/2

4
√

2
·
(

max
`

(
`+ n
`

))
<

(n + 1)3

sn−1
·max

x∈Sn
|gi(x)| · (di + 1)3/2

4
√

2
·
(

1 +
di

n

)n
· en

<
(n + 1)3 · n n+1

2

(2e)n/2 · π n−1
2
·max

x∈Sn
|gi(x)| · (di + 1)3/2

4
√

2
·
(

1 +
di

n

)n
· en

< (n + 1)0.5(n+7) ·max
x∈Sn
|gi(x)| · (di + 1)3/2

4
√

2/π
·
(

1 +
di

n

)n
·
( e

2π

) n
2

< (n + 1)0.5(n+7) ·max
x∈Sn
|gi(x)| · (di + 1)1.5 ·

(
1 +

di

n

)n
,

where inequalities 7.19 and 7.20 follow from Cauchy-Schwarz inequality, and equal-
ity 7.21 follows from Equation (2.35) from [AH12].

Below we by establish the reduction from Borsuk-Ulam theorem to the Ham Sand-
wich theorem.

Theorem 7.2.1 (Restated for n ≥ 3). For every n ≥ 3, if f : Sn → Rn is continuous then
there exists an x ∈ Sn such that, f (−x) = f (x).

Proof. Given a continuous function fi : Sn → R we may use the Tietze Extension
Theorem to extend it to a continuous function f̃i on [−1, 1]n+1 and then use the Stone-
Weierstrass theorem to note that for any real ε > 0 we may find an (n+ 1)-variate poly-
nomial function pi such that | f̃i(x)− pi(x)| < ε for all x := (x1, . . . , xn+1) ∈ [−1, 1]n+1.
In particular | f (x)− p(x)| < ε for all x ∈ Sn.
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By Proposition 7.1.1, we know that there exist n compact sets A1, . . . , An ⊆ Rn+1,
such that for every x ∈ Sn and i ∈ [n], we have pi(x) − pi(−x) = vol(Ai ∩ H+) −
vol(Ai ∩ H−) where x is the unit normal of the oriented hyperplane H. We introduce
another compact set An+1 which is a closed ball centred at the origin, so that any
hyperplane bisecting its volume has to necessarily pass through the origin.

By the Ham Sandwich Theorem, we know that there is an oriented hyperplane H′

such that vol(Ai ∩ H′+) = vol(Ai ∩ H′−) for all i ∈ [n + 1], which is to say, there is an
oriented hyperplane H′ through the origin such that vol(Ai ∩ H′+) = vol(Ai ∩ H′−)
for all i ∈ [n]. But this means that pi(x′) − pi(−x′) = 0 for all i ∈ [n] (where x′

is the unit normal of H′), and so | fi(x′) − fi(−x′)| < 2ε for all i ∈ [n]. The map
x 7→ | fi(x)− fi(−x)| where x ∈ Sn is continuous and defined on a compact domain.
So it must attain a minimum value somewhere, which is nonnegative. But we have
already shown that | fi(x)− fi(−x)| < 2ε for all ε > 0 and i ∈ [n]. It follows that the
minimum value attained by this map is 0 (simultaneously for all i ∈ [n]). Let it be
attained at x′′ ∈ Sn. Then f (x′′) = f (−x′′). This completes the proof.

7.4 Query Complexity Lower Bounds

In this section, we show query complexity lower bounds on the Ham Sandwich prob-
lem, by using the connection established through Proposition 7.1.1.

7.4.1 Borsuk-Ulam problem in Query Model

The query complexity of computing an approximate fixed-point of a Brouwer function
in the max norm was studied by Hirsch et al. [HPV89] in the deterministic setting.
Recently, Babichenko [Bab16] extended their lower bounds to the randomized setting.
Rubinstein [Rub16], furthered this direction to the case of fixed point computation
in the Euclidean norm. Before stating the result of Rubinstein, we formally define the
approximate fixed point problem in the query model as follows:

AFPQ(n, λ, ε) Problem:
Input: λ-Lipschitz function f : [−1, 1]n → [−1, 1]n.
Output: x ∈ [−1, 1]n such that ‖ f (x)− x‖2

2 ≤ ε · n.
Queries: Each query is a point x ∈ [−1, 1]n and the answer is f (x).

We have the following lower bound on QCp(AFP
Q(n, λ, ε)).
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Theorem 7.4.1 (Rubinstein [Rub16]). There exist constants ε0, λ0, n0 > 0 such that for any
n ≥ n0, ε ≤ ε0, and λ ≥ λ0, and for p = 2−Ω(n) the following holds:

QCp(AFP
Q(n, λ, ε)) = 2Ω(n).

Next, we define the approximate equally valued antipodal point problem in the
query model as follows:

AAPQ(n, λ, ε) Problem:
Input: λ-Lipschitz function f :

√
n + 1 · Sn →

√
n · Bn.

Output: x ∈ Bn such that ‖ f (x)− f (−x)‖2
2 ≤ ε · n.

Queries: Each query is a point x ∈
√

n + 1 · Sn and the answer is f (x).

We have the following lower bound on QCp(AAP
Q(n, λ, ε)).

Theorem 7.4.2. There exist constants ε0, n0 > 0 such that for any n ≥ n0, ε ≤ ε0/12n, and
λ ≥ 5

√
n, and for p = 2−Ω(n) the following holds:

QCp(AAP
Q(n, λ, ε)) = 2Ω(n).

Proof. We show that QCp(AFP
Q(n, λ, ε)) ≤ 2 ·QCp

(
AAPQ (n, 5

√
n, ε2/12n

))
by using

the construction of Su [Su97]. We start from a λ-Lipschitz continuous function f :
[−1, 1]n → [−1, 1]n which is the input of AFPQ and have the following reduction to
AAPQ.

Adopting Su’s Construction. Below, we describe the function g
Su

: Sn
∞ → [−3, 3]n,

constructed by Su to build an instance of Borsuk-Ulam by starting from an instance of
Brouwer. Let P be the projection function on to the first n coordinates. We define g

Su

as follows:

g
Su
(x1, . . . , xn+1) =



P(x)− f (P(x)) if xn+1 = 1,

P(x) + f (P(−x)) if xn+1 = −1,

P(x) +
g
Su
(P(x),1)+g

Su
(P(x),−1)

2 if xn+1 = 0,

xn+1 · gSu
(P(x), 1) + (1− xn+1) · gSu

(P(x), 0) if 0 ≤ xn+1 ≤ 1,

−xn+1 · gSu
(P(x),−1) + (1 + xn+1) · gSu

(P(x), 0) if -1 ≤ xn+1 ≤ 0.

Using the above function, we can construct g :
√

n + 1 · Sn → [−1, 1]n from g
Su

as
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follows:

∀x ∈
√

n + 1 · Sn, g(x) =
1
3
· g

Su

(
x
‖x‖∞

)
.

First, we observe that g is an odd function:

Claim 7.4.3. For every x ∈
√

n + 1 · Sn, we have g(x) = −g(−x).

Next, we compute the Lipschitz constant of g below.

Claim 7.4.4. g is 5
√

n-Lipschitz continuous.

Furthermore, we note that we can obtain approximate fixed points of f from ap-
proximate equally valued antipodal points of g in a natural way as follows.

Claim 7.4.5. Fix x ∈
√

n + 1 · Sn. If ‖g(x)− g(−x)‖2
2 ≤ (ε2/12n) · n then,∥∥∥∥ f

(
P
(

x
‖x‖∞

))
− P

(
x
‖x‖∞

)∥∥∥∥2

2
≤ ε · n.

Finally, the proof follows by noting that in order to compute g at a point, we need
to query f in at most two points.

Note that there is an easy deterministic query algorithm for AAPQ(n, λ, ε) which

solves it with
(

1 + 4λ√
ε

)n+1
queries by building an

√
ε

2λ -net (Lemma 5.2 in [Ver12]). In

other words we have that QCp

(
AAPQ (n, λ, ε)

)
≤ 2O(n log n). Thus, the above lower

bound is tight up to logarithmic multiplicative factor in the exponent.

Finally, we define the problem of interest for this section below.

7.4.2 Ham Sandwich Problem in Query Model

The approximate bisecting hyperplane problem in the query model is defined as fol-
lows:

ABHQ(n, k, ε) Problem:
Input: n compact sets A1, . . . , An ⊆

[
−nk, nk]n

.
Output: (n − 1)-dimensional hyperplane H such that ∀i ∈ [n], |vol(Ai ∩
H+)− vol(Ai ∩ H−)| ≤ ε.
Queries: Each query is an oriented hyperplane H and the answer is vol(Ai ∩
H+)− vol(Ai ∩ H−), for every i ∈ [n].
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7.4 Query Complexity Lower Bounds

We have the following lower bound on QCp(ABH
Q(n, k, ε)).

Theorem 7.1.2 (Restated). There exist constants ε0, n0 > 0 such that for any n ≥ n0,
ε ≤ ε0/

√
48n, and for p = 2−Ω(n) and k ≥ 4.51 the following holds:

QCp(ABH
Q(n, k, ε)) = 2Ω(n).

Proof. We show QCp

(
AAPQ (n, 5

√
n, ε2/12n

))
≤ 2 ·QCp

(
ABHQ

(
n + 1, 4.51, ε/

√
48n

))
by using Proposition 7.1.1. We start from a 5

√
n-Lipschitz continuous function f :√

n + 1 · Sn →
√

n · Bn which is the input of AAPQ and have the following preprocess-
ing step.

Preprocessing Step. Fix i ∈ [n]. Let fi :
√

n + 1 · Sn → [−
√

n,
√

n] be the i-th
component of f which is 5

√
n-Lipschitz continuous. We define f ′i as follows: f ′i (x) =

fi(
√

n + 1 · x). Note that f ′i is a function from Sn to
√

n · Bn and is (
√

n + 1 · 5
√

n)-
Lipschitz continuous. Now by the Tietze extension theorem f ′i may be extended to a
continuous function f̃ ′i on the cube [−1, 1]n+1 ⊃ Sn without increasing the Lipschitz
constant [McS34]. Then from the Stone-Weierstrass theorem we have that for any ε′ >
0 there is a polynomial function p̃i : [−1, 1]n+1 → R such that | f̃ ′i (x) − p̃i(x)| ≤ ε′

for all x ∈ [−1, 1]n+1. Let pi be the restriction of p̃i to Sn. So, we have a polynomial
function pi : Sn → [−

√
n− ε/4

√
12n,
√

n+ ε/4
√

12n] such that for all x ∈ Sn, we have
| f ′i (x)− pi(x)| ≤ ε/4

√
12n by setting ε′ = ε/4

√
12n. Furthermore, we have that the

degree of pi is O(n5) (using multivariate Bernstein polynomials; see Theorem 7.2.17).

Adopting Proposition 7.1.1. We have from Proposition 7.1.1, that there ex-
ist n compact sets A′1, . . . , A′n ⊆ Rn+1, such that for every x ∈ Sn and i ∈ [n],
pi(x)− pi(−x) = vol(A′i ∩ H+)− vol(A′i ∩ H−), where H is the oriented hyperplane
containing the origin with ~x as the normal. Fix i ∈ [n]. From the construction in proof
of Proposition 7.1.1, we have that Ai ⊆ [−h?i , h?i ]

n+1, where h?i = max
x∈Sn
|hi(x)|. We have

the following upper bound on h?i from Claim 7.3.2:

h?i = max
x∈Sn

|hi(x)| = max
x∈Sn

∣∣∣∣ n+1
√

Γi(x) + ψi + 1
∣∣∣∣ ≤ n+1

√
2ψi + 1

= O
(

n+1
√

ψi

)
= O

(
n+1
√
(n)(n+1)/2 · n+1√n4n

)
= O

(√
n · n+1√n4n

)
= O

(
n4.5
)

.
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Next, we know that | f ′i (x) − f ′i (−x)| ≤ |pi(x) − pi(−x)| + ε/2
√

12n. Thus, we
have:

| f ′i (x)− f ′i (−x)| ≤
∣∣vol(Ai ∩ H+)− vol(Ai ∩ H−)

∣∣+ ε/2
√

12n.

Therefore, if we are given some hyperplane H such that for every i ∈ [n], we have
|vol(Ai ∩ H+)− vol(Ai ∩ H−)| ≤ ε/2

√
12n then, we would obtain x ∈ Sn such that

| f ′i (x) − f ′i (−x)| ≤ ε/
√

12n. This implies that ‖ f (
√

n + 1 · x) − f (−
√

n + 1 · x)‖2
2 ≤

ε2/12. Finally, we complete the proof by noting that to answer vol(Ai ∩ H+) −
vol(Ai ∩ H−) for an oriented hyperplane H, we need to query f in at most two
points.

We note here that one can construct an easier (to solve) prob-
lem than ABHQ, namely the Euclidean−ABHQ (or ABHQ

E for short),
where we need to find an (n − 1)-dimensional hyperplane H such that(

Ei∈[n]

[
(vol(Ai ∩ H+)− vol(Ai ∩ H−))2

])1/2
≤ ε, and still obtain the same

lower bounds as in Theorem 7.1.2, i.e., QCp

(
ABHQ

E

(
n + 1, 4.51, ε/

√
48n

))
= 2Ω(n)

by starting from QCp

(
AAPQ (n, 5

√
n, ε2/12n

))
.

Finally, we remark that one could obtain lower bounds for the case of fixed di-
mension, i.e., when the compacts objects to be bisected are in a fixed dimension, by
using the lower bounds of Chen and Teng [CT07] for the fixed point computation in
Brouwer functions of fixed dimension.

7.5 Discussion and Conclusion

In this chapter, we established the equivalence between the Borsuk-Ulam theorem and
the Ham Sandwich theorem. Further, we used this equivalence to prove a lower bound
on the Ham Sandwich problem in the query model. It would be interesting to ex-
tend our lower bounds for the Ham Sandwich problem in the query model where the
queries are to a membership oracle.
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[Chv79] Vasek Chvátal. A greedy heuristic for the set-covering problem. Math.
Oper. Res., 4(3):233–235, 1979.

[CK19] Vincent Cohen-Addad and Karthik C. S. Inapproximability of cluster-
ing in `p-metrics. To appear in FOCS, 2019.

[CL99] Edith Cohen and David D. Lewis. Approximating matrix multiplica-
tion for pattern recognition tasks. J. Algorithms, 30(2):211–252, 1999.

[CL16] Yijia Chen and Bingkai Lin. The constant inapproximability of the pa-
rameterized dominating set problem. In FOCS, pages 505–514, 2016.

[CLRS09] Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clif-
ford Stein. Introduction to Algorithms, Third Edition. The MIT Press, 3rd
edition, 2009.

[CMY08] Graham Cormode, S. Muthukrishnan, and Ke Yi. Algorithms for dis-
tributed functional monitoring. In SODA, pages 1076–1085, 2008.

[CNW16] Moses Charikar, Yonatan Naamad, and Anthony Wirth. On approxi-
mating target set selection. In APPROX, pages 4:1–4:16, 2016.

[Coh18] Vincent Cohen-Addad. A fast approximation scheme for low-
dimensional k-means. In Proceedings of the Twenty-Ninth Annual ACM-
SIAM Symposium on Discrete Algorithms, SODA 2018, New Orleans, LA,
USA, January 7-10, 2018, pages 430–440, 2018.

[CRR14] Arkadev Chattopadhyay, Jaikumar Radhakrishnan, and Atri Rudra.
Topology matters in communication. In FOCS, pages 631–640, 2014.

[CS98] Pierluigi Crescenzi and Riccardo Silvestri. Sperner’s lemma and robust
machines. Computational Complexity, 7(2):163–173, 1998.

[CS04] Vincent Conitzer and Tuomas Sandholm. Communication complexity
as a lower bound for learning in games. In Machine Learning, Proceed-
ings of the Twenty-first International Conference (ICML 2004), Banff, Al-
berta, Canada, July 4-8, 2004, 2004.

227



7. BIBLIOGRAPHY

[CT07] Xi Chen and Shang-Hua Teng. Paths beyond local search: A tight
bound for randomized fixed-point computation. In 48th Annual IEEE
Symposium on Foundations of Computer Science (FOCS 2007), October 20-
23, 2007, Providence, RI, USA, Proceedings, pages 124–134, 2007.

[CW12] Qi Cheng and Daqing Wan. A deterministic reduction for the gap min-
imum distance problem. IEEE Trans. Information Theory, 58(11):6935–
6941, 2012.

[CW19] Lijie Chen and Ryan Williams. An equivalence class for orthogonal
vectors. In Proceedings of the Thirtieth Annual ACM-SIAM Symposium on
Discrete Algorithms, SODA 2019, San Diego, California, USA, January 6-9,
2019, pages 21–40, 2019.

[Dan06] Stefan S. Dantchev. On the complexity of the sperner lemma. In Logical
Approaches to Computational Barriers, Second Conference on Computability
in Europe, CiE 2006, Swansea, UK, June 30-July 5, 2006, Proceedings, pages
115–124, 2006.

[Das08] Sanjoy Dasgupta. The hardness of k-means clustering. Department of
Computer Science and Engineering, University of California , 2008.

[DF95a] Rodney G. Downey and Michael R. Fellows. Fixed-parameter tractabil-
ity and completeness II: on completeness for W[1]. Theor. Comput. Sci.,
141(1&2):109–131, 1995.

[DF95b] Rodney G. Downey and Michael R. Fellows. Parameterized Computa-
tional Feasibility, pages 219–244. Birkhäuser Boston, Boston, MA, 1995.
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[FISV09] Katalin Friedl, Gábor Ivanyos, Miklos Santha, and Yves F. Verhoeven.
On the black-box complexity of sperner’s lemma. Theory Comput. Syst.,
45(3):629–646, 2009.

[FM86] Peter Frankl and Hiroshi Maehara. Embedding the n-cube in lower
dimensions. Eur. J. Comb., 7(3):221–225, 1986.

[FM88] Peter Frankl and Hiroshi Maehara. On the contact dimensions of
graphs. Discrete & Computational Geometry, 3:89–96, 1988.

[FOZ16] Orr Fischer, Rotem Oshman, and Uri Zwick. Public vs. private ran-
domness in simultaneous multi-party communication complexity. In
SIROCCO, pages 60–74, 2016.

[FRS16] Zachary Friggstad, Mohsen Rezapour, and Mohammad R.
Salavatipour. Local search yields a PTAS for k-means in dou-
bling metrics. In IEEE 57th Annual Symposium on Foundations of

230



Computer Science, FOCS 2016, 9-11 October 2016, Hyatt Regency, New
Brunswick, New Jersey, USA, pages 365–374, 2016.

[FS16] John Fearnley and Rahul Savani. Finding approximate nash equilib-
ria of bimatrix games via payoff queries. ACM Trans. Economics and
Comput., 4(4):25:1–25:19, 2016.

[Fun16] P. Funk. Beitrage zur theorie der kugelfunktionen. Mathematische An-
nalen, 77:136–152, 1916.

[Gal14] François Le Gall. Powers of tensors and fast matrix multiplication.
In International Symposium on Symbolic and Algebraic Computation, IS-
SAC’14, Kobe, Japan, July 23-25, 2014, pages 296–303, 2014.
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